Stanford  Artificial  Intelligence  Laboratory 
Memo  AIM-327 


April  1979 


Computer  Scienoe  Department 
Report  No.  STAN-CS-79-727 


THE  INTERACTION  OF  OBSERVATION  AND  INFERENCE 


Robert  Filman 


COMPUTER  SCIENCE  DEPARTMENT 
Sleaford  University 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  IWh«n  Data  Entered) 


REPORT  DOCUMENTATION  PAGE 


2  GOVT  ACCESSION  NO 

STAN-CS-79-727.  aim-3271  I 


4.  TITLE  (am  1  Subtitle) 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


ORT  &  PERlOO  COVERE 


The  Interaction  of  Observation  and  Inference  „  /  technical,  March  1979 


7  AUTHOR!*) 


Robert  Elliot/  Filman 


9  PERFORMING  ORGANISATION  NAME  AND  ADDRESS 

Department  of  Computer  Science  ^ 

Stanford  University  {  /u. 

StEinford,  CA  9^305  ' — T 


11  CONTROLLING  OFFICE  NAME  AND  ADDRESS 

Defense  Advanced  Research  Projects  Agency 
Information  Processing  Techniques  Office 
1400  Wilson  Avenue,  Arlington,  VA  22209 


1  I  MONITORING  AGENCY  NAME  &  ADDRESS  (if  d.t<  from  Controlling  Olt.ce 

Mr.  Philip  Surra,  Resident  Representative 
Office  of  Naval  Research,  Durand  165 
StEinford  University 


16.  DISTRIBUTION  STATEMENT  (of  this  report) 


6  PERFORMING  ORG  REPORT  NUMBER 

STAN-CS-79-727  (aim-327) 


8  CONTRACT  OR  GRANT  NUMBER!*) 


MDA^S  -76 -C  -0206/ 

f\  •  /;  Orri't  r  -  &  V^// 


10  PROGRAM  ELEMENT.  PROJECT.  TASK 
AREA  &  WORK  UNIT  NUMBERS 


?f/ 


15.  SECURITY  CLASS,  (of  this  report) 


Unclassified 


15a  DECLASSIFICATION)  DOWNGRADING 
SCHEDULE 


Approved  for  public  release;  distribution  unlimited. 


17.  DISTRIBUTION  STATEMENT  (of  the  abstract  entered  in  Block  20.  if  different  from  reporti 


20-  ABSTRACT  (Continue  on  reverse  side  if  necessary  and  identify  by  block  number! 

A  An  intelligent  computer  program  must  have  both  a  representation  of  its 
knowledge,  and  a  mechanism  for  mEinipulating  that  knowledge  in  a  reasoning  process. 
This  thesis fia  an  examination  of/the  problem  of  formalizing  the  expression  and 
solution  of  reasoning  problems  in  a  machine  manipulable  form.  It  is  particularly 
concerned  with  analysing  the  interaction  of  the  standard  form  of  deductive  steps 
with  an  observational  emalogy  obtained  by  performing  computation  in  a  semantic 
model.  - _ 

Consideration  in^this  dissertation  is  centered  on  the  world  of  retrograde  - _ 


DD/,r,31473^ 

UNCLASSIFIED 

i  no 

EDITION  OF  1  NOV  65  IS  OBSOLETE 

SECURITY  CLASSIFICATION  OF 

f HIS  PAGE  (When  Data  Entered) 

UNCLASSIFIED 


19  Ktv  WORDS  l Continued) 


^.s-analysis  chess,  a  particularly  rich  domain  for  both  observational  tasks  and  long 
deductive  sequences . 

A  formalization  is  embodied  in  its  axioms,  and  a  major  portion  6£-_this  dis- 
sertatioir^is  devoted  to  both  axiomatizing  the  rules  of  chess,  and  discussing  and 
comparing  the  representational  decisions  involved  in  that  axiomatization.  Con¬ 
sideration  was  given'  tor not  only^the  necessity  for  these  particular  choices  (and 
possible  alternatives)  but  also  the  implications  of  these  results  for  designers  i 
representational  systems  for  other  domains. 

Using  a  reasoning  system  for  first  order  logic,  *FOL*,  a  detailed  proof  of 
the  solution  of  a  difficult  retrograde  chess  puzzle  was  constructed.  The  close 
correspondence  between  this  ^formal*  solution  to  the  problem,  and  an  ’’informal, 
descriptive"  analysis  a  human  might  present  was  shown. 

The  proof  and  axioms  were  then  examined  for  their  relevance  to  general 
epistemological  formalisms.  /  The  importance  of  several  different  mechanisms  were 
considered.  These  included:  l)  retaining  both  the  notion  of  "current  status" 
(typically  embodied  as  the  current  chessboard)  and  that  of  a  "historical  state" 
(a  hypothetical  game  played  to  reach  a  desired  place),  2)  evaluating  functional 
and  predicate  objects  in  the  semantic  model  (the  chess  eye),  3)  the  value  of 
"induction  schemas"  as  partial  solutions  to  frame  problems,  L)  the  retention  of 
explicit  undefined  elements  within  the  representation,  5)  the  importance  of 
manipulating  multiple  representations  of  objects,  and  6)  a  comparison  of  state 
vector  and  modal  representations. 


FORM 
1  JAN  73 


'(BACK) 


UNCLASSIFIED 


EDITION  OF  1  NOV  65  IS  OBSOLETE 


SECURITY  CL  ASStFlCA  T  ION  OF  THIS  PAGE  (When  Data  F  ntorwl 


Stanford  Artificial  Intelligence  Laboratory 
Memo  AIM-327 

Computer  Science  Department 
Report  No.  STAN-CS-79-727 


THE  INTERACTION  OP  OBSERVATION  AND  INFERENCE 

by 

Robert  Filman 


An  intelligent  computer  program  must  have  both  a  representation  of  its  knowledge,  and  a 
mechanism  for  manipulating  that  knowledge  in  a  reasoning  process.  This  thesis  is  an 
examination  of  the  problem  of  formalizing  the  expression  and  solution  of  reasoning  problems 
in  a  machine  manipulable  form.  It  is  particularly  concerned  with  analyzing  the  interaction  of 
the  standard  form  of  deductive  steps  with  an  observational  analogy  obtained  by  performing 
computation  in  a  semantic  model. 

Consideration  in  this  dissertation  Is  centered  on  the  world  of  retrograde  analysis  chess,  a 
particularly  rich  domain  for  both  observational  tasks  and  long  deductive  sequences. 

A  formalization  is  embodied  in  its  axioms,  and  a  major  portion  of  this  dissertation  is 
devoted  to  both  axiomatizing  the  rules  of  chess,  and  discussing  and  comparing  the 
representational  decisions  involved  in  that  axiomatization.  Consideration  was  given  to  not 
only  the  necessity  for  these  particular  choices  (and  possible  alternatives)  but  also  the 
implications  of  these  results  for  designers  of  representational  systems  for  other  domains. 

Using  a  reasoning  system  for  first  order  logic,  "FOL",  a  detailed  proof  of  the  solution  of  a 
difficult  retrograde  chess  puzzle  was  constructed.  The  close  correspondence  between  this 
"formal"  solution  to  the  problem,  and  an  "informal,  descriptive"  analysis  a  human  might  present 
was  shown. 

The  proof  and  axioms  were  then  examined  for  their  relevance  to  general  epistemological 
formalisms.  The  importance  of  several  different  mechanisms  were  considered.  These 
Included:  I)  retaining  both  the  notion  of  "current  status"  (typically  embodied  as  the  current 
chessboard)  and  that  of  "historical  state"  (a  hypothetical  game  played  to  reach  desired  place). 
2)  evaluating  functional  and  predicate  objects  in  the  semantic  model  (the  chess  eye),  3)  the 
value  of  "induction  schemas"  as  partial  solutions  to  frame  problems,  i)  the  retention  of 
explicit  undefined  elements  within  the  representation,  5)  the  importance  of  manipulating 


April  1979 


j 


multiple  representations  of  objects,  and  6)  a  comparison  of  state  vector  and  modal 
irpiesentations 

This  thesis  rkij  submitted  to  the  Department  of  Computer  Same*  and  the  Committee  on  Graduate 
Studies  0/  Stanford  University  in  partial  fulfilment  of  the  requirements  for  Ik e  degree  of  Doctor  of 
Pkilosopky. 

Tkts  1  tstatek  woj  supported  by  tk*  Advanced  Researck  Projects  Agency  of  tk*  Department  of 
Defense  under  ARP  A  Order  No.  249A,  Contract  M  D  A90  J-76-C-0206.  Tk*  views  and  conclusions 
contained  in  tkis  document  are  tkose  of  tk 1  autkors  and  should  not  be  interpreted  as  necessarily 
representing  the  official  policies,  either  expressed  or  implied,  of  Stanford  University,  or  any  agency 
of  the  U.  S  Government. 


•  Copyright  1979 

by 

Robert  Elliot  Film  an 


Acknowledgment* 

I  would  like  to  take  this  opportunity  to  thank  the  many  people  who  have  contributed  to  the 
completion  of  this  dissertation. 

I  am  especially  grateful  to  my  adviser,  Dr.  John  McCarthy,  and  the  other  members  of  my  reading 
committee,  Drs.  Richard  Weyhrauch  and  Terry  Winograd,  for  their  kind  and  patient  reading  and 
advice.  Without  their  support  and  direction,  this  dissertation  would  not  have  been  possible. 
Without  their  guidance  and  helpful  criticism,  this  dissertation  would  have  been  markedly  inferior. 

To  the  other  members  of  the  FOL  project,  Dan  Blom,  Juan  Bulnes,  Ashok  Chandra,  Bill  Glassmire, 
Chris  Goad,  Dave  Poole,  Andrew  Robinson,  Carolyn  Talcott,  Arthur  Thomas,  and  especially  Rich 
Weyhrauch  for  for  providing  a  system  where  checking  reasoning  was  possible. 

To  Jim  Davidson,  for  reading  even  those  sections  I  had  forgotten  I’d  written.  To  the  other  people 
who  have,  over  the  years,  provided  discussions  and  suggestions  for  improvement  to  system.  I  can  t 
remember  all  of  them,  but  they  certainly  include  Avra  Cohn,  Lew  Creary,  Martin  Davis,  Scot 
Drysdale,  Bob  Elschlager,  Bill  Faught,  Brian  Funt,  Dick  Gabriel,  Scott  Kim,  Fred  Knoll,  Bob  Moore, 
Allen  Newell,  Rich  Pattis,  Hanan  Samet,  Dave  Shaw,  Bob  Smith,  Peter  Suzman,  Nori  Suzuki,  Dave 
Wilkins,  and  Don  Woods. 

To  the  staff  and  system  programmers  of  the  Stanford  Artificial  Intelligence  Laboratory,  for 
providing  such  a  productive  working  environment. 

And  of  course  to  Myrna  Kay,  for  providing  the  emotional  support  and  stability  I  needed  to  get  all 
this  done. 


Table  of  Comenu 


Chapter  1 
1.1 
1.2 
1.3 


1.4 


1.5 


1.6 


1.7 


1.8 


Chapter  2 
2.1 


CONTENTS 


Introduction  . 

Synopsis:  A  Summary . 

Paradigm:  Artificial  Intelligence  . 

Context:  The  Representation  of  Knowledge  . 

1.3.1  Declarative  versus  Procedural  Representations 

1.3. 1.1  The  Power  of  Procedures  . 

1.3. 1.2  The  Deficiencies  of  Procedures . 

1.3. 1.3  A  Declarative  Alternative  . 

1.3. 1.4  A  Suitable  Marriage  . 

1.3.2  Our  Scheme  . 

Analogs:  Other  Eyes  . 

1.4.1  The  Mechanic's  Eye  . 

1.4.2  The  Personal  Assistant's  Eye  . 

1.4.3  The  Engineer's  Eye  . 

Why  Chess  . 

1.5.1  Structure  and  Search  Spaces  . 

1.5.2  Chess  and  the  Eye  . 

1.5.3  Which  Chess  Puzzles  . 

Topography:  The  Path  of  Our  Proof  . 

1.6.1  The  Solution  . 

1.6.2  The  Reason  . 

1.6.3  An  Analysis  . 

1.6.4  Reasoning  in  a  First  Order  Logic  Formalism  . . . 

Perspectives:  Other  Points  of  Interest  . 

1.7.1  Mathematics  and  a  Chess  Proof  . 

1.7.2  Machine  Proof  Generation  and  a  Chess  Proof  . 

Format:  A  Guide  for  Reading  This  Paper  . 

1.8.1  The  Proof  Checker  FOL  . 

1.8.2  Reading  Proofs  . 


1 


.  3 
.  4 
.  4 
.  5 
.  6 
.  9 
10 
11 
11 
12 

13 

14 

14 

15 

16 
16 
18 
18 
34 

34 

35 
35 
35 

35 

36 
36 


The  Chess  Axioms . 37 

Declarations  and  Definitions  . 38 

2.1.1  Very  Primitive  Notions . 38 

2.1. 1.1  Positions  . 38 

2.1. 1.2  Pieces  . 39 

2. 1.1. 3  Squares  . 40 

2. 1.1. 4  Values  . 40 

2. 1.1. 5  Boards  . 40 

2.1. 1.6  Moves  . 41 

2.1. 1.7  Colors  . 41 

2.1.2  Piece  Declarations  . 41 

2.1.3  Squares  and  Dimensions  . 44 

2. 1.3.1  Square  declarations  . 44 

2.1.3.2  Coordinate  Declarations . 47 

2.1.4  Value  Declarations  . 48 

2.1.5  Board  Declarations  . 50 

2.1.6  Color  Declarations  . 52 

2.1.7  More  on  Positions  . 53 

2.1.7.1  Position  declarations  . 53 

2.1.7.2  Positional  Attachments  . 54 

2.1.8  Move  Declarations  . 55 


tv 


Tibia  of  Coolants 


2. 1.8.1  Predicates  on  Move* . 55 

2.1.8.2  Function*  on  Movts  . 56 

2.1.9  Definitional  Axioms  . 57 

2. 1.9.1  Miscellaneous  axioms . 57 

2. 1.9.2  Positional  Axioms  . 58 

2.1.10  Miscellaneous  Declarations  . 59 

2.2  Axioms  . 59 

2.2.1  Movement  axioms . 59 

2.2.1. 1  Successor  definition  . 59 

2.2.1.2  Simple  legal  motion  . 61 

2.2. 1.2.1  Ortho  Attachment*  . 64 

2.2. 1.2.2  Diag  Attachments  . 64 

2.2. 1.2.3  Knightmov*  Attachments . 65 

2.2. 1.2.4  Kingmove  Attachments  . 65 

2.2. 1.2.5  PawnMoves  . 65 

2.2.1.2.6  Bringing  It  All  Together  . 66 


2.2. 1.3  Castling  . 

2.2. 1.4  Capture  En  Passant 

2.2.2  In  Check  Definitions . 

2.2.3  Board  Axioms  . 

2.2.3. 1  Sub-board  Definition 
2.23.2  Board  Manipulation 


2.2.4  Global  Notions  .  71 

2.2.4.1  Chess  Induction  . 71 

2.2.4.2  The  Mathematics  of  Pawn  Captures  .  72 

2.2.4.2.1  Pawn  Capture  Definitions  . 72 

2.2.5  Asserted  Theorems  . 73 

2.2.5. 1  Pawn  Capture  Theorems  . 73 

2.2.5.2  Other  Unproven  Theorems  .  74 


Chapter  3  Chess  Lemmas  and  Theorems  . 

3.1  Simplification  Lemmas  . 

3.2  Simple  Proofs . 

3.2.1  Proofs  on  Positions  . 

3.2.2  Simple  Theorems  on  Values . 

3.3  Chess  Inductive  Proofs  . 

3.3.1  Only  Pawns  Promote  . 

3.3.2  Mobility  . 

3.3.3  Segregate  . 

3.4  More  Complex  Chess  Theorems  . 

3.4.1  Proof  by  Cases:  Symmetric  Orthogonality 

3.4.2  Cornered  Checking  Pieces  . 

3.4.3  No  Black  Pawns  on  the  First  Row  .... 


76 

76 

76 

76 

78 

80 

80 

84 

88 

91 

91 

95 

101 


Chapter  4  A  FOL  Solution  to  the  Chess  PumI*  . 

4.1  Declarations  for  this  Proof . 

4.2  The  Proof  . 

4.2.1  Black  is  in  Check  . 

4.2.2  White’s  Last  Move  . 

4.2.2. 1  The  Check  Must  Have  Been  Discovered  . . . 

4.2.3  Which  Piece  Discovered  the  Check  . 

4.2.3. 1  Where  the  Last  Move  Originated  . 

4.2.3.2  The  Last  Move  was  a  Pawn  Promotion  . . . 

4.2.4  How  the  Pawn  Promoted  . 

4.2.4. 1  The  Pawn  Did  Not  Capture  a  Rook  or  Queen 

4.2.4.1.1  The  Cornered  Rook  or  Queen  . 

v 


105 

105 

107 

107 

109 

112 

113 

113 

114 
118 
120 
122 


Table  of  Concerns 


4.2. 4. 1.2  Which  Piece  Discovered  the  Check  .  123 

4.2.4 .2  The  Pawn  Did  Not  Capture  a  King  or  Pawn  .  129 

4.2.4.3  The  Fate  of  the  Black  Bishops  .  130 

4.2.5  The  Black  Pawns  .  133 

4.2.5. 1  Which  Pawn  Promoted  .  136 

4.2.6  Did  a  Black  Piece  Fall? .  138 

4.2.7  The  Fallen  Piece  Wasn’t  a  White  Pawn  .  142 

4.2.8  The  White  Rook  and  King .  145 

4.2.9  Black  Pawn  Captures  .  147 

4.2.10  The  Black  Pawn’s  Path  to  Promotion  .  151 

4.2.11  The  Source  of  the  Promoting  Move  .  155 

4.2.12  The  Route  to  BKN7  .  158 


Chapter  5 

5.1 

5.2 


5.3 


5.4 

5.5 

5.6 


5.7 

5.8 

5.9 


Conclusions  . 

Perspective  . 

Representation  and  this  Proof  . 

5.2.1  State  Variables  and  Computable  Objects . 

5.2.2  Incompletely  Defined  Objects  . 

5.2.3  Representation  of  Aspects  . 

5.2.4  Expanding  the  Vision  of  the  Chess  Eye  . 

5.2.5  Other  Natural  and  Unnatural  Notions  . 

Alternatives  . 

5.3.1  Levels  of  Axiomatization  . 

5.3.2  Prior’s  Modal  Tense  Logic  and  Positions  . 

5.3.3  Filling  in  the  Blanks  . 

Our  Representation  Applied  to  Other  Problems . 

5.4.1  Where  was  the  King . 

5.4.2  Berliner's  problem  . 

The  Limitations  of  this  Axiomatization  . 

5.5.1  Difficulties  Encountered  in  Generating  this  Proof 

5.5.2  Epistemological  Axiomatic  Limitations  . 

General  Representation  Issues  . 

5.6.1  Multiple  Representations  . 

5.6.2  Abstract  and  Concrete  Representations  . 

5.6.3  Heuristics  and  Representation . 

5.6.4  Functions  and  Predicates . 

5.6.5  Whorf’s  Law . 

5.6.6  States  and  Reprasantations . 

Historical  Contaxt  . 

FOL  . 

Evaluation  and  Summary  . 


162 

162 

162 

163 

165 

166 
167 

167 

168 
168 

169 

170 

170 

171 
173 

175 

176 
176 
179 
179 
181 
181 
182 

183 

184 

185 
187 
190 


Appendix  A  Chess  Lemmas 


192 


Appendix  B  Proof  Lemmas  . 

B.1  Undefined  Squares  on  the  Given  Chessboard 

B.2  "Blocked  on  the  Total  Board,  Too" . 

B.3  Where  A  White  Pawn  on  8QB2  Goes  . 

B.4  A  Rook  or  Queen  on  BQ1  is  Cornered  . 

B.4.1  Blocked  Diagonal  Movement . 

B.4.2  Consequences  of  a  Distant  Pawn  Promotion 


193 

193 

193 

196 

198 

202 

203 


Appendix  C  FOL  Command  Frequency  . 

Appendix  D  A  Constructive  Solution  to  the  Puzzle 


206 

207 


T able  of  Content* 


Appendix  E  Lieting  of  the  Chet*  Theorem*  . . . 208 

Bibliography  . 219 

Index  to  Predcontt  and  Opconat  Declaration*  . 223 

Index  to  Axiom*  and  Theorem*  . 225 


i 

4* 


1 


1. 


Introduction 


Page  l 


Chapter  1  Introduction 

Section  1.1  Synopsis:  A  Summary 

A  intelligent  computer  program  must  have  both  a  representation  of  its  knowledge,  and  a  mechanism 
for  manipulating  that  knowledge  in  a  reasoning  process.  This  paper  is  an  examination  of  a  difficult 
problem  in  retrograde  chess,  particularly  with  respect  to  formalizing  the  expression  and  solution  of 
that  problem  in  a  machine  manipulate  form  In  effect,  this  is  both  an  exploration  in  the  symbolic 
representation  of  knowledge  and  a  characterization  of  the  shape  of  the  resulting  knowledge  space. 

Our  consideration  centers  on  the  following  retrograde  chess  analysis  puzzle  {figure  1).  Its  solution 
(from  basic  chess  principles)  is  certainly  beyond  the  ability  of  any  current  computer  program. 


/]  piece  hat  fallen  off  of  the  board  from  the  square  marked  X. 

If  hat  piece  voat  it?  This  position  was  achieved  in  a  legal  chess 
game,  though  there  is  no  prosumption  that  either  player  was 
playing  to  win. 

figure  1 

This  problem  was  selected  because  its  solution  "requires"  both  deductive  and  observational 
inferences,  in  a  context  isolated  from  other  issues  of  correctness  and  sufficiency.1 

The  notion  of  deductive  inference,  obtaining  new  proof  steps  by  the  application  of  syntactic 
inference  rules,  ought  to  be  familiar  to  the  reader.  We  recognize,  however,  that  human  reasoning 
proceeds  not  only  by  deduction,  but  also  by  the  immediate  recognition  of  results,  a  process  we 
identify  with  observation.  We  have  extended  our  representational  system  to  include  observational 
inference  by  performance  of  computation  in  a  partial  semantic  model.  Thus,  for  example,  a  human 


1  The  "requires'  it  in  *c*r*-quot*t,  tor,  t*chmc»lly,  *ny  of  lb***  function*  c»n  bo  d*co»po**d  into  togicsl  form  Any  profr»» 

ctn  tleo  be  expressed  in  Turing  mschine  term,  it  k,  how*v*r,  •»  much  folly  to  writ*  tho*o  thing »  thot  thould  bo  ovthrotod  *•  prodicoto* 
••  it  io  to  writs  program*  that  thould  bo  USP  in  Turing  noUtion. 
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chess  player  might  see  a  black  knight  checking  a  white  king  on  some  board  This  inference  is 
performed  in  our  system  by  computing  the  check  predicate  within  the  semantic  model.  This  result 
might  be  applyed  in  the  deduction  that  the  black  knight  was  the  last  piece  to  move,  or  that  it  is  now 
white's  turn,  by  syntactic  application  of  deductive  inference  rules. 

Within  the  context  of  the  solution  of  our  chess  problem,  we  attempt  a  synthesis  of  the  two.  In 
particular,  we  will  axiomatize  the  rules  of  chess  within  first  order  logic  (our  declarative 
representation),  but  include  within  our  system  a  method  for  evaluating  (when  we  know  how)  the 
values  of  predicates  and  functions  (which  will  serve  as  a  form  of  procedural  representation). 

We  shall  also  highlight  the  various  representational  decisions  made  in  the  process  of  axiomatmng 
retrograde  chess.  We  will  consider  both  the  necessity  for  these  particular  choices,  and  their 
implications  for  designers  of  representational  systems  for  other  domains. 

Using  a  proof  checker  for  first  order  logic  (FOL,  (Weyhr«uch77J),  we  detail  a  proof  for  the  solution 
of  the  given  chess  puzzle  In  the  process,  we  show  the  close  correspondence  between  our  formal 
solution  to  the  problem,  and  an  informal,  descriptive  analysis. 

This  work  should  be  viewed  in  the  context  of  the  search  for  epistemologically  effective  formalisms  for 
artificial  intelligence  We  need  representation  structures  that  are  sufficient  to  express  those  concepts 
we  wish  our  computers  to  manipulate  However,  if  these  formalisms  are  to  be  useful  for  our  A  I 
purposes,  they  must  also  be  able  to  express  these  ideas  concisely  enough  for  computer  manipulation. 

It  should  be  emphasized  that,  unlike  many  theses  within  our  field,  we  are  not  demonstrating  a 
computer  program.  Our  research  is  on  a  more  basic  level.  We  are  interested  in  the  nature  of  the 
things  that  an  artificially  intelligent  program  would  need  to  be  able  to  do,  without  specifying  the 
mechanism  by  which  the  nrogram  would  tie  these  things  together.  We  are  not  asserting  here  that 
creating  an  intelligent  program  is  an  easy  task;  quite  to  the  contrary,  there  are  numerous  issues  in 
the  representation  and  manipulation  of  knowledge  that  require  solution  before  a  general  human 
level  intelligence  could  be  produced  We  hope  here  to  shed  some  light  on  several  of  the  different 
representation  issues  and  ideas,  and  examine  the  power  of  their  interaction. 

Section  1.2  Paradigm:  Artificial  Intelligence 

It  is  important  to  begin  by  expressing  the  underlying  assumptions  involved  in  this  examination,  to 
mention,  in  effect,  "where  we're  coming  from".  We  consider  this  thesis  to  be  primarily  centered  in 
the  subfield  of  computer  science  called  Artificial  Intelligence. 

The  study  of  Artificial  Intelligence  is  an  attempt  to  better  understand  the  nature  ol  in"  iligrm 
processes.  This  endeavor  is,  of  itself,  neither  unique  nor  novel.  Understanding  cognitive  processes 
has  long  been  the  domain  of  many  other  sciences,  especially  philosophy,  psychology  and  linguistics. 
While  A. I.  shares  many  concerns  with  these  fields,  it  differs  in  that  its  primary  concern  is  with  the 
instrumentality  of  intelligent  action.  There  exists  a  basic  belief  in  A. I.  that  intelligent  processes  can 
be  mechanized.  This  computer  modeling  of  these  processes  has  become  the  major  paradigm  of  A. I. 

The  gross  model  for  these  experiments  is  that  of  search  through  a  problem  space 7  The  A.I.  problem 
then  naturally  divides  into  two  parts:  defining  the  elements  and  operators  of  the  space  to  be 
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searched,  and  describing  the  mechanisms  that  the  searcher  uses  to  transverse  that  space.  This  is 
perhaps  more  familiarly  represented  as  the  distinction  between  the  re presentation  of  knowledge  and, 
perhaps  anthropomorphically,  reasoning 3  Thus,  if  we  are  to  model  general  intelligent  behavior  we 
must  be  capable  of  both  symbolically  encoding  a  representation  of  the  world,  and  manipulating  this 
knowledge  through  a  reasoning  process.  It  must  be  emphasized  that  these  two  cannot  be  regarded  as 
separate  and  distinct  entities;  rather,  ihe  selections  of  particular  data  and  control  structures  are 
strongly  Interrelated  decisions.  However,  we  seek  some  simplification  through  problem 
decomposition.  Hence  the  emphasis  in  this  thesis  on  the  representation  Issue,  rather  than  attempting 
to  encompass  the  entire  A.I.  problem. 

Section  1.3  Context:  The  Representation  of  Knowledge 

This  work  is  directed  towards  general  issues  in  the  computer  representation  of  knowledge,  not  just 
heuristics  and  data  structures  applicable  to  one  small  domain.  Many  systems  have  been  created,  for 
instance,  which  apply  specific  knowledge  to  a  single  problem,  obtaining  powerful,  though  limited, 
deductions.  These  are  typified  by  the  "expert  question  answer  systems"  While  expert  behavior  in  a 
limited  field  can  thus  be  had,  these  results  do  not  generalize  over  into  solving  other,  less  well- 
structured  problems. 

A  good  example  of  purely  specific  knowledge  representation  systems  are  embodied  in  the  game  tree 
searching  programs.  While  various  stratagems  and  heuristics,  particularly  the  alpha-beta  heuristic4, 
have  been  used  to  program  competent  game  playing  programs,  the  resulting  programs  have  not  been 
useful  for  solving  problems  outside  of  their  limited  expectations.  Thus,  while  the  typical  chess 
program,  confronted  with  a  board,  might  be  very  good  at  answering  the  question,  "What  is  the  best 
move  for  white",  it  might  well  be  unable  to  comprehend  the  meaning  of  "What  is  the  second  best 
move  for  white"5.  There  is  no  way,  of  course,  of  getting  the  typical  chess  playing  program  to 
incorporate  knowledge  of  mathematics  or  geology,  and  therefore  no  way  convincing  the  program  to 
manipulate  such  knowledge. 

Even  confining  ourselves  within  the  chess  domain,  and  restricting  our  attention  to  producing  the 
"best"  move  from  a  given  board,  it  is  often  quite  difficult  to  instruct  the  chess  program.  While  a 
suggestion  like  "keep  your  pawns  in  diagonal  lines"  or  "avoid  an  unprotected  king  In  the  center  of 
the  board"  might  easily  be  Incorporated  by  addition  to  the  board  evaluation  functions,  notions  like 
"develop  a  strategy  to  obtain  control  of  the  center"  and  "work  towards  checkmate"  are  neither  easily 
expressed  nor  simply  implemented  within  the  tree  search  paradigm. 

However,  this  is  not  a  paper  on  playing  chess.  Rather,  we  are  addressing  ourselves  to 
representational  Issues,  considering  the  criteria  for  useable  knowledge  representations  We  would 
like  our  representation  to  be  "general",  not  one  for  which  we  first  select  the  domain  of  application, 
and  then  fit  the  knowledge  structure  Our  ideal  representation  should  be  able  to  express  all 


3  This  distinction  Ini  boon  chirscterued  in  eeversi  ditforonl  fashions  For  inotonco,  McCerthy-Hsyee  coll  it  the 
epietemolof  icel  ond  heuristic  ports  of  tho  A I  problem  ([McCerlhy(9].  Pt  466),  while  Prslt  (extendmf  o  notion  of  Chomsky  on 
finfuietice)  refers  to  the  competence/performsnce  dichotomy  (Prslt77)  Thus,  one  con  think  of  "fpielemolof  icel  Effectiveness”  (section 
1  3  13)  so  e  form  of  *k>ficol  competence*,  tuet  so  Chomsky  refers  to  s  notion  of  irommslicsl  competence  <|Chomeky72J) 

4  The  tt-fl  procedure  for  oesrchin|  femes  tress  is  described  m  [Nilsson? I)  section  6-12 
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"questions*  and  "notions",  or  at  least  as  many  questions  and  notions  as  in  human  language  is  capable 
of  expressing.  Particularly  important,  a  good  representation  system  must  have  some  mechanism  for 
relating  the  multiple  perspectives  and  organisations  that  are  associated  with  any  object.  No  good 
representational  structure  should  have  arbitrary  limits  on  its  extent.  Rather,  it  should  be  an 
expansible  system,  one  that  can  easily  and  uniformly  include  additional  knowledge  about  both 
previously  defined  domains,  and  new  areas.  It  is  convenient  if  the  selected  representation  is  natural, 
its  (basic)  knowledge  both  readily  apparent,  and  humanly  understandable.*  And,  perhaps  most 
germane  to  the  current  discussion,  the  ideal  representational  organisation  should  be  able  to  employ 
the  most  natural  format  for  expressing  each  "fact",  be  it  as  a  static  rule,  or  a  computational 
algorithm.7 

Section  l.S.l  Declarative  versus  Procedural  Representations 
Section  1.3.1.1  The  Power  of  Procedures 

Let  us  consider  that  last  qualification  in  some  greater  detail.  We  consider  the  existence  of  two 
species  of  knowledge.  Declarative  knowledge  has  each  particular  fact  represented  as  a  simple 
statement,  such  as  Laomedon  was  Me  father  of  Priam,  or  All  rod  objects  on  Me  table  are  blocks. 
Procedural  knowledge  embeds  the  given  information  as  an  algorithm.  Typically,  To  get  to  the  train 
station,  make  a  right  at  the  second  light,  and  go  three  blocks  or,  To  find  if  there  is  a  green  pyramid  In  a 
blue  box,  check  each  object  in  each  blue  box,  (to  see  If  it  is  a  green  pyramid ) .  What  is  given  here  is  not 
so  much  a  particular  piece  of  information,  as  a  well  defined  algorithm  for  determining  the  desired 
factor  or  achieving  a  desired  state  of  the  world.  This  distinction  has  often  been  characterized  as  the 
difference  between  knowing  what  and  knowing  how. 

Procedures  are  algorithms;  recipes  for  action.  In  this  respect,  they  model  any  well  learned  activity. 
One  does  not  do  long  division  by  reference  to  Peano's  axioms,  considering  at  each  step  the  set 
theoretic  meaning  of  the  computation.  Rather,  one  knows  "how  to  divide",  and  does,  Just  as  one  can 
recognize  the  checked  king  on  a  chessboard  without  considerations  of  orthogonality  and  color,  or  can 
find  a  phone  number  in  the  phonebook  without  requiring  a  derivation  of  the  interpolation  search 
algorithm.  Here  we  speak  of  using  procedures  to  model  derivable,  though  well  defined,  recognitions. 

Nor  do  we  have  to  limit  the  power  of  our  procedures  to  human  size  tasks.  For  most  tasks  requiring 
"intelligence",  a  computer  is  not  (or,  is  not  yet)  a  match  for  a  human.  However,  it  is  fair  to  recognize 
that  there  are  some  things  (well  defined,  complicated  algorithms,  preferably  requiring  either  a  long 
computation  of  a  great  deal  of  memory)  which  computers  can  do  better  than  humans.  A  procedure 
that  knows  how  to  solve  analytic  integrals  could  use  such  a  solution  as  a  building  block  in  some 
longer  derivation.  Here  the  solution  of  the  Integral  is  a  single  step  in  the  larger  deduction,  though 
the  actual  computation  involved  in  the  integration  might  well  be  great. 

We  will  explore  these  notions  in  some  specific  cases  in  section  1.4. 

It  Is  worthwhile  mentioning  that  our  notion  of  procedural  knowledge  differs  in  several  important 
respects  from  a  similar  (and  probably  more  familiar  concept);  the  procedural  a.i.  languages,  of  which 
the  major  exemplar  is  PLANNER  [Hewitt7l],  These  languages  are  similar  to  our  aforementioned 
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scheme,  in  that  much  of  the  knowledge  of  programs  written  in  Planner  is  embedded  in  procedural 
definitions  They  differ,  however,  in  that  our  notion  does  not  include  the  implicit  control  structure 
(particularly  pattern  matched  invocation)  dominant  in  the  procedural  languages  Our  functions  state 
Aere  to  compute  some  value,  there  is  no  explicit  or  implicit  demand  when  the  actual  computation 
should  take  place  Additionally,  we  shall  see  that  our  notion  of  the  procedure  to  compute  x  is 
subordinate  to  our  notion  of  x.  we  discuss  this  mapping  in  section  I  S  I  i 

Section  I  S.  1.2  The  Deficiencies  of  Procedures 

One  might  well  expect,  after  reading  the  previous  section,  that  we  aie  about  to  hoist  a  banner, 
Knowledge  •  Procedure  Not  so  We  recogrme  that  procedural  representation  is  sometimes 
appropriate  Most  particularly,  when  one  knows  how  to  compute  some  value,  computing  it  might 
well  be  the  best  Idea 

But  procedural  representations  have  then  limitations  For  one  thing,  procedures  are  best  wntten  in 
a  structured  and  modular  form  That  is.  we  would  like  the  procedure  that  computes  X  to  be  able  to 
do  that  without  regard  for  “the  rest  of  the  world",  (subject,  of  course,  to  conventions  about  data 
structures,  communications,  and  the  like)  In  the  same  spirit,  and  within  those  assumptions,  we  want 
our  procedures  to  perform  the  most  efficient  computation  possible  But  this  Mick  taxing  of  a 
procedure  presupposes  that  the  internal  structure  of  the  procedure  will  not  be  examined  Hence,  we 
will  need  some  other  way  to  express  the  relationships  between  procedures,  and  the  invariants  of  the 
particular  procedural  computation  In  effect,  we  may  need  to  reason  about  some  procedure,  and  the 
program  semantic  formalisms  available  to  do  this  are  not  strong  enough  Note  that  our  notion  of  the 
procedure  as  a  black  box  corresponds  strongly  with  human  limitations  on  introspection  For  in"  "ire. 
no  one  can  describe  kem  he  sees  some  scene,  for  example,  what  makes  a  particular  object  red 

This  fixation  of  the  procedural  definition  delimits  the  possible  uses  of  a  given  piece  of  knowledge 
Typically,  procedural  representations  of  entire  predicates  (as  embodied  by  most  purely  procedural 
languages)  Implicitly  specifies  the  only  uses  of  that  knowledge  Thus,  if  we  know  that  All  computer 
science  graduate  students  are  bnght  and  overworked  we  may  want  to  use  this  knowledge  to  prove  that 
Tom,  a  computer  science  graduate  student  is  bright,  or  that  Dick,  who  is  not  over  worked,  can  not  be 
a  computer  science  graduate  student,  or  that,  combined  with  the  fact  that  all  A  I  graduate  students 
are  computer  science  graduate  students,  there  is  no  dumb  A1  graduate  student*  The  procedural 
language  formalism  demands  that  each  possible  use  be  associated  with  an  explicit  occurrence  of  that 
information 

l  astly,  procedural  representations  dependent  upon  computation  on  completely  specified  objects,  such 
as  a  complete  data  base  of  objects,  will  be  unable  to  reason  about  situations  involving  incomplete 
knowledge  and  multiple  representations 

To  summarize,  while  procedural  representations  are  often  quite  powerful,  they  retain  certain 
inadequacies  Our  list  Is  by  no  means  exhausted;  comparison  with  section  13  show  several  other, 
obvious  deficiencies.  A  more  complete  discussion  of  the  problems  of  purely  procedural 
representations  can  be  found  in  [Moore75], 

If  the  meaning  of  natural  language  (that  Is,  English.  Latin,  Basque . )  expressions  were  more 

precisely  defined,  and  suitable  for  algorithmic  reasoning,  then  perhaps  a  natural  language 
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representation  would  be  appropriate  Language  is,  after  ail,  one  of  the  major  mediums  of  thought. 
But  the  "pretend  it’s  English"  [Hayes77]  approach  to  representation  runs  into  problems  of  inherent 
ill-definition.  What,  after  all,  does  this  English  structure  mean?  And  how  is  it  to  be  used? 
Language,  we  see,  reveals  itself  to  be  too  imprecise  and  ambiguous  to  serve  as  our  representation. 
Rather,  we  need  a  firmer  epistemological  foundation  for  our  knowledge  system. 

Section  1. 3.1.3  A  Declarative  Alternative 

Modern  formal  logic  it  the  most  tuccettful  precise 
language  every  developed  to  express  human  thought 
and  inference.  Measured  across  any  reasonably 
broad  spectrum,  including  philosophy,  linguistics, 
computer  science,  mathematics  and  artificial 
intelligence,  no  other  formalism  has  been  anything 
like  so  successful. 

P.  J.  Hayes 9 

To  fill  the  gap  between  a  natural  language  system  and  a  pure  procedural  representation,  we  propose 
the  use  of  formal  logic,  particularly  an  extended  first  order  predicate  calculus.10 

Logic  was  originally  conceived  in  an  attempt  to  precisely  delimit  the  nature  of  human  reasoning 
This  is  a  theme  extending  back  through  to  Aristotle.  It  is  a  notion  that  reached  its  apogee  by  the 
middle  of  the  nineteenth  century,  perhaps  best  exemplified  by  George  Boole's  magnum  opus,  An 
Investigation  into  the  Laws  of  Thought,  on  Which  Are  Founded  the  Mathematical  Theories  of 
Logic  and  Probabilities. 

Modern  logicians  are  not  quite  as  dogmatic  on  this  point.  It  is  now  recognized  that  there  are  many 
domains  which  formal  logic  does  not  (yet)  model  well.  Particularly  of  interest  to  those  of  us  in  A.l 
are  the  various  model  logics  of  knowledge,  belief,  tense  and  ability.  These  are  areas  of  current  study 
in  both  mathematics  and  philosophy.  Until  these  problems  are  resolved,  we  can  hardly  assert  the 
universality  of  formal  logic  as  a  representational  system.  Even  so,  using  formal  logic  for  computer 
representations  has  several  advantages: 

1.  The  sentences  of  first  order  logic  are  fairly  natural.  With  a  little  practice,  one  has  no 
difficulty  with  either  composing  such  sentences,  or  understanding  the  meaning  of  a  given  sentence. 
In  fact,  they  have  a  much  clearer  semantics  than  ambiguous  natural  language.  Similarly,  it  is  fairly 
easy  (for  humans)  to  translate  between  many  natural  language  constructs  and  first  order  logic. 

2.  First  order  logic  has  explicit  quantification  (V  and  3).  Some  other  formalisms,  particularly 
network  formalisms,  have  no  explicit  method  of  producing  existential  quantification.  Other  network 
formalisms  lack  explicit  negation. 

3.  There  are  partial  decision  procedures  for  first  order  logic  (procedures  which  can  sometimes 
decide  the  validity  of  a  WFF),  and  decision  procedures  for  parts  of  first  order  logic  (such  as 


9  [Heyee77J. 
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propositional  logic  with  equality  and  monadic  predicate  calculus).  Here  we  look  ahead  to  the 
heuristic  side  of  the  A  I  problem.  The  validity  of  some  first  order  logic  sentences  is  determinable  by 
certain  decision  procedures.  In  particular,  the  tautologies  of  propositional  logic,  tautologies  of 
propositional  logic  with  equality  without  substitution  in  functionals,  and  monadic  predicate  calculus 
are  all  examples  of  decidable  logics.  A  reasoning  program  using  a  first  order  logic  representation 
could  easily  take  advantage  of  these  procedures.  Similarly,  there  are  heuristic  procedures  for  first 
order  logic.  For  example,  the  various  forms  of  resolutions  are  heuristic  methods  for  logic.1 1  As 
automatic  theorem  proving  progesses,  these  better  and  more  powerful  procedures  become 
immediately  available  to  a  logic  based  system. 

4.  First  order  logic  satisfies  our  criterion  of  generality.  It  is  obviously  not  tailored  to  one 
particular  domain.  One  hears  a  complaint  from  the  gallery.  "But  logic  is  for  mathematics."  Perhaps 
so,  but  this  paper  is  especially  a  demonstration  of  an  application  of  first  order  logic  to  a  non- 
mathematical  (though  well  structured)  domain. 

5.  Knowledge  can  be  added  to  a  declarative  system  through  the  addition  of  lemmas  and 
theorems.  There  should  not  be  any  need  to  know  how  this  new  information  the  interaction  will  with 
the  current  data  base,  other  than  to  insure  that  no  contradiction,  deducible  by  the  heuristic  portion 
of  the  program,  is  thereby  introduced.12 

6.  We  propose  a  method  for  keeping  the  power  of  procedures  that  know  how  within  the 
framework  of  the  formal  logic  system.  In  effect,  have  some  of  the  best  of  both  worlds.  We  consider 
this  notion  in  greater  detail  in  section  1.3. 1.1 

7.  We  have  within  first  order  logic  a  good  mechanism  for  describing  the  equivalence  of 
different  representations.  We  can  do  so  explicitly,  especially  through  the  use  of  the  equality  relation, 
and  universal  generalization. 

8.  In  some  sense,  the  alternate  representations  currently  extant  are  just  other,  and  sometimes 
fuzzier  forms  of  logic.  For  example,  most  of  the  notions  currently  titled  semantic  networks  are  as  well 
expressed  as  well  formed  formulas;  deductions  and  representations  in  one  can  be  mapped  to  the 
other.  Similarly,  anyone  familiar  with  LISP  must  recognize  the  interchangeability  of  data  and 
functions.  But  there  is  an  inherent  problem  with  other  systems  that  formal  logic,  with  its  strong 
syntactic  and  semantic  restraints  does  not  share.  The  meaning  (semantics)  of  the  particular 
constructs  within  these  other  representations  are  not  well  enough  understood  to  be  completely 
analyzable.  Non-monotonic  systems  are  particularly  prone  to  this  problem.  The  truth  value  of  the 
various  functions  within  systems  of  this  kind  is  frequently  tied  up  to  the  heuristic  mechanisms 
involved  in  computing  that  value.  Statements  about  such  systems,  for  example,  whether  they  can  or 
cannot  deduce  some  particular  result,  must  therefore  lead  into  a  dynamic  analysis  of  the  action  of  the 
entire  system.  And  such  analysis,  as  our  brief  experience  with  program  verification  should  show  us, 
is  a  difficult  problem.  Formal  logic  systems,  with  their  notion  of  truth,  have  the  property  that 
anything  once  deducible,  will  remain  deducible  despite  the  addition  of  any  other  information  (axioms). 


||  W*  not  asserting  that  on*  want*  to  raaaon  strictly  by  u»in|  resolution  (or  that  ona  a  van  wants  to  uao  roaoWton  at  all). 

Rath* r,  on*  want*  to  us*  useful  i nferenc*  rul**,  and,  in  certain  circumstance*,  resokrtion  might  b*  useful 

1 2  W*  art,  admittedly,  skimming  over  a  pair  of  important  point*.  W*  have  her*  proposed  a  consistent  data  base,  or  at  least  on* 

whose  inconsistencies  are  not  apparent  But  determining  if  a  aet  of  axiom*  is  consistent  is,  in  general,  undecidabl*  Whether  one  want* 
a  consistent  data  based  i*  an  arguable  question.  It  is  certainly  not  true  that  human*  maintain  a  consistent  knowledge  system,  ffowever, 
w*  seek  her*  to  model  human  external  actions,  not  internal  process**.  Secondly,  w*  have  pushed  off  to  the  problem  space  searcher  the 
question  of  what  to  do  with  this  additional  information. 
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Systems  such  as  PLANNER  ([Hewitt71],  [Winograd72]),  where  negation  is  used  interchangeably  with 
a  truth  value  that  is.  effectively.  I  can't  find  a  counter  example,  lack  this  property.13 

We  are  not  alone  in  recognizing  the  importance  of  a  uniform  semantics  for  a  representation  system. 
[Hewltt73]  considers  this  issue  in  detail  in  his  design  of  his  procedural  ACTORS  formalism 

Perhaps  a  word  on  the  value  of  first  order  logic,  in  contrast  to  higher  order  or  simpler  logics  It  is 
clear  that  purely  propositional  logic  is  insufficient  for  our  task.;  one  of  the  major  reasons  we  want 
first  order  logic  is  its  ability  to  express  quantification  and  predicates. 

Dismissing  higher  order  logics  is  not  quite  as  easy.  First  order  logic  is  capable  of  expressing  set 
theory,  and  therefore,  all  of  mathematics.  It  is  not  obvious  that  a  higher  level  logic  might  not 
provide  a  more  convenient  expression  for  some  real  world  domains.  However,  first  order  logic  is 
complete;  additional  axioms  can  add  any  needed  extension.  Higher  order  logics  are  not  complete, 
not  every  true  statement  has  a  derivation.  Additionally,  first  order  logic  provides  us  with  a  well 
defined  semantic  model;  the  more  interesting  higher  order  logics  lack  this  feature  One  of  the 
demonstrations  of  this  paper  is  that  an  appropriate  semantic  model  can  be  a  very  useful  aid  to  the 
deduction  process.  So,  we  consider  first-order  logic  here;  this  is  a  is  very  powerful  logic,  with  a  large 
existing  literature  on  its  manipulation  Note  that  some  of  the  things  that  computer  scientists  think 
they  need  higher  order  logics  for  can  be  accomplished  through  the  use  of  axiom  schema  (see, 
perhaps,  sections  2.2.4. 1  and  A.2.1)  in  first  order  logic. 

It  is  important  to  mention  that  use  of  a  first  order  logic  representation  system  is  not  at  all  the  same  as 
marriage  to  a  resolution  style  proof  mechanism.  Pure  resolution  proof  checkers  have  proven  to  be 
failures  While  such  an  algorithm  might  be  a  small  portion  of  a  full  artificial  intelligence  system,  it 
is  clear  that  it  cannot  be  the  sole  (or  even  the  major)  inference  mechanism.  We  mention  this  caveat 
because,  unfortunately,  formal  logic  and  resolution  are  “married"  in  the  minds  of  too  many  people  in 
the  A. I.  community.  What  we  are  dealing  with  here  are  primarily  representation  issues;  even  to  the 
limited  extent  that  we  touch  upon  heuristics,  we  wish  to  state  that  we  are  not  implying  a  resolution 
style  approach. 

We  also  wish  to  emphasize  the  distinction  between  representational  formalisms  and  representational 
data  structures.  A  parallel  to  automata  theory  might  clarify  this  difference.  There  are  many 
machines  that  retain  a  given  degree  of  computing  power;  various  automata  equivalent,  for  example, 
to  finite  state  machines  or  Turing  machines.  Any  class  of  machines  can  solve  certain  problems, 
though  some  particular  machine  within  that  class  might  solve  the  given  problem  more  quickly  or 
require  less  storage  to  do  so. 

The  state  of  representational  formalisms  is  similar.  Certain  formalisms  can  express  certain  truths 
about  the  world.  Formalism  have  certainly  not  reached  the  Turing  level  of  expression;  there  are 
many  issues  of  representation  we  do  not  how  to  adequately  express.  Among  them  are  the  issues  of 
representing  knowledge  about  how  to  use  knowledge,  representing  beliefs,  and  representing 
chronological  developments. 

For  any  given  set  of  axioms  and  inference  rules,  there  is  a  set  of  statements  provable  from  those 
axioms  and  rules.  In  a  complete  logic,  such  as  first  order  predicate  calculus,  the  set  of  provable 


13  Thro  it  not  to  tiM'l  I  hot  tho  truth  vtlue  oiprottod  by  lock  of  •  counter  entmple  i»  not  •  uooful  heunetic  quantity 

However,  It  If  probfbly  bottpr  if  our  roprottntttionfl  lyitimt  rocsfniio  tho  diotinctiofte  botwoon  "provon"  ond  "untblo  fo  provo,  but 
currently  tteumed  true'. 
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theorems  is  equivalent  to  the  set  of  true  statements  Classically,  an  axiomatization  is  adequate  if  all 
of  the  desired  truths  can  be  derived  in  it. 

Now,  A. I.  is  a  more  practical  sort  of  an  affair.  It  Is  not  merely  sufficient  for  us  that  a  given  result  be 
eventually  obtainable;  we  ideally  desire  two  other  things:  that  the  result  be  concisely  derivable,  and 
that  there  be  some  methodology  a  program  could  employ  to  find  that  derivation. 

The  second  of  these  Is  the  heuristic  adequacy  problem,  and  Is  beyond  the  scope  of  the  current 
discussion.  Rather,  we  are  concerned  with  two  things  finding  representations  in  which  what  we 
want  to  say  can  be  expressed,  and  insuring  that  that  expression  is  of  manageable  magnitude  We 
call  this  the  search  for  epistemologically  effective  representation  formalisms. 

Epistemologically  effective  formalisms  are  not  a  question  of  data  structure.  Rather,  it  is  the 
combination  of  classical  epistemological  adequacy  (expressiveness  of  logical  language)  with  an 
appropriate  set  of  inference  rules  to  allow  reasonable  proof  to  be  obtained. 

We  notice  that  one  of  the  things  that  human  problem  solving  does  to  shorten  derivations  is  to 
employ  both  standard  deduction,  and  a  quicker  noticing  a  conclusion,  something  we  have  associated 
with  observation,  and  suggested  can  be  performed  by  procedural  computation  on  ground  instances. 
We  explore  this  combination  in  the  next  section. 

Section  1.3.1. 4  A  Suitable  Marriage 

We  desire  a  composition  that  will  permit  us  both  the  effective  advantages  of  procedures,  and  the 
expressive  quality  of  declarative  methods.  We  also  want  that  this  unification  retain  the 
mathematically  valid  foundation  accrued  by  use  of  our  original  formal  system. 

To  perform  this  marriage,  we  turn  to  model  theory,  and  postulate  the  following.  We  assume  that  (as 
an  underlying  structure)  we  have  a  LISP  world.  This  world  contains  individuals  (S*expressions, 
hereafter  abbreviated  Sexpers),  and  functions  and  predicates  in  the  usual  LISP  -  lambda  function 
notation.  Above  this  world,  we  have  our  formal  first  order  logic  system,  the  usual  collection  of 
individuals,  variables,  predicates,  and  functions.  We  then  create  a  map  between  our  logic  constants 
and  the  LISP  world  model,  prescribing  for  some  constants  a  LISP  Sexpr,  which  we  then  assert  will 
act  like  that  constant.  Thus,  in  a  system  reasoning  about  arithmetic,  we  might  map  the  individual 
constants  ONE,  TWO  and  THREE  to  the  respective  LISP  atoms  1,  2,  and  3,  the  predicate  <  to  the 
LISP  predicate  LESSP,  and  the  operator  ♦  to  the  LISP  function  PLUS.  Our  logic  system  would 
then  be  able  to  derive  the  validity  of  sentences  using  these  constants  by  Invoking  the  computational 
mechanism  in  the  LISP  model.  For  example,  the  sentence  2  <  (1  *  3)  would  be  seen  to  be  semantically 
true  in  the  LISP  model,  and  therefore  valid  in  the  formal  logic  system.14  In  effect,  we  retain  the 
ability  to  easily  compute  how,  when  we  can  compute,  while  still  being  able  to  reason  about  the 
computations.  We  have  not  increased  what  we  can  say,  however,  use  of  this  device  will  free  us  to 
talk  about  more  interesting  things  than,  for  example,  set  theory  and  Peano  axioms. 

We  hope  that  the  resulting  system  will  retain  the  advantages  of  both;  that  the  computational 
functions  can  be  invoked  when  most  appropriate,  while  retaining  the  powerful  descriptive  ability  of 
the  format  logic  representation. 


14 


Foe  ■  moro  formal  oaplanttion  of  Ihio  roltlioiiohip,  too  (Woylirtwch77). 
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Earlier  (section  13  11),  we  suggested  that  the  most  appropriate  use  of  this  computational  ability 
would  be  to  model  the  human  ability  to  observe.  Persisting  in  this  notion,  we  dub  our  semantic 
procedural  attachment,  our  Eye  Thus,  for  our  chess  problem,  we  have  a  Chess  Eye  Similarly,  an 
automated  physician,  capable  of  doing  its  own  chemical  analysis,  might  perceive  this  knowledge 
through  its  Lab  Eye,  or  an  electrical  design  facility  might  consult  a  simulation  Tech  Eye  to  verify  the 
correctness  of  a  circuit.  Any  computer  individual  performing  a  test  on  the  real  world  will  need  to 
employ  some  sort  of  device,  quite  likely,  this  device  will  be  some  computer  system  "called"  object. 
The  intelligent  part  (as  opposed  to  the  perceiving  part)  of  our  computer  individual  could  easily  refer 
to  this  perception  action  as  the  evaluation  of  the  particular  device  function,  just  as  the  semantic 
model  evaluation  performs  simulated  functional  evaluation.  Hence,  computation  can  be  used  just 
like  perception. 

Section  1.3.2  Our  Scheme 

To  summarize:  we  have,  as  our  representational  framework,  a  system  founded  on  first  order  logic. 
We  declare  predicates,  functions  and  constants  in  this  logical  system,  and  express  some  of  our 
knowledge  as  axioms  of  the  logic.  Additionally,  we  will  attach  functions  and  constants  in  our  LISP 
model  to  the  constants  of  our  logic  system,  and  will  use  these  LISP  objects  to  compute  the  values  of 
predicates  and  functions  (attachment  of  semantic  procedures).  The  legal  operators  of  our  system  are 
fundamentally  the  rules  of  Inference  of  the  first  order  logic,  we  extend  them  to  include  computational 
evaluation  within  the  LISP  model  (our  EYE),  and  whatever  decision  procedures  for  this  logic  we  have 
available  We  use  this  system  to  examine  the  topography  of  long  reasoning  sequences. 

It  is  perhaps  useful  to  emphasize  that  this  structure  constitutes  the  framework  within  which  we 
work  It  is,  we  believe,  a  broad  enough  structure  to  accommodate  most  consistent  formalisms  for  any 
particular  problem.  We  will,  in  the  following  chapter,  be  demonstrating  the  feasibility  of  this 
framework  for  a  particular  formalization  of  the  given  chess  problem;  in  the  concluding  chapter 
(chapter  5),  we  will  consider  how  alternative  formulations  of  the  problem  might  be  expressed  within 
the  framework  of  first  order  logic  with  semantic  procedural  attachment. 

We  presume  the  reader  is  more  familiar  with  the  inference  rules  of  predicate  calculus  than  with  our 
particular  implementation  of  semantic  procedural  attachment.  Perhaps  a  word  about  simplification 
would  be  appropriate  Our  simplification  system  employs  two  major  computational  mechanisms  As 
initially  conceived,  its  purpose  was  to  use  the  attached  functions  to  compute  on  constants  of  the  logic 
system  Thus,  one  could  take  a  (constant)  board,  such  as  the  puzzle  board  of  our  problem  (figure  l) 
and  compute  a  predicate  (for  example,  Black  is  in  check)  on  it.  It  has  since  been  extented  to  include 
the  ability  to  evaluate  WFFs  quantified  over  finite  sets.15  Thus,  one  can  simplify  a  predicate  that  asks, 
Is  there  a  black  bishop  on  a  square  of  the  given  board.lt  We  shall  consider  in  the  section  58  various 
desirable  extensions  to  this  scheme. 

Proofs  of  the  size  we  contemplate  would  be  impossible  to  write  (correctly)  were  it  not  for  the 
existence  of  a  mechanical  (computer)  proof  checking.  We  are  fortunate  to  have  available,  for 
verification  of  our  proof,  FOL.  FOL  is  a  proof  checker  in  the  first  order  logic.  It  originally  checked 
proofs  of  the  natural  deduction  style  of  Prawitz  [Prawitz65];  it  has  since  been  extended  to  include 


lb  The  performance  of  thie  computation  vanea,  of  courae.  with  tKe  one  of  tfae  aeta  involved  Practically,  are  Nave  been  patient 

I  J 

enough  to  Chech  WFF’e  with  up  to  2  caeca 

16  The  amplification  mechaniom,  aa  embodied  in  FOL,  alee  performa  ether  inference  taeke,  ouch  ae  decieion  procethnea  on  the 

eort  hierarchy,  and  mferencea  about  the  memberahip  of  finite  aeta 
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decision  procedures  on  tautologies,  and  the  begimngs  of  deductive  ability  within  a  LISP  model 
(what  we  have  been  denoting  semantic  procedural  reasoning  or  an  eye). 

This  proof  checker  acts  much  like  the  Missouri  Program  (“show  me’)  described  by  McCarthy  and 
Hayes  [McCarthy 69].  It  “allows  the  experimenter  to  present  it  proof  steps  and  checks  their 
correctness"17  The  various  decision  procedures  incorporated  into  FOL  may  be  viewed  as  either 
making  this  Missouri  Program  more  discerning,  or  as  being  steps  towards  the  Reasoning  Program 
mentioned  in  that  paper. 

The  bulk  of  the  remainder  of  this  paper  presumes  knowledge  of  the  FOL  system.  An  introduction 
to  FOL,  of  adequate  detail  for  understanding  the  FOL  used  in  this  paper,  may  be  found  in 
[Filnian76].  A  full  description  of  the  syntax  and  semantics  of  FOL  is  the  FOL  manual 
[Weyhrauch77], 

Section  1.4  Analogs:  Other  Eyes 

Back  at  the  beginning  of  this  thesis  (section  1. 1)  we  mentioned  that  this  is  primarily  (at  least  by  the 
measure  of  physical  paper  use)  a  demonstration  of  the  proof  of  a  chess  puzzle.  However,  we  are 
concerned  with  the  general  representation  issues,  and  find  it  profitable  to  present  a  few  short 
examples  of  our  representational  scheme  applied  to  some  other  domains,  particularly  emphasizing 
the  employment  of  procedural  Eyes.  In  contrast  to  our  major  proof,  which  is  a  highly  detailed 
though  unidirectional  derivation,  this  detour  is  best  perceived  as  speculation  and  hypothesis.  We 
are  not  presenting  a  system  of  axioms  and  attachments  for  these  worlds,  but  rather,  a  brief  overview 
of  how  these  techniques  might  be  applied  in  them. 

It  is  important  to  point  out  here  that  this  section  is  not  dealing  with  how  perception  might  be 
performed;  rather,  we  are  describing  a  system  that,  through  the  semantic  procedural  attachments,  is 
able  to  talk  about  its  perceptions  in  the  same  language  as  the  "rest  of  its  thinking". 

Section  1.4.1  The  Mechanic's  Eye 

We  consider  first  a  representation  to  embody  some  of  the  knowledge  employed  by  an  automobile 
mechanic  in  diagnosing  a  malfunctioning  automobile.  Of  course,  whatever  we  say  can  be  related  to 
the  maintenance  of  any  similar  machinery.  What  must  such  a  person  know?  Primarily,  the 
mechanic  knows  the  interconnections  and  functions  of  the  various  parts  and  subassemblies, 
particularly  with  an  eye  towards  recognizing  malfunctions  (and  potential  malfunctions)  of  individual 
components. 

How  could  a  computer  be  employed  in  such  a  task?  One  imagines  an  extension  of  the  current 
engine  electrical  analysis  systems.  Instead  of  (or  in  addition  to)  displaying  the  current  levels  and 
frequencies  of  various  wires  on  a  CRT,  such  a  monitor  would  pass  the  information  back  to  the 
computer  through  an  appropriate  ADC.  Special  devices  might  be  attached  to,  say  the  exhaust  pipe 
or  water  pump,  to  measure  composition  or  pressure,  and  convert  these  signals  to  digital  values. 
Effectively,  these  devices  would  permit  the  machine  to  observe  the  state  of  the  running  engine.  They 
would  act  (combined  with  appropriate  functions  to  transmute  these  real  time  signals)  as  part  of  the 
computer’s  eye. 

Typically,  our  automated  mechanics  would  have  axioms  such  as: 

17.  [McC*rthy69]  pf  469. 
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Vx  (Voltage(Battery(x)<Minivoltage(Cartype(x)))3NEEDREPLACEMENT(Battery(x))) 

which  would  be  read  to  mean  for  all  cars  x.  if  the  voltagt  on  Me  battery  of  x  is  Uss  than  the  minimum 
voltage  required  for  cars  of  x’s  make,  then  that  battery  needs  replacement  (or  repair).  The  mechanic 
program  could  then  simply  observe  (by  simplifying  the  given  formula)  whether  the  battery  was 
performing  correctly.  Note  that  (from  the  point  of  view  of  the  logical  language  level)  we  are  able  to 
perform  both  the  perceptual  task  involved  in  measuring  the  battery's  current,  and  checking  (in  the 
mechanics  manual)  the  appropriate  voltage  for  this  car  by  employing  the  same  mechanism  From 
the  computer’s  point  of  view,  observation  inside  its  "head'  is  the  same  as  observing  the  real  world 

Civen  the  prevailing  technology,  we  can  hardly  expect  the  computer  to  fix  the  car  alone  Rather,  we 
imagine  it  to  be  the  partner  of  a  human  mechanic,  who  could  both  ask  help  from  the  computer,  and 
provide  non-digital  measurements.  The  computer  might  request  the  tire-tread  wear  statistics  for  the 
car,  and  then  ask  the  human  mechanic  to  push  the  front  end  up  and  down.  His  reply  (and  the 
questions)  could  be  used  in  (and  generated  by)  evaluating. 

Vx.3s.((IRREGULAR-WEAR(Tire(x.s»ABOUNCES(x,s))=> 

NEEDREPLACEMENT(Shock-absorber(x.s))) 

That  is.  if.  for  a  car  x,  there  is  a  side  of  x  (left-front,  right-rear, ...)  whose  tire  Is  wearing  irregularly,  and 
which  bounces  after  pushing,  then  the  shock  absorber  on  that  side  of  that  car  needs  replacement.  The 
simplification  (computer  observation)  would  request  the  appropriate  information  from  the  human 
mechanic,  in  addition  to  doing  the  calculations. 

Meta-knowledge,  that  is.  general  rules  applicable  to  systems,  might  also  be  expressed  axiomatically: 

Vj  k.((CONNECTED(j,k)ACURRENTTHROUGH(j)A-CURRENTTHROUGH(k))=> 

NEEDREPLACEMENT(k)) 

or.  for  any  two  electrical  components  j  and  k,  if  j  and  k  are  connected  electrically,  and  there  is  current  at 
j.  but  not  k,  then  k  is  defective.  For  example,  if  there  is  current  leaving  the  distributor,  but  no  spark 
at  the  plug,  then  the  ignition  wire  is  broken.  By  looking  at  the  electrical  connections,  our  auromatic 
mechanic  sees  the  validity  of  any  instantiation  to  this  axiom.  But  it  is  up  to  the  main  mechanic 
program  to  (heuristically)  decide  what  instantiation  to  make. 

Section  1.4.2  The  Personal  Assistant's  Eye 

Here  is  a  second  example  of  the  combination  of  procedural  observation  embedded  in  a  formal 
system.  One  thing  I  would  like  of  my  computer,  is  for  it  to  be  my  personal  assistant,  effectively,  my 
secretary.  It  should  be  capable  of  tasks  such  as  scheduling  appointments,  planning  trips,  and  making 
coffee.  To  do  these  tasks  most  successfully  involves  both  actions  of  a  simple  procedural  nature  (such 
as  table  look  up  or  message  transmission)  and  of  deductions  of  a  more  complex,  reasoning  variety. 
For  instance,  I  might  want  my  assistant  to  arrange  a  trip  to  Pittsburgh  for  me.  To  accomplish  this 
task,  the  program  would  need  to  look  up  the  airline  schedule,  relate  the  information  found  to  its 
knowledge  of  my  flight  preferences  and  other  appointments,  call  the  airline  and  hotel  for 
reservations,  find  a  way  to  and  from  the  various  airports,  print  a  list  of  directions,  and  so  forth. 
There  are  several  different  abilities  involved  here.  The  program  must  reason  about  my  knowledge 
and  desires  (it  doesn't  need  to  tell  me,  for  instance,  how  to  get  to  the  San  Francisco  airport  -  but  I 
might  need  information  about  ground  transportation  in  Pittsburgh).  It  should  realize  that  I  prefer 
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flights  with  a  movie  and  meal  It  might  believe  that  I  have  axioms  telling  it  to  use  the  least 
expensive  flight,  or  to  avoid  a  particular  airline.  But  it  does  not  need  to  do  an  involved  reasoning 
sequence  to  find  out  what  flights  exist.  Rather,  it  can  see  the  flight  schedule  merely  by  looking  it  up 
in  a  table,  an  observational  activity.  We  see  that  we  need  a  formalism  strong  enough  to  be  able  to 
reason  about  knowledge  and  desires,  but  which  can  still  efficiently  solve  simple  algorithmic  problems. 
The  semantic  procedural  attachment  mechanism  to  a  full  logic  seems  the  appropriate  solution. 

My  secretary  program  would  (in  this  ideal,  non-existent  world)  also  communicate  with  other 
programs  and  machines.  It  could  call  the  airline  and  hotel  computers  to  arrange  the  reservations. 
Another  interesting  communication  domain  involves  scheduling  appointments  with  the  programs  of 
the  other  people  on  our  system.  Our  ideal  program  can  observe  my  schedule  (table  lookup),  consider 
my  preferences'(avoid  appointments  before  1130),  and  send  and  receive  messages  from  the  other 
secretary  programs.  Note  that  the  acts  of  sending  and  receiving  are  procedural  actions,  naturally 
expressed  by  executing  functions  The  updating  of  various  tables  associated  with  particular  states 
accomplishes  a  large  portion  of  fixing  the  tense  logic.  Within  this  general  formalism,  this  updating 
and  searching  is  accomplished  by  attaching  the  executing  procedures  to  the  associated  functions. 
And  this  system  allows  us  to  reason  about  the  actions  of  sending  messages.  Our  system  need  also  be 
able  to  distinguish  between  thinking  about  sending  a  message,  a  purely  gedanken  experiment,  and 
actually  sending  it.  Thus,  it  can  reason,  if  /  send  Mm  a  message  asking  for  an  appointment  tomorrow,  it 
will  probably  give  us  a  1000  am  meeting.  But  if  I  ask  for  a  more  preferable  time,  like  2:30,  I  may  get 
it  ...  . 

Making  coffee  involves  turning  on  some  real,  physical  device.  Once  again,  it  is  accomplished 
through  some  function  call.  We  imagine,  perhaps,  an  execution  of  the  COFFEE  UUO.  Once 
again,  we  seek  interaction  with  the  real  world  represented  by  the  use  of  a  function  call.  Needless  to 
say,  simplification  of  some  other  function  permits  the  program  to  observe  when  the  coffee  is  ready. 

Section  1.4.3  The  Engineer's  Eye 

As  our  last  example,  we  consider  the  representation  of  knowledge  for  a  computer  engineer. 
Basically,  we  will  wish  to  describe  physical  systems  to  this  program,  and  have  it  verify  properties  of 
these  systems.  For  example,  our  engineer  could  be  given  a  circuit,  and  asked  to  prove  some 
functional  property  of  the  outputs,  relative  to  the  input  currents,  or  given  a  system  a  moving  bodies 
in  some  force  field,  and  asked  to  determine  the  possibility  of  collision.  Such  a  procedure  might  be 
part  of  a  hardware  design  and  verification  program,  or  a  module  of  a  computer  aided  instruction 
system. 

Our  system  will  know  general  laws  about  objects,  suitably  expressed  as  formulas  of  our  logic.  Thus, 
a  typical  axiom  about  moving  bodies  would  have: 

Vx  t  v#  a.s(x,t)«.5*a*t2  ♦  v#«t 

or,  the  distance  reached  by  body  x,  by  time  t,  is  the  product  of  the  (constant)  acceleration  of  x 
between  t  and  t(,  and  t2,  plus  the  distance  traveled  by  x  due  to  its  initial  velocity  during  interval  t. 

The  program  must  be  capable  of  both  manipulating  such  formulas  as  formulas,  and  using  them  to 
produce  numeric  answers.  The  natural  rules  allowing  substitution  of  equals,  and  instantiation  of 
axioms  allow  for  the  formal  manipulation.  When  a  program  using  such  a  representation  needed  to 
solve  for  a  particular  value,  in  could  observe  (via  the  simplification  mechanism)  and  compute  it. 
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Our  engineer  might  also  be  called  upon  to  design  systems.  Humans  have  ready  access  to  familiar, 
solved  subproblems.  For  example,  adders  and  registers  are  the  components  from  which  human 
designers  build  bigger  digital  systems.  Our  computer  engineer  can  have  a  list  of  solved  subproblems 
of  his  own,  and  (with  an  appropriate  procedural  call),  can  consult  this  list  for  the  correct  device. 
Once  again,  we  have  an  observational  operation  obtained  by  procedural  semantic  attachment  within 
our  general  formalism. 

Section  1.5  Why  Chess 

It  it  not  that  the  garnet  and  mathematical  prohlemt 
are  choten  becaute  they  are  clear  and  timple;  rather 
it  it  that  they  give  ut,  for  the  tmallett  initial 
structures,  the  greatett  complexity. 

Marvin  Minsky18 

The  end  of  our  detour.  Though  concerned  with  general  epistemological  issues,  we  are  presenting, 
primarily,  one  particular  example  of  the  use  of  our  representation  system.  As  we  stated  in  section 
1.1.  this  thesis  pivots  around  the  demonstration  of  a  solution  of  a  chess  puzzle,  within  the  first  order 
logic  (and  semantic  simplification)  formalism.  It  is  perhaps  useful  to  detail  some  of  the  justification 
for  examining  puzzles  about  chess,  and  not  some  other  problem  domain. 

Section  1.5.1  Structure  and  Search  Spaces 

There  are  several  dimensions  to  be  considered  in  the  selection  of  a  domain  for  A. I.  research.  The 
primary  one,  shaping  the  entire  model,  is  the  degree  of  structure  inherent  to  the  task.  Recall  that  we 
described  computer  intelligence  in  terms  of  a  search  through  a  problem  space  (section  1.2).  We 
introduce  the  notion  of  measuring  the  structure  of  this  space,  along  two  different  dimensions.  Such  a 
space  can  vary  both  in  the  specificity  of  its  elements,  and  the  degree  of  definition  of  the  operators  for 
transferring  between  these  elements.  In  general,  the  more  limited  the  elements  of  the  space,  and  the 
clearer  the  transference  operators,  the  more  amenable  the  problem  is  to  computer  solution.  The 
current  generation  of  A. I.  programs  are  mostly  concerned  with  those  problems  for  which  there  is 
typically  a  fairly  large  number  of  states,  but  clear  rules  for  state  definition  and  transition. 

Intelligence  for  programs  such  as  these  lies  in  selecting  the  appropriate  heuristics  for  navigation. 

Beyond  the  ability  of  present  machine  intelligence  is  negotiation  of  spaces  with  ill  specified  operators 
or  states.  Effectively,  we  have  no  programs  that  can  creatively  generate  and  select  operators  and 
states;  we  have  difficultly  representing  the  operators  and  states  of  ill-structured  domains. 

Spaces  are  also  distinguished  by  the  size  of  their  solution  sequences.  Obviously,  the  fewer  the 

number  of  steps  needed  to  solve  a  given  problem,  the  easier  it  is  to  obtain  the  solution.  With 

several  choices  of  applicable  operators  at  any  point,  longer  solutions  can  become  exponentially 
difficult.  Typically,  current  problem  solvers  produce  long,  but  certainly  not  very  long,  solutions. 

This  measure  is  reflected  in  the  current  "state  of  the  art"  of  generating  "smart"  machines.  We  see 
successful  "expert"  programs,  dealing  with  well  structured  and  relatively  small  problem  spaces, 
mediocre  mathematical  programs,  dealing  with  very  well  structured  but  very  large  spaces,  but  no 
"creative"  or  "common  sense"  programs,  dealing  with  both  large  and  ill-structured  domains.  More 
specifically,  the  better  one  is  able  to  formalize  the  rules  and  structure  of  some  domain,  the  more 
successful  one’s  program  can  be  at  “solving"  the  problems  of  that  domain. 
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In  this  thesis,  we  are  concerned  with  extending  the  length  of  solution  sequences,  within  the  context 
of  fairly  well  structured  problem  spaces.  We  view  this  activity  as  laying  the  groundwork  for  much 
longer  and  more  complex  reasoning  programs.  Effectively,  we  need  to  know  the  lie  of  the  terrain, 
before  sending  our  computer  out  to  transverse  it.  We  also  need  a  measure  of  the  obstacles  and  steps, 
to  be  considered  in  designing  the  right  "legs’  for  our  explorers,  gauging  the  difficulty  of  the  course, 
and,  perhaps,  the  building  of  special  tools 

We  are  not  presenting  specific  methods  for  improving  the  most  ill-structured  domains.  Rather,  we 
seek  to  extend  the  present  structured  domains  (though  not  artificially  well-structured  domains).  More 
particularly,  we  want  a  problem  space  that  is  not  purely  artificial  but,  rather,  corresponds  to  the 
irregularities  of  natural  systems.  We  want  a  problem  we  can  solve,  not  one  we  must  defend  from 
semantic  objections  and  different  interpretations. 

Similarly,  this  domain  should  be  complex  enough  to  require  long  reasoning  sequences.  Most  hard 
problems  of  the  "real"  world  do  not  derive  their  difficulty  from  the  depth  of  the  reasoning  required 
for  their  resolution.  Rather,  problems  arise  out  of  the  poor  structure  and  broad  knowledge  base 
inherent  to  "real"  domains.  The  problem  is  not  then  not  merely  the  storage  of  information,  but, 
more  importantly,  its  selection. 

One  domain  obviously  satisfies  some  of  the  above  criteria-,  mathematics.  Deduction  sequences  in 
mathematics  can  be  arbitrarily  long;  mathematical  proofs  are  presumably  not  (very)  open  to 
questions  of  semantic  validity.  But  the  mathematical  domain  retains  shortcomings,  parsimony 
within  mathematical  structures  that  is  not  paralleled  within  more  synthetic  systems.  Effectively,  we 
find  mathematics  too  well  structured  a  domain. 

So  we  step  away  from  orderly  mathematics,  and  towards  a  more  ill-structured  task.  By  considering  a 
game  system,  with  rules  delimiting  the  domain,  we  acquire  a  well  specified  structure.  We  will  not  be 
bothered  with  semantic  quibbles,  for  it  is  clear  from  any  state  what  legal  transitions  exist.  But  with 
as  old  and  dynamic  a  game  as  chess,  we  also  get  an  arbitrary  and  irregular  rule  system.  As  we  shall 
see  in  chapter  2,  these  irregularities  dramatically  increase  the  complexity  of  the  representation. 

Chess  retains  yet  another  appeal.  We  profess  to  be  interested  in  extending  the  size  of  deduction 
sequences.  From  the  (relatively)  small  set  of  initial  rules,  we  can  produce  problems  of  enormous 
complexity.  Since  our  goal  is  not  to  test  the  size  of  initial  structure  we  can  store,19  we  find  this  an 
additional  boon. 

Section  1.5.2  Chess  and  the  Eye 

Chess  puzzles  have  yet  another  attraction.  We  defined  one  of  the  purposes  of  this  paper  as  an 
examination  of  the  semantic  simplification  mechanism  (our  form  of  observation)  as  applied  in 
detailed  deduction  sequences.  Chess  provides  a  good  forum  to  display  this  notion.  Our  chess  eye 
can  roam  freely  in  this  world.  It  can,  for  example,  be  used  to  look  at  a  board  (or  board  fragment), 
and  determine  a  checking  or  movement  relation.  Various  theorematic  knowledge,  such  as  limits  on 
the  movements  of  pawns,  can  also  be  incorporated  into  the  functions  that  make  up  the  chess  eye. 
And  we  permit  our  proof  to  observe  the  values  of  ar;.  •  '  ^svions,  rather  than  requiring  their 

derivation.  All  these  effectively  parallel  the  observational  aonity  of  humans. 
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Section  1.5.3  Which  Chess  Punks 

Before  the  reader  becomes  too  mislead,  let  us  state  that  we  are  (by  and  large)  not  talking  of  chess 
puzzles  of  the  mate  in  n  (n  -  1,2.),..)  variety.  For  sufficiently  small  n,  such  puzzles  become  trivial 
tree  search.  Rather,  we  are  examining  the  world  of  retrograde  chess  problems,  puzzles  where 
examination  of  a  board  fragment  leads  to  deductions  and  constraints  about  the  moves  that  led  to 
that  board  20  Retrograde  chess  problems  (and  their  solutions)  can  be  extremely  long  and  complex;  a 
suitably  difficult  domain  for  analysis. 

Let  us  also  note  that  we  seek  these  deductions  from  chess  "first  principles"  That  is,  we  will  derive 
our  solutions  (by  and  large)  from  the  rules  of  chess,  rather  than  from  the  "theorems"  familiar  to 
chess  puzzle  solvers.  This  serves  both  to  display  the  generality  of  our  system,  and  to  preserve  our 
"honesty",  for  from  a  sufficiently  powerful  set  of  lemmas,  any  theorem  is  easily  proven. 

Section  1.6  Topography:  The  Path  of  Our  Proof 

We  continue  our  descent  from  the  general  to  the  more  specific.  As  we  stated  in  the  introductory 
summary  (section  1.1),  our  attention  is  focused  on  the  representation  of  the  knowledge  and  reasoning 
implicit  in  the  solution  of  one  particular  chess  puzzle.  Having  kept  the  reader  waiting  long  enough, 
it  is  perhaps  time  to  state  and  solve  that  probkm. 

We  examine  the  FOL  solution  to  the  chess  puzzle  illustrated  in  figure  2.  It  is  a  difficult  problem,  one 
whose  solution  requires  inferences  both  about  the  given  board  and  the  game  that  preceded  it. 
Deducing  the  identity  of  the  fallen  piece  requires  the  use  of  many  of  the  more  subtle  nuances  of  the 
chess  rules 


20  The  reader  mtoreeted  m  other  eeemplee  of  retrofred*  chee*  problem*  tt  referred  to  |D*weon73) 

pnmtnly  "feiry*  cheee  problem*,  it  tleo  content*  t  number  of  retrof  rede  enetyem  puttie* 
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/)  piece  hai  fallen  off  of  the  board  from  the  square  marked  X. 

What  piece  teas  it?  This  position  was  achieved  in  a  legal  chess 
game,  though  there  is  no  presumption  that  either  player  to as 
playing  to  to  in. 

figure  2 

The  reader  may  be  unconvinced  of  the  difficulty  of  this  problem,  and  the  complexity  of  its  solution, 
if  he  has  not  himself  attempted  its  solution.  So  we  defer  its  answer  to  the  next  page. 
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Section  1.6.1  The  Solution 

The  reader  has,  of  course,  by  now  deduced  that  the  piece  that  fell  off  of  the  X-ed  square  was  the 
white  queen’s  bishop.  If  the  reader  had  reasoned  the  problem  in  sufficient  detail,  his  analysis 
probably  resembled  the  following-.11 

Section  1.6.2  The  Reason 


1.  We  see,  in  figure  3  the  white  rook  checking  the  black  king.  The  king's  check  is  a  function 

of  only  the  boxed  three  squares  of  figure  3,  hence,  the  king  will  still  be  in  check  no  matter  what  the 
fallen  piece  might  have  been. 

1.1.  It  therefore  must  be  black's  turn  to  play. 

1.2.  And  white  must  have  made  the  last  move. 


The  white  rook  eheeki  the  black  king. 

It  it  black'i  turn  to  play. 

figure  3 

2.  What  was  white’s  last  move?  There  are  several  ways  a  check  can  be  made.  The  checking 

piece  can  make  the  check,  the  check  can  be  discovered  by  a  piece  moving  out  from  between  the 
checked  king  and  the  checking  piece,  the  check  can  be  discovered  by  the  removal  of  a  pawn 
captured  en  passant.  To  these  we  add  a  fourth  method,  to  accommodate  our  (to  be  developed) 


2 1  Wa  observe  the  following  chess  notation  in  (hit  discussion  Squirts  in  named  (int  by  the  color  of  the  ponpoctivo  ttdo 

(Whit#  or  Black),  Ihon  differentiated  ••  boinf  on  Iho  King's  or  Ouoon'i  side.  A  modifying  piece  (Rook,  kNight,  Bishop)  miy  bo  uiod  to 
select  the  ippropriito  column,  while  the  finel  digit  describes  the  distinct  to  the!  squirt  from  the  edge  of  the  board  Thus,  the  white 
queen  beg  me  the  gsme  on  WQIi  the  it  likewise  en  BQ&  The  squirt  thst  the  piece  fell  from,  in  out  exempts,  is  both  BKR5  end  WKR4 
Cheetpiecee  ere  similarly  nemed,  by  color,  tide  end  rink.  Thus,  the  white  king  it  WKi  the  pewn  in  front  of  Week's  queen  tide  rook 
becomes  BQRP  (block  queen's  rook  pawn).  This  is  bselcilly  in  abbreviation  of  the  standard  "EngHeh"  system  of  chose  nemos.  We  shall 
pereret  in  this  naming  convention  throughout  the  remainer  of  this  paper. 


. . . 


1.6  2 


Introduction 


Page  19. 


formalism.  As  we  will  consider  the  king  to  be  the  "moving"  piece  of  a  castle,  we  consider  the  case 
when  a  just  castled  rook  has  made  the  check. 

2.1.  The  last  move  was  obviously  not  a  castle  by  white.  The  white  king  is  not 
on  one  of  his  castle  destination  squares.  Nor  is  either  white  rook  on  a  square 
reachable  by  a  castle. 

2.2.  This  check  could  not  have  been  made  after  a  capture  en  passant.  En 
passant  capture  leaves  a  white  pawn  m  the  on  the  sixth  rank.  There  is  no  white 
pawn  on  this  row  to  have  just  captured  en  passant.  Hence  the  last  move  was  not  an 
en  passant  capture. 

2.3.  Obviously,  the  only  square  the  rook  could  have  moved  from  is  WQB7 
(white  queen’s  bishop  seven,  the  distinguished  square  in  figure  4).  But  the  white  rook 
checks  the  black  king  from  that  square  too,  and  white  can  not  begin  his  move  with 
black  in  check. 


figure  4 

2.4.  Hence,  the  check  must  have  been  a  discovered  check. 

3.  Well,  then,  what  piece  made  the  discovered  check? 

3.1.  If  the  check  was  discovered,  it  must  have  been  from  a  square  between  the 
rook  and  the  king.  But  there  is  only  one  square  between  these  two,  WQJ17  (noted  in 
figure  4).  Hence,  the  last  move  must  have  been  made  from  that  square. 

3.2.  What  type  of  move  was  the  last  move?  We  have  already  concluded  that 
it  was  not  a  castle  or  en  passant  capture.  How  about  an  ordinary  move? 
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3 .3.  If  the  move  was  not  a  pawn  promotion,  one  of  the  white  pieces  on  the 

board  (see  figure  5),  in  its  present  incarnation,  (that  is,  unpromoted),  must  have  made 
that  move. 

3.3.1.  The  white  king  on  WKR8  certainly  could  not  have  been 
next  to  the  black  king  on 

3.3.2.  None  of  the  white  pawns  could  have  moved  from  that 
square. 

3.3.3.  We  have  already  eliminated  the  rook  on  BQ2  as  a 
possible  mover.  This  piece  is  making  the  check,  not  moving  to 
discover  it. 

3.3.4.  A  rook  on  WQB8  could  not  have  moved  on  that 
diagonal. 

3.3.5.  Nor  could  it  have  been  the  piece  that  fell  off  the  board. 

No  matter  which  piece  it  was,  it  could  not  have  moved  from  WQN7. 

No  piece  can  make  the  jump  from  WQN7  to  BKR5. 


None  of  the  (poitibly)  white  piecei  (in  it*  pretenl  incarnation) 
could  have  moved  to  discover  the  check 

figure  5 

3.4.  Therefore,  the  last  move  must  have  been  a  pawn  promotion. 
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4.  How  did  this  pawn  promotion  go? 

4.1.  As  we  see  in  figurt  6,  a  white  pawn  can  move  from  WQB7  to  one  of 

three  squares.  Only  one  of  these,  WQ8,  haj  a  white  piece  on  it.  Thus,  the  last  move 
must  have  had  a  white  pawn  moving  from  WQB7  to  WQ8,  promoting  to  a  rook. 


I Thor*  did  I  k»  promoting  pawn  move? 

figurt  6 


5.  But  to  make  this  move,  the  white  pawn  must  have  captured  a  black  piece.  Let  us  call  that 
piece  Zb  < figurt  7).  What  piece  was  Z„? 


The  whit*  pawn  eapturod  black'i  Zb. 
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figure  7 

)1.  Clearly,  black's  last  move  was  neither  an  en  passant  capture  nor  a  castle. 

His  pieces  (pawns,  king)  arc  not  appropriatedly  arranged  to  have  just  completed  one 
of  these  moves. 

5.2.  Perhaps  Zb  was  a  black  rook  or  black  queen. 

5.2.1.  If  that  were  the  case,  then  white's  king  would  be  in 

check.  And  Zb  would  be  cornered,  like  the  white  rook  on  WQ7, 

unable  to  have  reached  that  square  except  from  another  checking 
square. 

So  if  Zh  was  a  rook  or  queen,  it  must  have  made  that  check  through  a 
discovered  check. 

5-5.1.  But  once  again,  none  of  the  black  pieces  could  have 

moved  from  between  the  checking  piece  and  the  white  king.  Nor 
could  the  piece  that  fell  off  have  moved  from  any  of  those  three 
squares. 


Nono  of  the  black  pioeei  could  have  diicovorod  chock, 
figure  8 

5.4.  Maybe  the  captured  piece  was  a  pawn? 

5.4.1.  But  pawns  (at  least  unpromoted  pawns,  and  here  we  are  talking 
about  the  value  of  the  captured  piece)  do  not  find  their  way  to  the  first 
row. 


5.5. 


The  captured  piece  certainly  was  not  the  black  king. 
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5.6.  Could  the  captured  piece  have  been  a  bishop? 

5.6.1.  It  certainly  was  not  the  black  queen’s  bishop.  That  is 

the  black  on  white  bishop  (the  black  bishop  that  moves  on  the  white 
squares).  He  would  not  be  caught  dead  on  a  black  square. 

5-6.2.  It  was  not  the  black  king’s  bishop,  either.  Notice  the  two 

pawns  in  figur*  9  on  BK2  and  BKN2  They  have  not  moved,  and  the 
bishop  could  not  have  gotten  out  from  behind  them. 


Those  pawns  stymie  the  axil  of  the  black  bishop. 

Mur*  9 

5.7.  Hence,  if  the  captured  piece  had  bishop  value,  it  must  have  been  a 

promoted  pawn. 
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5.8.  And,  we  can  tee  in  figurt  10,  that  if  the  captured  piece  was  a  knight,  then 

black  had  three  knights  on  the  board  before  white's  last  move.  Anyone  with  three 
knights  on  the  boaixl  at  the  same  time  (and  who  is  not  cheating)  has  promoted  a 
pawn. 


//  black  hat  three  knight*,  then  he  hat  promoted  a  pawn, 
figure  10 

9.9.  We  have  not  learned  the  identity  of  the  captured  piece,  but  we  have 

discovered  an  important  fact:  black  must  have  promoted  at  least  one  of  his  pawns. 

6.  But  which  pawn? 

6.1.  In  figurt  11,  we  see  the  three  black  pawns  on  black's  second  rank.  These 

must  have  been  the  pawns  that  started  on  these  squares. 


The  to  black  paw  ns  have  not  moved. 


figurt  11 
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6.2.  There  is  a  pawn  on  BQR3  Since  only  two  black  pawns  can  reach  this 

square,  and  we  have  concluded  that  one  of  them  is  on  BQJ12,  this  must  be  black’s 
queen’s  knight  pawn  (BQJMP,  figurt  12). 


Black’ i  queen'i  knight  pawn  (BQNP). 


figure  12 

6  3.  Of  the  remaining  pawns,  there  are  only  two  unaccounted  for  pawns  that 

could  be  on  BQB4  and  BQ3,  the  black  queen's  bishop  and  queen's  pawns.  We  have 
not  established  which  is  which,  but  then  again,  we  do  not  care  < figurt  13). 


Black  qucen’t  and  queen’i  bithop  patent, 
figurt  13 
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6.4  Which  means  the  pawn  on  BQB5,  boxed  in  figurt  14,  must  be  the  black 

king's  bishop  pawn. 


figurt  14 


So  all  the  pawns  except  the  black  king's  rook  pawn  are  on  the  board. 
Hence,  if  a  black  pawn  promoted  (as  we  have  already  established),  it  must  have  been 
that  pawn 

7  Could  a  black  piece  have  fallen  off  the  board? 

7 1  Well,  we  have  accounted  for  all  the  black  pawns. 

7  2  We  have  also  determined  that  m  the  position  prior  to  the  given  board, 

the  two  knights  must  have  been  on  two  of  three  squares. 

7  >  The  black  on  white  bishop  does  not  traffic  on  black  squares. 

7  4  The  black  on  black  bishop  never  escaped  from  his  original  square  (as  we 

have  already  demonstrated  (figure  9)).  He  could  not  have  been  the  piece  that  fell. 

7  J 


The  black  king  is  on  BQfil 2. 
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9.1.  By  a  process  similar  to  that  employed  for  black,  we  can  Identify  all  of  the 

white  pawns.  In  fact,  just  before  the  last  move,  all  of  them  were  on  the  board,  in 
pawn  incarnation.  Hence,  the  fallen  piece  was  not  a  white  pawn  (figure  16). 


figure  16 


10.  The  fallen  piece  was  obviously  not  the  white  rook  on  WQ7,  nor  was  it  the  white  king. 

10. 1.  Thus,  we  have  accounted  for  all  the  white  pieces  except  the  other  white 

rook,  both  white  knights,  both  white  bishops,  and  the  white  queen. 

11.  We  observe  that  the  black  queen's  knight  pawn,  now  on  BQR3,  and  the  black  king's 
bishop  pawn,  now  on  BQB5,  have  captured  four  white  pieces  between  them  in  reaching  their 
current  squares.  Additionally,  and  most  peculiarly,  all  of  these  captures  have  occurred  on  the  white 
squares  < figure  17). 


Four  white  piece  i  captured  on  while  iquoret. 
figure  17 
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12  We  recall  that  the  black  king’s  rook  pawn  has  promoted  What  can  we  say  about  the  path 

to  his  elevation? 


12.1.  If  he  promoted  on  any  square  to  the  left  of  BKN7  (figure  18),  he  would 

have  had  to  make  two  or  more  captures. 


If  any  of  these  were  the  black  promotion  square  then  BKRP 
captured  at  least  two  white  pieces. 

figure  IS 

12.1.1.  This  would  have  required  the  capture  of  a  total  of  six 

white  pieces.  There  are  already  ten  white  pieces  on  the  board.  The 
capture  of  six  white  pieces  would  leave  no  white  piece  to  have  fallen. 
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122.  Hence,  the  pawn  must  have  promoted  on  BKR8  or  BK.N8  ( figurt  19). 
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The  (too  ponibl e  promotion  tquaret. 
figurt  19 

12.2.1.  If  the  black  king’s  rook  pawn  promoted  to  BKR8  or 
BKN8,  then  he  must  have  moved  into  one  of  these  squares  on  some 
move.  What  square  would  he  have  been  moving  from? 

12.2.2.  The  white  king’s  rook  and  king’s  bishop  pawns, 
distinguished  in  figurt  20,  have  not,  for  the  duration  of  this  game,  left 
those  squares. 
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Theie  potent  have  not  moved, 
ftgurt  20 
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12. S.  Therefore,  the  black  king’s  rook  pawn  must  have  been  on  BKN7  (figure 

21)  before  moving  to  promote. 


figure  21 


How  did  that  pawn  get  to  BKN7? 

IS. I.  The  white  king’s  knight  pawn  was  a  good  deal  more  widely  traveled  than 

his  neighbors.  He  has  spent  the  game  on  two  squares,  WKN2  and  WKNS  ( figure 

22). 


1 
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If. 2.  In  (he  move  that  btought  the  black  king’s  rook  pawn  to  BKN7,  white 

king's  knight  pawn  must  have  been  on  WKN3 

If  f.  Hence,  the  black  pawn  must  have  made  a  capture  in  moving  onto  BKN1 

14.  But  BKN7  is  a  white  square.  Five  white  pieces  have  been  captured,  all  by  pawns,  and  all 
on  white  squares  ijifun  2f). 


fifwt  2J 


14.1  There  are  only  six  unaccounted  for  white  pieces,  all  officers  (non  pawns). 

Five  of  them  have  been  captured  on  white  squares  The  white  queen's  bishop  Is 
never  on  a  white  square.  Between  the  fallen  piece,  and  the  five  captured  pieces,  we 
must  arrange  the  falling  square  and  the  live  capture  squares.  No  piece  Is  ever 
captured  twice,  no  piece  once  captured,  ever  reappears. 
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15.  Obviously,  we  can  conclude  that  the  fallen  piece  must  have  been  the  white  bishop  {fifuu 
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TK*  board  hr  fort  ikt  Fall. 

figur i  24 


Section  1.6.S  An  Analysis 

Several  differences  between  the  reader’s  reasoning  process,  and  the  above  solution  may  be  apparent 
For  one  thing,  quite  trivially,  the  order  of  some  of  the  steps  may  be  permuted  This  is  of  little 
consequence.  Of  more  importance,  however,  is  the  detail  to  which  we  have  developed  oui  proof 
We  have  included  many  of  the  steps  that  most  humans  would  have  avoided  noting,  for  instance, 
statements  to  exclude  kings  in  certain  situations,  where  the  human  chess  player  would  not  •  >'ii 
mention  the  possibility  of  their  presence  This  is  partially  an  issue  of  heuristics,  some  steps  ate 
virtually  automatic  (and  unmentioned)  in  a  familiar  reasoning  sequence  But  it  is  mostly  because  we 
presume  that  we  are  reasoning  from  the  basic  chess  rules,  and  not  from  the  theorems  obvious  to  an 
experienced  player  The  restraint,  the  refusal  to  "jump  to  conclusions’,  is  what  peimits  the  proof  to 
"see"  the  promoted  pieces  as  knights  and  rooks,  when  the  experienced  chess  playei  (though  not  the 
chess  problem  solver)  would  quickly  skip  to  the  more  "logical"  conclusion  that  pawns  promote  to 
queens 

We  have,  however,  availed  ourselves  of  the  ability  to  look  at  a  board  and  "see"  which  pieces  can 
move  where  We  cite  this  as  an  example  of  of  the  obstrvcticna!  knowltiigt  mentioned  in  section 
I  $.1.1.  Within  our  representational  model,  deductions  of  this  kind  are  performed  by  function 
evaluation  in  the  (LISP)  model  stiucture  Similarly,  we  leave  to  computation  arithmetical  evaluation, 
this  is  not  a  treatise  on  proving  equations  by  Peano's  axioms.  Rather,  mathematical  calculations  will 
be  automatic,  procedural  in  our  system 

Section  1.6.4  Reasoning  in  a  First  Order  Logic  Formalism 

We  have  a  problem  and  a  representation  formalism,  and  with  them,  the  assertion  that  the  problem 
can  be  "solved"  within  the  formalism.  In  some  sense,  much  of  the  rest  of  this  paper  is  that 
demonstration.  We  will  first  axiomatiie  the  chess  worid  in  first  order  logic  and  then  deduce,  within 
our  formalism,  the  unique  solution  of  our  chess  puzzle. 

This  proof  is  the  other  side  of  the  Intelligence  problem,  the  path  through  the  problem  space  defined 
by  our  representation.  Note  that  we  are  not  claiming  a  program  that  can  do  this  reasoning,  this 
proof  is  human  powered  Instead,  we  are  exploring  the  path  that  a  mechanized  problem  solvei, 
using  our  formalism,  would  take  What  results  then  is  a  map  of  the  terrain,  a  guide  for  future 
explorers,  an  example  of  what  is  required  to  get  through  this  particular  "wilderness" 

We  assert  that  this  proof,  while  not  matching  the  level  of  detail  of  human  analysis.”  corresponds  on 
giosser  level  to  the  human  solution  That  is,  the  individual  inferences  used  in  this  proof  ate 
typically  much  smaller  and  weaker  than  human  deductions  We  will  show,  however,  the  correlation 
between  the  chunks  of  lines  In  our  proof,  and  the  individual  steps  of  the  natural  deduction.  We 
imply  thereby  the  ability  of  our  formal  logic/semantic  attachment  system  to  model  the  human  ability 
to  accept  problem  solutions. 

The  analysis  of  the  puzzle  in  section  1.6.2  will  serve  as  the  model  of  the  "human  solution" 
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Section  1.7  Perspectives:  Other  Points  of  Interest 

While  exploration  of  representational  systems  is  the  dominant  direction  of  this  research,  it  retains 
several  tangential  interesting  properties 

Section  1.7.1  Mathematics  and  a  Chess  Proof 

We  find  this  proof  interesting  for  several  mathematical  reasons,  unrelated  to  the  problems  of 
artificial  intelligence 

Historically,  mathematicians  have  used  formal  logic  in  two  ways.  Proofs  of  short  mathematical 
theorems  have  occasionally  been  detailed  within  first  order  logic.  But  more  commonly, 
mathematicians  have  used  logic  as  a  field  to  reason  about,  rather  than  in.  One  proves  that  a  formal 
proof  is  possible,  rather  than  presenting  that  elephantine  object  as  a  demonstration  of  its  own 
existence.  One  writes  proofs  about  proofs,  rather  than  the  proof  itself. 

This  proof  breaks  with  that  tradition  in  both  respects.  It  is  an  application  of  logic  to  a  non 
mathematical  domain  As  we  will  discuss  in  the  conclusion,  it  exposes  several  strengths  and 
weaknesses  of  the  natural  deduction  system  In  particular,  the  value  of  stronger  inference  rules,  and 
semantic  modeling  will  be  considered.  The  difficulties  of  handling  multiple  representations  and  long 
proofs  will  also  be  mentioned 

It  is  also  unusual  for  being  a  long,  formal  logic  proof  A  proof  of  this  sue,  even  with  the  help  of  a 
proof  checker,  has  proven  to  be  a  non  trivial  task.  It  is  no  surprise  that  there  are  not  more  of  them. 

Section  1.7.2  Machine  Proof  Generation  and  a  Chess  Proof 

This  paper  should  also  be  of  interest  to  those  interested  in  programming  automatic  theorem  provers 
We  have,  particularly  in  the  appendices,  numerous  examples  of  first  order  proofs,  which  can  be  used 
as  bench  marks  for  those  interested  in  creating  their  own  systems.  Effectively,  we  have  a  set  of 
machine  level  examples  that  can  be  compared  to  computer  deductions 

Section  1.8  Format:  A  Guide  for  Reading  This  Paper 

This  thesis  is  divided  into  several  chapters  and  appendices.  This  first  chapter  has  been  the 
introduction,  where  we  have  presented  our  problem  domain  and  motivation 

In  the  second  chapter,  we  proceed  to  axlomatize  the  rules  of  chess  in  FOL  Concurrent  with 
detailing  these  axioms,  we  describe  and  defend  the  various  representation  decisions  embodied 
therein. 

We  begin  to  present  FOL  proofs  in  the  third  chapter.  This  section  is  a  well  commented  sample  of 
the  proofs  of  several  lemmas.  It  serves  not  so  much  to  expound  Interesting  theorems,  as  to 
familiarize  the  reader  with  FOL  and  our  style  of  proof. 

We  present  the  proof  of  the  fallen  piece  problem  in  the  fourth  chapter.  In  an  important  sense,  this 
is  the  heart  of  this  research.  In  the  process,  we  draw  the  correspondence  between  this  proof  and  the 
human  proof  of  the  first  chapter. 
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The  final  chapter  contains  our  conclusions,  basically,  what  we  have  learned  about  the  design  and 
implementations  of  representational  systems,  with  an  eye  towards  their  improvement. 

There  are  several  appendices,  principally  the  proofs  of  many  lemmas,  and  statistics  about  the  proofs, 
and  two  indices,  one  for  the  document  in  general,  and  the  other  for  the  various  labels  and  names 
used  in  the  proofs. 

The  reader  who  has  not  the  patience  to  read  the  whole  volume  is  pointed  towards  the  introductory 
and  concluding  chapters.  A  skimming  of  chapter  two,  the  chess  axioms,  and  a  cursory  glance  at 
chapter  four,  the  main  proof,  will  aid  in  understanding  the  conclusions. 

Section  1.8.1  The  Proof  Checker  FOL 

The  reader  unfamiliar  with  FOL  will  not  receive  the  full  benefit  of  reading  this  paper,  though  we 
hope  the  comments  surrounding  the  various  FOL  sections  will  be  of  great  value.  For  an 
introduction  to  FOL  suitable  for  understanding  this  proof,  the  reader  is  referenced  to  [Filinan76] 
The  complete  description  of  FOL,  including  some  its  the  mathematical  motivation,  can  be  found  in 
[Weyhrauch77J. 

Section  1.8.2  Reading  Proofs 

Understanding  a  proof  in  first  order  logic  is  somewhat  similar  to  reading  an  assembly  language 
program.  The  level  of  detail  is  basically  similar,  and  without  annotation,  the  reader  is  sure  to  get 
lost. 

In  an  attempt  to  avoid  that  tragedy,  the  proofs  in  the  various  chapters  have  been  copiously 
commented. 

Additionally,  certain  lexicographic  and  typographic  conventions  have  be  used  in  proofs  in  this 
paper.  Any  identifier  in  capital  letters  (CHESSPIECES,  BKR)  is  either  a  predicate  (PREDCONST)  or 
individual  (I NOCONST).  Functions  (OPCONST)  have  only  their  initial  letter  capitalized.  Lower  case 
identifiers  are  used  for  variables  (INDVAR).  Predicate  and  operator  parameters  have  been  printed  in 
script.  Axiom  names  and  labels  are  in  capitals;  theorems  and  lemma  identifiers  use  both  upper  and 
lower  case.  A  theorem  name  ending  in  an  underbar  {_)  was  obtained  from  a  single  simplification;  a 
theorem  name  both  begining  and  ending  with  underbars  is  an  unproven  theorem  (section  2.2  5). 
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Chapter  2  The  Chess  Axioms 

In  any  epistemological  domain,  we  have  a  basic  collection  of  information,  what  the  system  knows 
without  further  inference.  This  of  course  applies  to  our  chess  deduction  In  a  system  like  ours,  of 
formal  logic  combined  with  a  computational  model,  this  knowledge  takes  several  forms.  We  must 
first  select  the  individual  constants,  predicates  and  operators  of  our  formal  system.  Then  the  axioms 
of  chess  must  be  written.  We  need  to  organize  the  underlying  model  structure,  and  prescribe  the 
mapping  between  the  constants  of  our  logical  space,  and  the  predicates,  functions  and  individuals  In 
our  model.  Throughout  all  of  this  definition,  the  correspondence  between  our  definitions  and  the 
rules  of  chess  should  remain  transparent. 

We  have  decided  to  study  chess  partially  because  chess  provides  a  well-defined  set  of  rules.  One 
might  think  that  this  regularity  would  prescribe  some  specific  approach.  But  just  as  one  can  do 
formal  proofs  in  arithmetic  by  computing  on  sets  or  Peano  axioms,  one  has  a  choice  in  chess  of  the 
level  of  one's  axioms.  There  exist  both  decisions  to  be  made  on  a  complexity  dimension,  and 
Irregularities  In  the  rules  to  complicate  any  organization. 

The  problems  generated  by  the  latter  will  be  dealt  with  in  depth  in  the  remainder  of  this  chapter, 
particularly  as  we  handle  each  intricacy.  It  would  be  useful,  however,  to  justify  at  this  point  the 
general  complexity  level  of  our  approach,  and  the  reasons  for  rejecting  either  a  more  or  less  basic  set 
of  axioms. 

This  proof  is  meant  to  be  an  examination  of  the  reasoning  that  could  be  involved  in  the  solution  of 
retrograde  chess  problems.  We  wish  to  show  the  correspondence  between  the  reasoning  In  this  form, 
and  the  human  deduction,  while  retaining  the  validity  advantages  of  a  formal  proof.?3  It  is  not  an 
attempt  to  prove  mathematical  theorems,  nor  do  we  wish  to  do  with  deduction  what  could  be  more 
easily  observed.  For  these  reasons,  we  have  incorporated  into  the  computational  model  functions  to 
compute  relations  like  individual  piece  movement.  We  have  also  passed  to  the  computational  model 
all  arithmetic  responsibility.  In  that  sense,  this  is  not  a  low  level  approach. 

However,  we  also  desire  that  our  system  be  general  in  its  ability  to  express  many  different  kinds  of 
retrograde  analysis  chess  puzzles.  We  thereby  become  limited  from  above.  We  do  not  wish  this 
analysis  to  be  based  on  theorems  applicable  only  to  some  small  set  of  problems.  Hence,  we  have 
expended  considerable  energy  deriving  general  chess  theorems  from  our  axioms,  and  have  used  these 
theorems  as  individual  steps  in  our  mam  proof.  These  theorems  are  proven  in  chapter  S  and 
appendix  A.  But  we  are  restrained  by  this  generality  restriction  to  consider  chess  at  the  piece  and 
move  level,  rather  than  considering  notions  of  general  board  geometry.  A  board  geometric  approach 
would  express  legal  moves  in  terms  of  the  pieces  on  a  board,  and  procedures  for  expressing  their 
movement  ability.  While  easier  to  manipulate  in  the  short  term  (proving  things  about  the  immediate 
predecessor  or  successor  of  a  given  board)  such  an  approach  would  have  difficulty  expressing  long 
term  ("sometime,  during  this  game,  the  following  has  happened")  notions. 

We  are  also  bounded  from  above  by  the  limitations  of  our  proof  checker.  There  are  some  things 
that  are,  by  nature,  observational,  but  nevertheless  not  computable  within  the  present 
implementation  of  the  proof  checker.  These  restrictions,  we  might  add,  are  discoveries  of  experience. 
We  will  consider  possible  improvements  to  the  model  computational  method  in  section  5.8. 


23  Thie  i*  not  to  ••••rl  that  we  iri  modeling  IS*  way  humane  reaeon:  relher,  wa  art  looking  for  a  rapraaontation  that  a 
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Section  2.1  Declarations  and  Definitions 

This  chapter  naturally  divides  into  two  actions,  defining  the  objects  of  the  chess  world  (with  their 
FOL  declarations),  and  expressing  the  rules  of  chess  with  these  defined  object.  We  begin,  our 
course,  by  detailing  and  declaring  the  tokens  of  the  chess  axiomatization. 

Interspersed  with  the  description  of  this  chapter  are  the  text  of  the  various  FOL  declarations  and 
axioms  used  in  generating  this  proof.  Several  of  the  declarations  and  functions  here  declared,  while 
not  mentioned  in  any  of  the  proofs  in  this  paper,  have  been  included  for  completeness. 

Section  2.1.1  Very  Primitive  Notions 

In  any  axiomatization,  there  will  be  certain  base  notions,  upon  which  the  rest  of  the  structure  is 
built.  Chess,  of  course,  is  no  exception.  We  should  display  the  distinction  between  the  basic  objects, 
and  the  less  basic  operations  and  predicates  upon  them.  For  this  discussion,  there  exist  seven  basic 
sorts24  of  chess  objects  --  chesspieces,  squares,  piece  values,  positions,  boards,  moves  and  colors. 
While  the  necessity  for  some  of  these  concepts  is  obvious  (what  car  we  say  about  a  chess  problem 
without  referring  to  a  chess  board,  or  speaking  of  black  and  white?)  the  reasons  for  some  of  the 
others  are  more  obscure,  and  will  require  some  explanation.  This  section  will  detail  each  of  these 
sorts,  and  their  objects  and  objectives.2* 

Section  2.1. 1.1  Positions 

The  fundamental  object  in  this  chess  world  is  the  position.  A  position  is,  effectively,  a  state  vector 
containing  all  of  the  information  needed  to  reconstruct  an  entire  chess  game.  While  this  might,  for 
instance,  be  conceptually  encoded  as  a  list  of  the  moves  made  to  reach  that  moment,  or  a  list  of  the 
chess  boards  visited  in  the  course  of  the  game,  it  is  generally  not  possible,  in  our  system,  to  do  so. 
More  particularly,  a  position  is  not  a  concrete  object  (one  that  we  can  (usually)  display  or  compute 
upon),  but,  rather,  a  conceptual  notion. 

Typically,  a  retrograde  chess  puzzle  will  be  presented  not  as  a  position,  but,  rather,  as  an 
arrangement  of  chess  pieces26  on  a  chessboard,  (what  we  will  call  a  board).  The  puzzle  is  then  to 
deduce  the  common  factors  of  all  possible  games  that  could  have  led  to  such  a  board,  effectively,  the 
predicates  true  on  any  position  with  such  a  board.  Nevertheless,  we  still  wish  to  be  able  to  retain  our 
computational  ability  on  the  given  (and  associated  boards).  Hence,  we  see  the  necessity  for 
representing  what  is  essentially  the  same  object  (the  board  and  the  common  factors  of  the  games  that 
lead  to  it)  in  several  different  representations.  The  lesson  here  for  writers  of  programs  that  would 
seek  to  solve  problems  like  this  (and  problems  of  similar  complexity)  is  of  the  necessity  for  retaining 
multiple  representations  of  objects.22 

So,  rather  than  having  axioms  manipulating  positions  themselves,  our  axioms  will  constrain  the 


24  A  tori  it  t  monadic  predicate.  one  that  therefore  defmee  t  tot  Of*  Ml  of  thing*  for  which  H  it  true) 

25  In  l ho  remainder  of  thit  paper,  it  it  aaetrttd  that  ill  individuate,  except  tqutrtt  tod  dimeneione,  tro  roprtttnlod  uniformly 
tt  chttt  ob/tctt  Wo  docltrt  Ihit  rtprtttnltlion  with  Iht  command  declare  REPRESENTATION  CHESS; 

26  Or,  mort  proc Italy,  tn  trranftmont  of  cheat  valuta 

27.  Wo  will  conaider  Ihit  rttwlt  in  |raatar  dotail  m  taction  56.1. 
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transfer  from  one  position  to  the  next.  Similarly,  we  will  draw  conclusions  about  the  properties  of 
successor  and  predecessor  positions.  It  is  worthwhile  noting  that  from  a  given  position,  one  can 
derive  the  previous  position  (the  position  on  the  previous  move),  and  determine,  of  two  positions,  if 
one  occurred  in  the  game  of  the  other.24 

For  example,  we  consider  the  following  notions  involving  positions  We  will  have  occasion  to  speak 
of  the  path  some  piece  must  have  used  to  get  to  some  square,  without  having  to  detail  the 
interleaving  between  the  moves  of  that  piece  and  the  other  moves  of  that  player,  or  to  describe  the 
capture  of  some  particular  chess  piece,  without  detailing  the  particulars  of  the  move  (which  piece 
made  the  capture?)  involved.  Thus,  we  will  conclude,  for  example,  that  in  any  game  played  to  reach 
a  given  board,  there  must  have  been  another  position  (in  that  game)  with  some  certain  property,  (for 
example,  an  unknown  piece  captured  a  bishop  on  that  square)  without  ever  having  to  state  explicitly 
which  prior  position  it  was  (which  move  during  this  game  the  captured  occurred). 

There  is  also  an  additional  motivation  for  retaining  the  entire  history  of  a  game  in  our  encoding. 
More  specifically,  one  of  the  chess  rules  refers  to  the  entire  game.  The  castling  rule  requires  that 
neither  of  the  castling  pieces  have  moved  in  the  course  of  that  game.  That  is,  for  some  positions, 
the  entire  game  must  be  considered  to  determine  the  legal  moves.2* 

Our  FOL  declaration  for  POSITIONS:30 

declare  PREDCONST  POSITIONS  l(PRE) « 

Section  2.1. 1.2  Pieces 

Perhaps  the  most  obvious  sort  needed  in  the  solution  of  chess  puzzles  is  one  to  represent  the 
individual  chesspieces.  The  implementation  of  this  concept,  however,  is  not  so  trivial.  One  quickly 
discovers31  that  not  all  pawns  are  the  same;  each  of  the  thirty  two  chessmen  has  his  own  identity, 
distinguished  mostly  of  his  value  and  square  at  both  the  begining  of  the  game,  and  at  any  later 
position.  Note  that  we  are  differentiating  between  the  identity  of  a  chessman  and  his  value;  a  pawn 
may  promote  to  a  queen,  but  in  our  eyes  he  remains  a  pawn  in  drag. 

We  will  have  need  to  talk  of  the  pita  on  a  square  in  a  position.  We  therefore  are  required  to  add  a 
thirty-third  "piece"  to  our  system,  the  EMPTY  piece,  the  piece  that  sits  on  any  square  with  no  other 
occupant.  Thus,  the  major  sort  of  this  scheme  is  PIECES,  which  includes  the  set  of  the  thirty  two 
CHESSPIECES.  The  FOL  declarations  are; 

declare  PREDCONST  PIECES  1  (PREI i 

declare  PREDCONST  CHESSP I ECES (P I ECES )  tPREJ t 


28  An  exception  to  much  of  whit  wo  toy  i»,  of  couroo,  tho  initml  ponton  Wo  hivo  a  complete  deecription  of  tho  |imo  »ho»  tod 
to  it,  and  can  encode  a  particular  rapraaontation  for  it. 

29  Though  tho  offoct  of  thia  rula  could  bo  obtained  by  m  a  ahorter  larm  raproaantatnn  by  "flagging"  tho  ’poaition"  when  ono 
of  tho  caetlmg  piocai  moved 

30  Thia  command  decline  tho  oiietinco  of  a  ono  plica  (monadic)  predicate  POSITIONS  POSITIONS  ie  a  prefix  (PRE)  predicate, 
and  may  be  uead  without  parontheeee  around  ite  argument 

Particularly  whan  dealing  with  choaa  putilai,  rather  than  playing  cheat 


31 
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Section  2.1. 1.3  Squares 

Another  group  of  individuals  is  the  set  of  squares  of  the  chessboard.  As  with  pieces,  we  have  an 
extra  member  in  our  set,  a  heaven  or  hell  for  chesspieces,  a  place  for  them  to  be  after  they  are 
captured  and  removed  We  call  this  sort  of  extended  squares  EXSQUARES,  and  will  occasionally 
speak  of  the  extended  square  that  a  chesspiece  is  on  in  a  given  position,  or  which  piece  is  on  a 
given  square  in  that  position. 

declare  PREDCONST  EXSQUARES  li 

declare  PREDCONST  SQUARES  (EXSQUARES)  IPREI  i 

Section  2.1.1.4  Values 

Just  as  we  spoke  of  the  thirty  two  chessmen  in  a  chess  set,  we  will  still  often  find  it  necessary  to  speak 
of  their  rank  in  a  given  position  To  avoid  confusion  with  rank  and  column,  we  shall  henceforth 
speak  of  the  VALUE  of  a  chesspiece.  Thus  most  pawns  will  promote  to  have  a  queen’s  value.  We 
shall  prove  general  chess  theorems  such  as  All  pawn  valued  pieces  are  pawns  and  M  non-pawn  (officer) 
pieces  retain  the  same  value  through  every  position  (no  officer  ever  promotes). 

We  also  distinguish  the  color  of  a  piece  in  its  value.  Thus,  the  black  king's  pawn  (BKP)  will  usually 
have  a  value  of  pawn  black  (P B),  but  might  occasionally32  promote  to  be  a  knight  black  (NB).  Failure 
to  understand  the  fundamental  distinction  between  the  name  of  a  piece  and  its  value  in  a  position 
will  cause  trouble  understanding  the  motivation  and  detail  of  many  of  the  proofs  in  this  paper. 

declare  PREDCONST  VALUES  1  (PRE1 1 

Section  2.1.1.5  Boards 

Most  chess  problems  are  stated  not  in  terms  of  what  we  have  called  a  position,  but  rather,  as  boards 
of  distributed  chess  values.  Similarly,  most  chess  moves  are  defined  in  terms  of  the  board  structures 
they  can  to  be  made  on,  rather  than  the  varieties  of  games  that  could  precede  different  moves.33 
Therefore,  we  find  it  useful  to  have  the  primitive  notion  of  a  Board  in  our  chess  axiomatization.  On 
the  individual  squares  of  a  board,  we  meet  the  various  values,  including  the  value  MT,  which 
represents  an  empty  square,  and  UD,  a  square  on  a  board  whose  value  is  unknown.  Note  that  one 
can  speak  of  a  pawn  on  a  board  without  specifying  which  pawn  it  is.  Our  formalism  includes 
partially  and  fully  defined  boards,  and  naturally  lends  itself  to  a  partial  ordering  on  boards  by 
increasing  definition.  We  speak  of  a  fully  defined  board,  one  with  no  unknown  squares,  as  being  a 
T0TALB0ARD. 

declare  PREDCONST  BOARDS  1  IPREI i 

declare  PRE0C0NST  T0TALB0ARDS  (BOARDS)  IPREI  i 

It  is  reasonable  to  question  the  necessity  for  the  partially  defined  boards  introduced  above.  They 


32  Particularly  in  puttied 

33  There  art,  however,  eiceptiont  to  thie  rule  The  an  paeaant  capture,  for  inetance,  refera  not  only  to  the  preeent  board,  but 
aleo  the  leet  move  Caetlinf  ie  not  permitted  if  either  the  kmf  or  the  rook  hat  aver  (m  thie  fame)  boon  moved  Even  more  complicated 
are  the  variouo  draw  conditio  no,  which  demand  the  repetition  of  particular  boerde. 


2.1. 1.5. 


The  Chess  Axioms 


Page  41. 


serve  two  primary  purposes.  First,  they  provide  a  structure  for  the  representation  of  partial 
information  about  a  situation.  For  example,  we  may  know  that  a  certain  bishop  has  moved  and 
captured,  though  we  may  not  know  what  the  captured  chesspiece  was.  Nevertheless,  through  the 
employment  of  partial  boards,  we  can  compactly  express  the  situation  prior  to  the  capture 

A  parallel,  and  perhaps  more  important  reason,  resides  the  in  nature  of  FOL’s  simplification 
mechanism.  Partial  boards  are  computable  objects,  particularly,  our  LISP  functions  can  make 
computations  on  expressions  with  explicitly  undefined  values,  but  not  on  partially  defined 
expressions.  This  is  similar  to  call-by-value  LISP’s  inability  to  evaluate  CAR(CONS(A  x))  if  x  is 
undefined.  Each  of  our  attached  functions  and  predicates  on  boards  must  know  how  to  handle  the 
partial  piece.  Partially  defined  squares  typically  restrict  validity  of  predicates,  for  more  information 
does  not  accrue  from  a  less  specified  object. 

Section  2.1. 1.6  Moves 

Our  next  sort  is  something  of  a  pseudo-sort.  A  common  chess  notion  is  that  of  the  move.  We  would 
like  to  be  able  to  speak  of  the  last  move  of  a  position  as  being  a  castling,  or  the  white  queen  as  the 
mover  (piece  that  moved)  of  the  last  move  of  this  position.  Practically  speaking,  however,  there  are 
no  occasions  when  a  predicate  or  function  on  a  move  is  used  without  first  extracting  the  move  from 
the  position  in  question.  As  the  state  vector,  the  position  retains  all  of  the  information  in  the  move; 
hence,  the  sort  itself  is  not  needed;  rather,  it  gets  in  the  way.  However,  we  are  attempting  to  model 
reasoning,  not  distort  it.  A  move  is  a  natural  notion,  and  this  demands  its  Inclusion. 

declare  PREOCONST  MOVES  1 (PREI  i 

Section  2.1.1.7  Colors 

There  remains  one  basic,  though  nevertheless  trivial  sort  to  be  mentioned.  Chess  is  organized  as  a 
competitive  game;  there  is  not  much  we  could  say  without  recognizing  the  existence  of  the  two 
armies,  BLACK  and  UHITE. 

declare  PREOCONST  COLORS  1  (PRE) ; 

Section  2.1.2  Piece  Declarations 

A  large  sort  hierarchy  for  pieces  is  declared,  most  of  which  is  not  used.  It  is  worthwhile  mentioning 
the  existence  of  EMPTY,  the  piece  on  any  not  otherwise  occupied  square,  and  that  the  variables  for 
pieces  are  the  t’s  (t  and  tl),  whereas  the  variables  for  chesspieces  are  those  variables  starting  with 
the  last  three  letters  of  the  alphabet  (x,  y,  and  z). 

The  naming  scheme  for  the  constant  chesspieces  might  also  be  mentioned;  the  encoding  is  color,  side 
(king’s  or  queen’s),  column  or  rank,  and  the  designation  p  for  pawns.  Thus,  the  UKR  is  the  white 
king’s  rook,  and  the  BQNP  is  the  black  queen's  knight  pawn. 

The  function  Piececolor,  on  chesspieces,  returns  the  color  of  the  given  chesspiece. 

Pieces  are  represented  internally  to  the  FOL  simplification  mechanism  by  the  atom  of  the  same  name 
as  the  piece. 
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The  rest  of  this  section  is  a  series  of  rather  monotonous  declarations.34 


declare  PREDCONST  EMPTYPIECE  (PIECES)  (PRE) ; 
declare  PREDCONST  UH1TEPIECE  BLACKPIECE  (CHESSPIECES)  tPREl t 
declare  PREOCONST  PAUNS  BISHOPS  KNIGHTS  KINGS  QUEENS  ROOKS 
(CHESSPIECES)  CPREJs 

declare  PREDCONST  BPAUNS  UPAUNS  (PAUNS)  (PRE) ; 
declare  PREDCONST  BB I  SHOPS  UB I  SHOPS  (BISHOPS)  (PRE) i 
declare  PREOCONST  BKNIGHTS  UKNIGHTS  (KNIGHTS)  (PRE) i 
declare  PREDCONST  BROOKS  UROOKS  (ROOKS)  (PRE): 
declare  PREDCONST  BKINGS  UKINGS  (KINGS)  (PRE): 
declare  PREOCONST  BQUEENS  UQUEENS  (QUEENS)  (PRE); 

declare  OPCONST  Piececolor  (CHESSPI ECES) -COLORS (PRE) ; 

declare  INDVAR  t  tl  c  PIECES: 

declare  INDVAR  x  xl  x2  x3  xA  y  z  xa  xb  xc  xd  t  CHESSPIECES: 

declare  INDCONST  BK  c  BKINGS.  UK  t  UKINGS: 

declare  INDCONST  BQ  c  BQUEENS.  UQ  (  UQUEENS: 

declare  INDCONST  BKB  BOB  c  BBISHOPS,  UKB  UQB  t  UBISHOPS: 

declare  INDCONST  BKN  BQN  c  BKNIGHTS.  UKN  UQN  c  UKNIGHTSi 

declare  INDCONST  BKR  BQR  c  BROOKS.  UKR  UQR  t  UROOKS: 

declare  INDCONST  UQRP  UKRP  UQNP  UKNP  UKBP  UQBP  UQP  UKP  c  UPAUNSi 

declare  INDCONST  BQRP  BKRP  BQNP  BKNP  BKBP  BQBP  BQP  BKP  c  BPAUNS: 

declare  INDCONST  EMPTY  t  EMPTYPIECE: 

declare  INDVAR  yb  zb  t  BLACKPIECE,  yyu  <  UH1TEPIECE: 
declare  INDVAR  yk  c  KINGS,  yur  yurl  c  UROOKSi 

declare  INDVAR  ybit  BISHOPS,  yn  t  KNIGHTS.  yun  c  UKNIGHTSi 

declare  INDVAR  yp  (  PAUNS,  yup  f  UPAUNS.  ybp  <  BPAUNS i 

mg  PIECES* (CHESSPIECES, EMPTYPIECEI : 
mg  CHESSPIECES* 

(UHI  TEPIECE.  BLACKP I ECE .  PAUNS .  B I  SHOPS ,  KN I GHTS ,  K I NGS .  QUEENS ,  ROOKS)  i 
mg  UH I  TEP I  ECE  *  (UPAUNS .  UB  I  SHOPS .  UKN  I  GHTS ,  UK  I  NGS ,  UQUEENS ,  UROOKS  I : 
mg  BLACKPIECE*  (BPAUNS. BBISHOPS, BKNIGHTS, BKINGS. BQUEENS. BROOKS)  i 
mg  PAUNS*  (BPAUNS, UPAUNS) : 
mg  BISHOPS* (BBISHOPS, UBISHOPS)  | 
mg  KNIGHTS* (BKN I GHTS, UKN I GHTS) : 
mg  KINGS*  (BKINGS, UK I NGS I : 
mg  QUEENS*  (BQUEENS. UQUEENS)  i 
mg  ROOKS* (BROOKS. UROOKS)  i 

Here  are  some  attachments  for  the  chess  eye.  All  simplification  is  done  in  the  (partial)  model  named 
CHESS;  we  shall  usually  attach  (map  or  associate)  atomic  primitives  to  the  atom  of  that  name  in  this 
model. 


34  In  these  declarations,  PREOCONST’*  ere  predicate  constant*,  OPCONST’*  operator  constant*  (or  function*,  if  you  profor), 

INDCONST'*,  individual  constant*,  and  INDVAR'*,  individual  variable*.  [PRE]  application  torn*  can  bo  written  without  parenthesixing  their 
argument,  [INF]  term*,  between  their  argument*  It  i*  worthwhil*  pointing  out  that  while  every  eert  hee  an  infinite  collection  of  variable* 
(theoretically)  available  to  it,  we  have  only  declared  thoae  variable*  that  we  shall  actually  uae. 
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attach  EMPTY  -  (CHESS)  EMPTY; 

attach  UPAUNS  (CHESS)  (DE  UPA,UNS  <x)  (MEMO  x 

(QUOTE  (UKRP  UKNP  UKBP  UKP  UQP  UQBP  UGNP  UQRP) ) ) )  j 
attach  BPAUNS  (CHESS)  (OE  BPAUNS  (x)  (MEMQ  x 

(QUOTE  (BKRP  BKNP  B<BP  BKP  BQP  BQBP  BQNP  BQRP) ) ) ) ; 
attach  BB 1  SHOPS  (CHESS)  (OE  BB1SHOPS  (*)  (MEMQ  x  (QUOTE  (BKB  BQB ) ) ) > : 

attach  UBISHOPS  (CHESS)  (DE  UBISHOPS  (x)  (MEMQ  x  (QUOTE  (UKB  UQB) ) ) ) ; 

attach  BKN1GHTS  (CHESS)  IDE  BKN1GHTS  (x)  (MEMO  x  (QUOTE  (BKN  BQN)))); 

attach  UKN1GHTS  (CHESS)  (OE  WEIGHTS  (x)  (MEMQ  x  (QUOTE  (UKN  UQN) ) ) )  i 

attach  BROOKS  (CHESS)  (OE  BROOKS  <x)  (MEMQ  x  (QUOTE  (BKR  BOR)))); 

attach  UROOKS  (CHESS)  (DE  UROOKS  (x)  (MEMQ  x  (QUOTE  (UKR  UQR) ) ) ) ; 

attach  BONGS  (CHESS)  (DE  BONGS  (x)  (MEMQ  x  (QUOTE  (BO))); 

attach  UIONGS  (CHESS)  (DE  UK1NGS  (x)  (MEMQ  x  (QUOTE  (UK)))); 

attach  BQUEENS  (CHESS)  (DE  BQUEENS  (x)  (MEMQ  x  (QUOTE  (BQ) ) ) ) ; 

attach  UGUEENS  (CHESS)  (DE  UQUEENS  (x)  iMEMQ  x  (QUOTE  tUQ) ) ) ) : 

attach  QUEENS  (CHESS)  (DE  QUEENS  (x)  (MEMQ  x  (QUOTE  (UQ  BQ)))); 
attach  ROOKS  (CHESS)  (DE  ROOKS  ix)  (MEMQ  x  (QUOTE  (BKR  UKR  BQR  UQR)))); 
attach  BISHOPS  (CHESS)  (DE  BISHOPS  (x)  (MEMQ  x  (QUOTE  (BKB  BQB  UKB  UQB)))); 

attach  KNIGHTS  (CHESS)  (DE  KNIGHTS  (x>  (MEMQ  x  (QUOTE  (UKN  UQN  BKN  BQN)))); 

attach  KINGS  (CHESS)  (DE  KINGS  (x)  (MEMQ  x  (QUOTE  (UK  BO))); 
attach  BIACKP1ECE  (CHESS)  (DE  BLACKPIECE  (x) (MEMQ  x  (QUOTE 

(BKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP  BKB  BOB  BKN  BQN  BKR  BQR  BK  BQ) ) ) ) ; 

attach  UH1TEPIECE  (CHESS)  (DE  UHITEPIECE  (x)  (MEMQ  x  (QUOTE 

(UKRP  UKNP  UKBP  UKP  UQP  UQRP  UQNP  UQRP  UKB  UQB  UKN  UQN  UKR  UQR  UK  UQ) ) ) ) ; 

attach  EMPTYPIECE  (CHESS)  (DE  EMPTYPIECE  ix)  (MEMQ  x  (QUOTE  (EMPTY)))); 

■  Marh  PAUNS  (CHESS)  (DE  PAUNS(x)  (MEMQ  x  (QUOTE 
•DkRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP 

UKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRP)))); 

attach  CHESSPIECES  (CHESS)  (DE  CHESSPIECES (x) (MEMQ  x  (QUOTE  (BKRP  BKNP 
BKBP  BKP  BQP  BQBP  BQNP  BQRP  BKB  BQB  BKN  BQN  BKR  BQR  BK  BQ  UKRP  UKNP 

UKBP  UKP  UQP  UQBP  UQNP  UQRP  UKB  UQB  UKN  UQN  UKR  UQR  UK  UQ)))); 

attach  PIECES  (CHESS)  IDE  PIECES  (x)  (MEMQ  x  (QUOTE  18KRP  BKNP  BKBP  BKP  BQP 

BQBP  BQNP  BQRP  BKB  BQB  BKN  BQN  BKR  BQR  BK  BQ  EMPTY  UKRP  UKNP  UKBP  UKP 

UQP  UQBP  UQNP  UQRP  UKB  UQB  UKN  UQN  UKR  UQR  UK  UQ)))); 

attach  Piececolor  (CHESS-»CHESS)  (DE  Piececo  I  or  lx) 

(CONO( (UHITEPIECE  x) (QUOTE  UHI TE) )( (BLACKPIECE  x) (QUOTE  BLACK)))  )t 


2.1.2. 


Page  44. 


The  Chess  Axioms 


extension 
ex  tens i on 
ex  tens i on 
extens i on 
extension 
extens i on 
extens i on 


BK1NGS  iBKIi  extension  UKINGS  (UtO ; 

BQUEENS  (BQI ;  extension  UGUEENS  (UQ!  j 

BROOKS  IBKRBQRh  extension  UROOKS  IUKR  UQRI  i 

BB 1  SHOPS  1BK8  BOB) i  extension  UB1SH0PS  (UKB  UQB) i 

BKNIGHTS  IBKNBQNIj  extension  UKNIGHTS  (UKN  UQN  1 » 

UPAUNS  IUKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRPI i 

BP AWNS  IBKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP) i 


extens i on 
extens i on 
extens i on 
extens i on 
extens i on 
extens i on 


KINGS  (UKBK)i 
QUEENS  (UQ  BQI ; 

ROOKS  IBKR  UKR  BQR  UQRI  s 
BISHOPS  (BKB  BOB  UKB  UQBI ; 

KNIGHTS  (UKN  UQN  BKN  BQNI  •. 

PAUNS  IBKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP 

UKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRPI ; 


extension  BLACKPIECE  IBKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP 

BKB  BQB  BKN  BQN  BKR  BQR  BK  BQI ; 

extension  UH1TEPIECE  (UKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRP 

UKB  UQB  UKN  UQN  UKR  UQR  UK  UQI t 
extension  EMPTYPIECE  (EMPTY!  j 
extension  CHESSPIECES 

IBKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP  BKB  BQB  BKN  BQN  BKR  BQR  BK  BQ 
UKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRP  UKB  UQB  UKN  UQN  UKR  UQR  UK  UQI ; 
extension  PIECES 

IBKRP  BKNP  BKBP  BKP  BQP  BQBP  BQNP  BQRP  BKB  BQB  BKN  BQN  BKR  BQR  BK  BQ  EMPTY 
UKRP  UKNP  UKBP  UKP  UQP  UQBP  UQNP  UQRP  UKB  UQB  UKN  UQN  UKR  UQR  UK  UQI  ; 


Note  that  were  it  not  for  a  small  bug  in  the  FOL  implementation,  the  functional  definitions  of 
various  sorts  would  not  have  been  required.  This  has  since  been  corrected. 


Section  2.1.3  Squares  and  Dimensions 


Section  2.1.3.1  Square  declarations 

Squares  are  represented  in  FOL  as  the  acronym  of  the  square's  name.  Thus,  the  FOL  INDCONST  for 
black  queen’s  rook  one  is  BQR1.  The  perspective  (relative  to  white  and  black)  is  chosen  to  be  the 
nearer  side.  Black  king’s  knight  five  (which  is  also  white  king’s  knight  four)  therefore  becomes 
UKN4.  This  notation  is  seen  to  be  a  subset  of  the  standard  English  system. 
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Internal  to  the  LISP  chest  model,  squaics  are  represented  at  the  dotted  pair  formed  of  the  squares 
coordinates  (row,  column).  Thus,  BQ1  in  FOL  (black  queen's  one)  is  (1  .  il)  to  the  LISP  model.  The 
coordinates  used  are  illustrated  in  figurt  21. 
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The  1,1  SP  initmal  numbering  irhomo  (or  squares. 
figurt  21 


There  are  also  several  sub-species  of  squares  We  identify  the  UHITESQUARES  and  BLACKSQUARES. 
by  the  traditional  checkerboard  pattern  of  the  squares  Squares  are  also  specialized  by  their  row. 
We  thereby  acheive  sorts  such  as  ULASTRANK  and  BLASTRANK  (white  and  black's  last  rank  (row)). 

declare  PREDCONST  UHITESQUARES  BLACKSQUARES  BIASTRANK  ULASTRANK 
(SQUARES)  (PREJj 


declare  INOVAR  sqx  6q  eql  sq2  eq3  6q4  6q5  eq6  aq7  eq8  «  SQUARES i 
ilec  I  are  1NDC0NST 

BQR1  BQN1  BQB1  BQ1  BK1  BKB1  BKN1  DKR1  BQR2  BQN2  BQB2  BQ2  BK2  BKB2  BKN2  BKR2 

BQR3  BQN3  BOB 3  DQ3  BK3  BKB3  BKN3  DKR3  BUR4  BQN4  BQR4  BQ4  BK4  BKB4  BKN4  BKR4 

UQR4  UQN4  UQB4  UQ4  UK 4  UKB4  UKN4  UKR4  UQR3  UQN3  UQB3  UQ3  UK 3  UKB3  UKN3  UKR3 

UQR2  UQN2  UQB2  UQ2  UK  2  UKB2  UKN2  UKR2  UQR1  UQN1  UQB1  UQ1  UK1  UKB1  UKN1  UKR1 

<  SQUARES i 

my  EXSQUARESz  ISQUARESI  s 

my  SQUARES  a  (UHI TESQUARES. BLACKSQUARES. ULASTRANK. BLASTRANK)  i 
And  the  various  sorts  have  the  obvious  attachments. 


attach  SQUARES  (CHESS)  (DE  SQUARES  lx) 

(AND  (NOT  (ATOM  x)> 

(NUMBERP  (CDR  x) )  (GREATERP  (CDR  x>0)  (LESSP  ICDR  x)  9) 
(NUMBERP (CAR  x) ) (GREATERP  (CAR  x)0) (LESSP  (CAR  x)  9) ) ) » 
attach  BLASTRANK  (CHESS)  (LAMBDA  (x) (EQ  8  (CAR  x)))t 
attach  ULASTRANK  (CHESS)  (LAMBDA  (x) (EQ  1  (CAR  x) ) )  i 
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attach  UNI  TE SQUARES  [CHESS] (LAMBDA (S) (AND  (SQUARES  S) 

(2ER0P (REMAINDER (PLUS (CAR  SI (COR  S))2l)))i 
attach  BLACKSQUARES  [CHESS] (LAMBDA (S) (AND  (SQUARES  S) 

(NOT (ZEROP (REMAINDER (PLUS (CAR  S) (CDR  S»)2)))))i 


extension  SQUARES  IBQR1  BGN1  BQB1  BQ1  BK1  BKB1  BKN1  BKR1  BQR2  BQN2  BQB2 
BQ2  BK2  BKB2  BKN2  BKR2  BQR3  BQN3  BQB3  BQ3  BK3  BKB3  BKN3  BKR3  BQR4  BQN4  BQB4 

BQ4  BK4  BKB4  BKN4  BKR4  UQR4  UQN4  UQB4  UQ4  UK  A  UKB4  UKN4  UKR4  UQR3  UQN3  UQB3 

UQ3  UK 3  UKB3  UKN3  UKR3  UQR2  UQN2  UQB2  UQ2  UK2  UKB2  UKN2  UKR2  UQR1  UQN1  UQB1 

UQ1  UK  1  UKB1  UKN1  UKR1I; 


attach  BQR1- (CHESS) (1 . 1 );  at tach 
attach  BQ1  -  [CHESS1 (1 . 4 ) j at tach 
attach  BKN1- (CHESS) (1 . 7) ; at tach 
attach  BQN2-[CHESS) (2.2) jattach 
attach  BK2  - [CHESS) (2.S) ; at tach 
attach  BKR2- [CHESS) (2.8)iattach 
attach  BGB3- (CHESS) (3. 3) ; at tach 
attach  BKB3- (CHESS) (3.6)sattach 
attach  BQR4- [CHESS) (4. 1 ) j at tach 
attach  BQ4  -(CHESS) (4.4);attach 
attach  BKN4- [CHESS) (4. 7) j at tach 
attach  UQN4- (CHESS) (5.2)sattach 
attach  UKA  -  [CHESS)  (5.5) ;  at  tach 
attach  UKR4- (CHESS) (5. 8) ; at tach 
attach  UQB3- [CHESS) (6. 3) : at tach 
attach  UKB3- (CHESS) (6.6); at tach 
attach  UQR2- (CHESS) (7. 1 ) j at tach 
attach  UQ2  - (CHESS) (7. 4 ); at tach 
attach  UKN2«  (CHESS) (7.7) jattach 
attach  UQNl-(CHESS)  (8.2);attach 
attach  UK1  - (CHESS) (8.5) j at tach 
attach  UKR1-  (CHESS) (8.8); 


BQN1- [CHESS)  (1.2)  jattach  BQB1- (CHESS)  (1.3) 
BK1  - [CHESS)  (1.5)  jattach  BKB1- [CHESS)  (1 .6) 
BKR1- (CHESS) (1.8) jattach  BQR2- (CHESS) (2.1) 
BQB2- (CHESS) (2. 3) jattach  BQ2  -  (CHESS) (2. A) 
BKB2- [CHESS) (2.6) jattach  BKN2- (CHESS)  (2.7) 
BQR3- [CHESS) (3.1) jattach  BQN3- (CHESS)  (3.2) 
BQ3  -[CHESS) (3. A) jattach  BK3  -(CHESS) (3.5) 
BKN3- (CHESS) (3.7) jattach  BKR3- (CHESS) (3.8) 
BQNA- (CHESS) (A. 2) jattach  BQBA- (CHESS)  (A. 3) 
BKA  -(CHESS) (A. 51 jattach  BKBA«[CHESS)  (4.G) 
BKRA- (CHESS) (A. 8) jattach  UQRA- (CHESS) (5.1) 
UQBA- (CHESS) (5.3) jattach  UQA  - (CHESS) (5. A) 
UKBA- (CHESS) (5.6) jattach  UKN4- (CHESS)  (5.7) 
UQR3-  (CHESS) (6.1) jattach  UQN3- (CHESS)  (6.2) 
UQ3  » (CHESS) (6. A) jattach  UK 3  -(CHESS) (6.5) 
UKN3- (CHESS) (6. 7) jattach  UKR3- (CHESS)  (6.8) 
UQN2- [CHESS) (7.2) jattach  UQB2- (CHESS)  (7.3) 
UK 2  -(CHESS)  (7.5) -.attach  UKB2- (CHESS)  (7.61 
UKR2- (CHESS) (7.8) jattach  UQR1- (CHESS) (8.1) 
UQB1- (CHESS) (8.3) jattach  UQ1  - (CHESS) (8. A ) 
UKB1- (CHESS) (8.6)  1  attach  UKN1-ICHESS) (8.7) 


The  predicates  LASTRANKER  (is  square  the  last  rank  (pawn  promotion  rank)  of  the  given  color). 
SAMEDIAG  (are  the  arguments  on  the  same  diagonal),  and  SQUARE_BETUEEN  (is  the  middle  argument 
between  the  other  arguments,  either  orthogonally  or  diagonally)  are  also  declared.  Attachments  are 
provided  for  the  latter  two 


declare  PREDCONST  LASTRANKER  (SQUARES  COLORS) j 

declare  PREDCONST  SAMEDIAG  (SQUARES. SQUARES) j 

declare  PREDCONST  SQUARE _BETUEEN  (SQUARES. SQUARES. SQUARES)  1 

attach  SAMEDIAG  (CHESS. CHESS)  (DE  SAMEDIAG  (x  y) (AND 
(SQUARES  x)  (SQUARES  q) (NOT (EQUAL  x  y)) 

(EQ (ABS (DIFFERENCE  (CAR  x) (CAR  y) ) ) 

(ABS (DIFFERENCE  (CDR  x) (COR  y) ) ) ) ) ) 1 

attach  SQUARE  BETUEEN  (CHESS.CHESS.CHESS)  (DE  SQUARE_BETUEEN (q  r  S) 

(AND  (SQUARES  q) (SQUARES  r) (SQUARES  S) (OR 

(AND  (EQ  (CAR  q) (CAR  r))(EQ  (CAR  r) (CAR  S) ) (BETUEEN  (COR  q) (CDR  r) (CDR  S) ) ) 
(AND  (EQ  (CDR  q) (CDR  r ) ) (EQ  (CDR  r) (CDR  S) ) (BETUEEN  (CAR  q) (CAR  r) (CAR  S) ) ) 
(AND (SAMEDIAG  q  r)  (SAMEOIAG  q  S)  (SAMEDIAG  r  S)  (BETUEEN (CAR  q)  (CAR  r)  (CAR  S) 
))>)>! 
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Section  2. I  S. 2  Coordinate  Declaiations 

We  will  also  have  occasion  to  refer  to  the  individual  coordinates  of  particular  squares,  and  to  prove 
lemmas  about  these  coordinates.  We  call  the  class  of  square  coordinates  Mmtnsions,  and  speak  of  the 
roii'  and  column  of  a  particular  square  The  numbering  scheme  for  rows  and  columns  corresponds  to 
the  numbering  in  the  internal  LISP  model  This,  we  might  axiomatically  have.  If  Square  Is  in 
While's  last  nun  Men  its  row  is  equal  to  1.  Dimensions  are  represented  in  the  LISP  model  as  natural 
numbers 

A  compositor.  Makesquare,  for  taking  a  row-column  pair,  and  producing  the  appropriate  square,  is 
also  declared  This  compositor  is  stated  to  be  equivalent  to  the  LISP  function  CONS  in  the 
computational  model 

declare  PREDCONST  1S0IMENS10N  (NATNUM) IPRE1 1 
declare  PREDCONST  ISROU  1SC01UMN  <1 SD1 MENSI ON) IPREJ t 
declare  PREDCONST  BLASTROU  Ul.ASTROU  (ISROU)  i 

represent  i  I  SO I  MENS I  ON  ISROU  ISCOLUMN  BLASTROU  ULASTROUI  as  NATNUMREPi 

declare  OPCONST  Row  (SQUARES) -ISROU [PRE1 1 
declare  OPCONST  Column  (SQUARES) - ISCOLUMN (PRE) i 
declare  OPCONST  Makesquar*  (ISROU  ISCOLUMN) -SQUARES i 

declare  PREDCONST  1S_EVEN  (ISROU. ISCOLUMN)  i 

declare  INDVAR  dx  dxl  dx2  < I  SO  1  ME  NS  1  ON  s 
declare  INDVAR  drx  drxl  drx2  t  lSROUi 
declare  INDVAR  dex  dcxl  dcx2  c  ISCOLUMNi 

mq  I  SO 1MENS IONS  I  ISROU. ISCOLUMNI  i 
mi|  NATNUMi  1 1  SO  I  MENS  I  ONI  i 

Successor  functions  are  defined  on  the  rows,  succession  being  relative  to  the  moving  side.  A  black 
pawn  in  row  drx  moves  to  row  BSUCldrx)  on  his  next  (single  square)  move.  The  last  row  is  the 
pawn  promotion  row. 

declare  PREDCONST  BSUC  USUC  (ISROU. ISROU)  i 

declare  PREDCONST  BETUEEN  ( 1  SO I  MENS  I  ON . ISDIMENSION. I  SO I  MENS  I  ON) i 
declare  OPCONST  Bsucf  Usuct  (ISROU) -ISROU (PRE) i 

It  should  be  noted  that  the  operators  Bsucf.  Usucf  (and.  similarly  L2touchf  and  R2touchf.  section 
2.2. 1.2)  are  functions  of  convenience,  not  definition.  There  ate  no  axioms  that  mention  these 
functions.  However,  we  can  (and  do)  use  the  simplification  mechanism  to  compute  the  value  of  these 
functions  in  every  (interesting)  case,  and  thereby  produce  useful  inference  steps  involving  their  use 

Attachments  to  implement  rows,  columns  and  successors. 
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extension  1SR0W  11,2,3,4,5,6,7,81  ; 
extension  ISCOLUHN  (1,2,3,4,5,6,7,81  i 
extension  1 SD I  HENS  1  ON  11,2,3,4,5,6,7,81 1 

attach  Row  ICHESS-NATNUHREP)  CAR; 
attach  Column  (CHESS-*NATNUHREP]  COR i 
attach  flakesquare  [NATNUfIREP . NATNUHREP-*CHESS)  CONSi 
attach  I  SD  I  HENS  I  ON  (NATNUHREP)  (DE  I  SOI MENSI ON (x) 

(AND (NUfIBERP  x)  (LESSP  x  9)  (GREATERP  x  0)))i 
attach  ISROU  (NATNUHREP)  ISDIMENSION; 

attach  ISCOLUHN  [NATNUMREP J  ISDIMENSION; 

attach  Bsucf (NATNUHREP-NATNUnREP) (DE  Bsucf (r) (COND( (EQ  r  8)8) (T (ADOl  r)))); 

attach  Usucf  [NATNUHREP-*NATNUHREP)  (DE  Usucf  (r)  (COND(  (EQ  r  1)1) (T (SUB1  r) ) ) ) ; 

attach  BLASTROU  INATNUMREP)  (DE  BLASTROU <r)  (EQ  r  8)); 

attach  ULASTROU  (NATNUHREP)  (DE  ULASTROU (r) (EQ  r  1 ) ) ; 

attach  BETUEEN  (NATNUHREP, NATNUHREP, NATNUMREP]  (DE  BETUEEN  (x  y  z> 

(AND  (NUHBERP  x)  (NUfIBERP  y)  (NUHBERP  z) 

(OR  (AND  (LESSP  x  y) (LESSP  y  z) ) 

(AND  (LESSP  z  y)  (LESSP  y  x) ) ) ) ) ; 

Notice  that  we  can  easily  observe  (simplify)  that  the  predicates  ISROU,  ISCOLUHN  and  ISDIHENSION 
are  equivalent.  However,  we  find  it  more  natural  to  retain  the  distinction,  for,  after  all,  rows  and 
columns  are  hardly  equivalent  in  their  chess  interpretations. 

Section  2.1.4  Value  Declarations 


There  are  fourteen  VALUES  in  this  system,  corresponding  to  the  twelve  different  incarnations  of  the 
chessmen  on  the  chessboard,  an  empty  value,  and  an  undefined  va'ue.  It  is  perhaps  worthwhile  to 
emphasize  that  the  value  of  a  given  chesspiece  is  a  function  of  the  position  in  which  we  are 
considering  that  chesspiece.  Of  course,  the  value  of  non-pawn  pieces  does  not  change  during  a  game 
(and  we  shall  prove  a  theorem  to  that  effect  (section  3.3.1). 

Chessboards,  being  a  manifestation  of  the  current  situation  in  a  chess  game,  rather  than  a 
description  of  the  history  of  that  game,  have  values  filling  their  squares.  Our  desire  to  have 
partially  defined  chessboards  leads  to  the  existence  of  the  undefined  value  (UD)  of  our  system. 

The  naming  scheme  for  values  is  the  converse  of  that  of  pieces.  Thus,  QW  is  a  value  of  any  piece 
that  is  a  white  queen.  In  competitive  chess,  a  promoted  white  pawn  would  therefore  be  likely  to 

have  the  value  QW  after  his  promotion.  Value  variables  begin  with  the  letter  v.  Each  value  is 

represented  in  the  internal  LISP  world  as  the  atom  of  the  same  name. 

declare  PREDCONST  VVALUES  NVALUES  (VALUES)  CPRE1 ; 
declare  PREDCONST  PIECEVALUES  EVALUES  (VVALUES) tPRE) ; 
declare  PREDCONST  UVALUES  BVALUES  (PIECEVALUES)  IPRE1  j 
declare  PREDCONST  PROHVALUES  VALUEK  VALUEQ  VALUEB  VALUEP 
VALUER  VALUEN  (PIECEVALUES)  IPREI j 

declare  INDCONST  KU  QU  BU  NU  RU  PU  c  UVALUES  ; 

declare  INDCONST  KB  QB  BB  NB  RB  PB  t  BVALUES  j 

declare  INDCONST  HT  <  EVALUES,  UO  (  NVALUES; 


2  1.4 


The  Chess  Axioms 


Page  49 


declare  INDVAR  vu  (  UVAIUES.  vb  t  B VALUES; 
declare  INDVAR  v  vl  c  VALUES,  vpc  vpcl  vpc2  c  PIECEVALUES; 
declare  INDVAR  vvx  c  VVALUES; 
declare  INDVAR  vbi  c  VALUES; 


attach  HT  «  (CHESS!  HT;  attach  NB  «  [CHESS!  NB;  attach  KU  «  [CHESS!  KU; 

attach  RU  ••  [CHESS!  RU;  attach  PB  -  [CHESS!  PB;  attach  PU  ••  [CHESS!  PU; 

attach  KB  «  (CHESS!  KB;  attach  RB  «  [CHESS!  RB;  attach  QB  -  [CHESS!  QB; 

attach  QU  «  [CHESS!  QU-.  attach  UD  -  (CHESS!  UD;  attach  BB  »  [CHESS!  BB; 

attach  NU  -  (CHESS!  NU;  attach  BU  ~  (CHESS!  BU; 

mg  PIECEVALUES* 

(PROHVALUES. UVALUES. BVALUES.  VALUEK,  VALUEQ,  VALUEB.  VALUEN, VALUER,  VALUEPJ  » 
mg  PROHVALUES*  IVALUEQ. VALUEB. VALUEN, VALUER! ; 
mg  VVALUES*  IP1 ECEVALUES, EVALUESI ; 
mg  VALUES*  INVALUES. VVALUES! ; 

extension  VALUEK  (KU  KB! ;  extension  VALUEQ  (QU  QB! ; 
extension  VALUEB  IBU  BBI ;  extension  VALUEN  INU  NBI ; 
extension  VALUER  (RU  RBI;  extension  VALUEP  (PU  PB1 ; 
extension  UVALUES  (KU, QU.BU.NU.RU.PUI ; 
extension  BVALUES  (KB,QB,BB,NB,RB,PBI ; 
extension  EVALUES  (Mil;  extension  NVALUES  (UDI ; 
extension  PIECEVALUES  (KB  QB  RB  BB  NB  PB  KU  QU  RU  BU  NU  PUI ; 
extension  VVALUES  ((IT  KB  QB  RB  BB  NB  PB  KU  QU  RU  BU  NU  PUI ; 
extension  VALUES  IUD  HT  KB  QB  RB  BB  NB  PB  KU  QU  RU  BU  NU  PU)  ; 
extension  PROHVALUES  (QB  RB  BB  NB  QU  RU  BU  NUI ; 

attach  VALUEK  [CHESS!  (DE  VALUEK  lx)  (MEnQ  x  (QUOTE  (KU  KB))))  ; 

attach  VALUEQ  (CHESS)  (DE  VALUEQ  <x)  (ME HQ  x  (QUOTE  (QU  QB))))  ; 

attach  VALUEB  [CHESS!  (OE  VALUEB  (x)  (HEHQ  x  (QUOTE  (BU  BB))))  ; 

attach  VALUEN  (CHESS!  (DE  VALUEN  (x)  (HEHQ  x  (QUOTE  (NU  NB))))  ; 

attach  VALUER  (CHESS!  (DE  VALUER  (x)  (HEHQ  x  (QUOTE  (RU  RB))))  ; 

attach  VALUEP  [CHESS!  (OE  VALUEP  (x)  (HEHQ  x  (QUOTE  (PU  PB))))  ; 

attach  UVALUES  (CHESS!  (OE  UVALUES  (x)  (HEHQ  x(QU0TE(KU  QU  BU  NU  RU  PU)))); 

attach  BVALUES  (CHESS!  (DE  BVALUES  (x)  (HEHQ  x (QUOTE (KB  QB  BB  NB  RB  PB ) ) ) )  i 

attach  EVALUES  (CHESS!  (OE  EVALUES  (x)  (EQ  x  (QUOTE  HT)))  ; 

attach  NVALUES  (CHESS!  (OE  NVALUES  (x)  (EQ  x  (QUOTE  UO) ) )  ; 

attach  VVALUES  (CHESS!  (OE  VVALUES  (x) 

(OR (BVALUES  x) (UVALUES  x) (EQ  x (QUOTE  HT)))); 
attach  PROHVALUES  (CHESS)  (DE  PROHVALUES  (x) 

(HEHQ  x (QUOTE (QB  RB  NB  BB  QU  RU  NU  BU)))); 
attach  PIECEVALUES  (CHESS!  (DE  PIECEVALUES  (x) (OR  (BVALUES  x) (UVALUES  x))); 
attach  VALUES  (CHESS)  (OE  VALUES  (x)  (OR  (VVALUES  x) (EQ  x  (QUOTE  UD)))); 

PROHVALUES  are  the  values  a  pawn  can  promote  to.  More  specifically,  a  pawn  can  promote  to  be  a 
queen,  rook,  bishop  or  knight. 

The  Valuecolor  of  any  PIECEVALUES  is  the  color  of  that  value.  Thus,  the  Valuecolor  of  KU  is 
UNITE. 


declare  OPCONST  Valuecolor  (PIECEVALUES) •COLORS (PRE) ; 

attach  Valuecolor  (CHESS-»CHESS)  (OE  Valuecolor (v) (COND 

( (UVALUES  v) (QUOTE  UHI TE) ) ( (BVALUES  v) (QUOTE  BLACK) ) ) ) ; 
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Section  2.1.5  Board  Declarations 

We  have  several  interesting  functions  and  predicates  defined  on  boards.  Two  of  the  most  complex 
are  the  predicates  UH I TE INCHECK  and  BLACK1NCHECK.  These  are  true  when  the  given  side  is  in 
check  on  the  given  board.35 

Similarly,  we  have  the  composite  predicate,  SIOEINCHECK,  on  boards  and  colors.  SIOEINCHECK  on 
UHITE  and  a  board  is  true  if  and  only  if  WHJTEINCHECK  is  true  for  that  board.  The  corresponding 
statement  about  BLACK  and  BLACK  I NCHECK  also  holds. 

Since  a  position  is  a  state  vector,  we  are  theoretically  able  to  obtain  the  total  board  (board  with  no 
undefined  squares)  of  any  position.  The  function  which  extracts  that  board  is  Tboard.  However,  as 
a  position  is  almost  invariably  a  variable  (rather  than  a  constant),  we  will  never  actually  compute  the 
Tboard  of  any  position. 

One  board  is  a  SUBOARO  of  another  if  the  second  is  equal  to  the  first,  on  every  square  the  first  is  not 
undefined  (UO).  SUBOARO  is  therefore  a  partial  ordering  relation  on  boards.  We  state  that  the 
predicate  BOARD,  on  positions  and  boards,  is  true  if  the  given  board  is  a  SUBOARO  of  the  Tboard 
(total  board)  of  that  position.  Thus,  this  predicate  is  true  if  the  undefined  squares  of  the  given 
board  could  be  filled  in  to  make  the  board  obtained  by  playing  the  game  that  the  position  defines.36 
The  predicate  BOARD  is  particularly  appropriate  for  the  kinds  of  puzzles  we  solve.  Typically,  we 
shall  be  presented  a  board  or  board  fraction,  and  need  to  reason  about  any  POSITION  which  has 
this  board  fragment  as  one  of  its  boards. 

We  also  have  a  constructor  for  boards,  Nakeboard,  which  takes  a  board,  a  square  and  a  value,  and 
constructs  the  new  board  formed  by  inserting  that  value  on  the  stated  square. 

The  function  Valueon,  on  boards  and  squares,  returns  the  value  on  that  square  of  that  board.  The 
predicate  MOVE  TO,  on  boards,  values,  squares  and  squares,  is  true  if  the  given  value  could  move,  on 
the  given  board,  from  the  first  square  to  the  second.  HOVE  TO  encompasses  our  notion  of  ordinary 
movement.  If  the  piece  in  question  is,  for  example,  a  rook,  then  NOVETO  will  be  true  for  that  piece 
and  board,  if,  the  two  squares  share  a  row  or  column  (but  not  both),  and  every  square  between  them 
is  unoccupied  (NT,  not  UD). 

declare  PREDCONST  WHI TE I NCHECK  BLACKINCHECK  (BOARDS) IPRE1 1 
declare  PREDCONST  BOARD  (POSI TIONS.BOAROS) ; 


. group 

declare  OPCONST  Tboard  (POSI TIONS) -TOTALBOARDS CPREJ t 
declare  OPCONST  Valueon  (BOARDS. SQUARES) -VALUES; 

declare  1NDVAR  a  b  bl  b2  b3  c  BOARDS,  bt  <  TOTALBOARDSj 

declare  PREDCONST  SI  DEI NCHECK  (BOARDS. COLORS) i 
declare  PREOCONST  NOVETO  (BOARDS, VALUES, SQUARES, SQUARES) t 

mg  BOARDS*  (TOTALBOARDS,  UHITE  I  NCHECK,  BLACK  I  NCHECK  1 1 


35 


36 


Tha  attachmonta  to  thaw  prtdicataa  ara  in  (action  2.2.2. 

Tharafora,  (and  trivially)  tha  totally  undafinad  board  ia  a  BOARD  of  ovary  poaitioii 
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declare  OPCONST  Makeboard  (BOARDS, SQUARES, VALUES) -BOARDS; 
declare  PREDCONST  SUBOARD  (BOAROS, BOARDS) ; 


We  shall  call  initial  board,  the  configuration  of  pieces  before  the  start  of  the  game,  START, 
board  is  illustrated  in  figure  26. 


The  board  START. 


This 


figure  26 


declare  INDCONST  START  c  TOTALBOARDS; 

We  represent  a  board  in  the  internal  LISP  system  as  a  list  of  the  eight  rows,  each  row  being  a  list  of 
the  eight  values  on  it.  This  is  illustrated  in  figure  27. 

( (BQR1  BQN1  BQB1  BQ1  BK1  BKB1  BKN1  BKR1 ) 

(BQR2  BQN2  BQB2  BQ2  BK2  BKB2  BKN2  BKR2) 

(BQR3  BQN3  BQB3  BQ3  BK3  BKB3  BKN3  BKR3) 

(BQR4  BQN4  BQB4  BQ4  BK4  BKB4  BKN4  BKR4) 

(UQR4  UQN4  UQB4  UQ4  UK4  UKB4  UKN4  UKR4) 

(UQR3  UQN3  UQB3  UQ3  UK 3  UKB3  UKN3  UKR3) 

(UQR2  UQN2  UQB2  UQ2  UK2  WKB2  UKN2  UKR2) 

(UQR1  UQN1  UQB1  UQ1  UK1  UKB1  UKN1  UKR1) ) 

LISP  arrangement  of  a  board,  with  square  locations 


figure  27 


With  this  representation  in  mind,  we  make  the  appropriate  attachments. 
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attach  START  -  [CHESS!  ( (RB  NB  BB  QB  KB  BB  NB  RB) 

(PB  PB  PB  PB  PB  PB  PB  PB) 

(MT  MT  MT  MT  MT  MT  MT  NT) 

(hT  tiT  nT  nT  mt  mt  mt  nT> 

(MT  MT  MT  MT  MT  MT  MT  MT) 

(MT  MT  MT  MT  MT  MT  MT  MT) 

(PU  PU  PU  PU  PU  PU  PH  PU) 

(RU  NU  BU  QU  KU  BU  NU  RU) ) s 

attach  Valueon  [CHESS, CHESS-CHESS) 

(DE  Valueon  (b  S) (CAR  (NTH  (CAR  (NTH  b  (CAR  S)))  (COR  S))))i 

attach  BOARDS  [CHESS)  (DE  BOAROS(b)  (AND  (EQ  (LENGTH  b)  8) (ALLROUS  b  )))i 
FUNCTION  (DE  ALLROUS  (b)  (CONO  ((NULL  b)  T) 

((AND  (EQ  (LENGTH  (CAR  b) )  8)  (MEMBOARD  (CAR  b) ) (ALLROUS  (CDR  b))))))| 
FUNCTION  (DE  MEMBOARD  (Row)  (COND  ((NULL  Row)  T) 

( (AND  (VALUES  (CAR  Row) ) (MEMBOARD  (CDR  Row) ))))); 
attach  TOTALBOARDS  [CHESS) 

(DE  TOTALBOARDS  (b)  (AND  (EQ  (LENGTH  b)  8) (ALLTROUS  b)))t 
FUNCTION  (DE  ALLTROUS  (b)  (CONO  ((NULL  b)  T)  ( (AND  (EQ  (LENGTH  (CAR  b) )  8) 
(MEMTBOARD  (CAR  b>) (ALLTROUS  (COR  b) >))))« 

FUNCTION  (DE  MEMTBOARD  (Row)  (COND  ((NULL  Row)  T) 

( (ANO  (VVALUES  (CAR  Row) ) (MEMTBOARD  (CDR  Row) )))))» 
attach  SUBOARD  [CHESS, CHESS)  (DE  SUBOARO  (a  b) (COND 
((NULL  a) T) 

((EQUAL  (CAR  a) (CAR  b)) (SUBOARO  (COR  a)  (CDR  b)>) 

((OR  (EQ  (CAAR  a) (CAAR  b) ) 

(EQ  (CAAR  a)  (QUOTE  UD) ) ) 

(SUBOARD  (CONS  (CDAR  a) (CDR  a) ) 

(CONS  (CDAR  b) (COR  b))))))( 

Section  2.1.6  Color  Declaration* 


We  develop  a  much  richer  set  of  predicates  and  variables  on  colors  than  a  two  element  sort  deserves. 

declare  PREDCONST  UHT  BLK  (COLORS) [PREJ » 
declare  INDCONST  UHITE  c  UHT,  BLACK  t  BLKj 
declare  INOVAR  c  <  COLORS) 

mg  COLORS  a  IUHT.BLK) j 

extension  BLK  IBLACKI j 
extension  UHT  (UHITEh 
extension  COLORS  UHT  u  BLKi 

attach  BLACK  «  [CHESS)  BLACK t 

attach  UHITE  «  [CHESS)  UHITEi 

attach  UHT  [CHESS)  (DE  UHT (c) (EQ  c  (QUOTE  UHITE))): 

attach  BLK  [CHESS)  (DE  BLK(c) (EQ  c  (QUOTE  BLACK) ))| 
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Section  2.1.7  More  on  Positions 
Section  2.1.7.1  Position  declarations 

It  is  worthwhile  to  emphasize  that  these  chess  axioms  apply  only  to  situations  that  might  arise  in  a 
legal  game.  Just  as  formal  logic  is  very  sensitive  to  inconsistency,  allowing  a  proof  of  any  WFF  from 
a  false  premise,  so  these  axioms,  when  presented  with,  for  example,  an  impossible  board,  do  not 
know  which  of  their  axioms  to  doubt,  and  will  permit  the  proof  of  any  conclusion  about  that  board. 
Therefore,  the  use  of  the  word  position  in  this  paper  should  be  understood  to  mean  legal  position.  If 
it  were  necessary  to  consider  almost  legal  positions,  then  these  axioms  could  be  suitable  subverted  to 
reflect  whatever  the  subverter  felt  were  the  more  fundamental  legalities  (see  section  5.2. 1). 

Our  system  recognizes  another  major  distinction  between  positions.  For  almost  every  position,  one 
can  speak  of  the  move  that  was  made  to  get  to  that  position.  The  exception,  of  course,  is  the  initial 
position,  the  position  before  the  game  begins.  We  therefore  have  the  subsort  of  GAMEPOSITION, 
which  is  every  position  except  the  initial  one. 

We  refer  to  the  initial  position  as  P0.  Its  LISP  representation  is  as  the  list  whose  only  element  is  the 
(arbitrarily  selected)  atom  STARTING. 

Positions  also  naturally,  and  somewhat  more  evenly,  divide  themselves  by  the  color  of  the  player 
who  is  to  move  next  in  that  position.  We  therefore  have  the  subsort  of  UHITETURN,  those  positions 
for  which  white  is  on  move.  Consistent  with  the  rules  of  chess,  P0  will  be  a  UHITETURN  position. 

The  variables  r,  rl  and  r2  are  over  the  domain  of  POSITIONS.  All  variables  beginning  with  the 
letters  p  and  q  range  over  the  GAMEPOSITIONS. 

declare  PREOCONST  UHITETURN  GAMEPOSITION  (POSITIONS)  (PRE! ; 
mg  POSI  TI0NS2  (UHI TE  TURN,  GAMEPOS  I TION) ; 

declare  INDCONST  P0  c  POSITIONS! 
attach  P0  «  (CHESS!  (STARTING) s 

declare  1N0VAR  r  rl  r2  (POSITIONS; 

declare  INOVAR  p  q  pi  p2  p3  p4  px  py  pz  qx  qy  qz  ql  q2  q3  c  GAMEPOS  I T I  ON ; 

We  speak  of  one  position  as  being  a  SUCCESSOR  to  another  if  there  is  a  legal  move  from  the  first  to 
the  second.  We  also  recognize  the  function  which  takes  a  position,  and  returns  the  previous  position 
(position  prior  to  the  last  move),  Prevpoe.  Thus,  for  all  GAMEPOSITIONs,  p,  SUCCESSOR (Prevpos 
p.p)  will  be  true. 

declare  PREDCONST  SUCCESSOR  (POSITIONS, GAMEPOSITION) ; 
declare  OPCONST  Prevpos  (GAMEPOSI TION) -POSI TIONS CPREJ ; 

As  positions  are  conceptually  built  of  moves,  we  have  the  function  Move,  on  GAMEPOSITIONs,  which 
extracts  the  last  move  made  to  get  to  that  position.  A  compositor,  Nextpos,  on  moves  and  positions, 
yielding  the  ALLPOSITION  obtained  by  making  that  move,  is  also  provided.  Two  things  should  be 
noted  about  this  function.  It  produces  elements  of  the  sort  ALLPOSITION,  which  includes  both 
"legal"  and  "illegal"  positions,  depending  upon  whether  the  given  move  was  legal  in  the  argument 
position.  Secondly,  and  perhaps  more  germanely,  we  are  dealing  exclusively  with  retrograde  analysis 
chess;  the  function  Nextpoe  and  sort  ALLPOSITION  are  nowhere  used  in  the  following  proofs. 
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declare  OPCONST  Hove  (GAMEPOSI TION) -MOVES  IPRE 1 1 
declare  OPCONST  Nextpos  (MOVES, POS! TIONS) -ALLPOSI TIONj 

One  position  is  PREOEGAME  (predecessor  in  this  game)  to  another  if  the  first  occurred  in  the  game 
played  to  reach  the  second.  We  will  also  use  similar  kinship  terms,  such  as  ancestor  and  descendant 
in  describing  positions  played  in  the  same  game.  The  initial  position  Is,  of  course,  a  predecessor  to 
every  GAMEPOSI TION.  It  is  seen,  therefore,  that  POSITIONS  form  themselves  into  a  tree,  with  P0  at 
the  root,  with  respect  to  Prevpos  operator. 

declare  PREDCONST  PREOEGAME  (POSI TIONS, GAMEPOSI  TION)  i 

In  going  from  one  position  to  a  successor  position,  one  can  employ  one  of  three  different  moves  -  a 
castle,  a  capture  en  passant,  or  a  simple,  legal  move.37  Castles  are  distinguished  by  moving  two  pieces 
with  the  same  move,  en  passant  capture  by  the  capture  of  a  piece  on  a  square  other  than  the  one 
moved  to. 

declare  PREOCONST  SIMPLELEGALMOVE  EN_PASSANT  CASTLING 

( POS I T I ONS . GAMEPOS I T I  ON ) ; 

Another  useful  predicate  on  positions  and  colors  is  POSI T10N1NCHECK.  If  the  given  color  is  in  check 
in  the  stated  position,  this  predicate  is  true. 

declare  PREDCONST  POSI TI0N1NCHECK  (POSITIONS, COLORS) : 

As  positions  are  state  variables,  it  is  possible  to  extract  information  about  the  status  of  individual 
chesspieces  or  squares  from  them.  The  function  Pos  says  which  piece  is  on  a  given  square  at  a 
given  time.  Its  almost  inverse  is  Pospcf  (position-piece  function)  which  takes  a  position  and  a 
chesspiece,  and  returns  the  extended  square  occupied  by  that  piece34  One  can  also  ask  for  the  value 
of  a  piece  in  a  position  (Val)  or  the  color  of  the  position  itself  (Color),  a  UHITETURN  position  having 
a  UHI TE  color. 

declare  OPCONST  Pos  (POSITIONS. SQUARES) -PIECES; 
declare  OPCONST  Pospcf  (POSITIONS. CHESSPIECES) -EXSQUARESi 
declare  OPCONST  Val  (POSI TIONS. PIECES) -VVALUES; 
declare  OPCONST  Color  (POSI TIONS) -COLORS IPREI ; 

The  predicate  PROMOTEDPAWN  is  true  if  the  argument  pawn  has  been  promoted  before  or  by  the 
given  position  (no  longer  has  a  pawn  value.) 

declare  PREDCONST  PROMOTEOPAUN  (GAMEPOSI TION, PAUNS)  i 

Section  2.1.7.2  Positional  Attachments 

The  following  attachments  have  been  made  to  the  position  predicates.39  These  functions  are.  to  the 
minimal  extent  that  they  have  been  implemented,  the  obvious  attachments  for  handling  the  objects  in 


37  A  |onor«!  cloooificotion,  Mint  to  lubit/mo  everythin*  lilt 

38.  The  p«co  miy,  of  count,  no  ton* or  bo  on  my  ‘toil’  equere  In  tbit  cm,  tho  velue  of  the  function  to  not  dofmod 

39  Noto  tho  uoo  of  tho  l_DONT  .KNOW  rooponio  <i  epeoel  FOL  construct)  when  tho  wt hot  didn’t  fool  Mu  writin*  tho  foot  of 

thooo  complKitod  function!. 
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the  world  we  have  defined.  The  notion  of  a  position  as  a  list  of  move*  has  been  minimally 
incorporated  into  these  attachment*.  The  attachment  for  POSITIONS  is  only  used  to  uniformly 
recognize  the  initial  position  We  will  construct  no  other  positions,  for  we  will  not  be  speaking  about 
any  other  entire  game 

attach  POSITIONS  ICHESS)  IDE  POSITIONS  (L)  (COND 

((EQUAL  (QUOTE  (STARTING))  l)>  (T  (QUOTE  l_00NT_KN0U) )  ) ) » 

attach  Pos  ICHESS,CHESS-*CHESSJ 

(LAMBDA  (p  S) (COND ((EQUAL  p  (QUOTE  (STARTING) )) (G1VENF  S)) 

(T  (QUOTE  I_D0NT_KN0U) )  ))i 
attach  Pospcf  (CHESS, CHESS-CHESS) 

(LAMBDA  (p  x) (COND ((EQUAL  p  (QUOTE  (STARTING) )) (GIVENPCF  w) ) 

IT  (QUOTE  l_D0NT_KN0U) )  ))t 

attach  UHITE TURN (CHESS) (DE  UHITETURN(L) (NOT (ZEROP (REMAINDER (LENGTH  L)2) ) ) ) j 
attach  Color  [CHESS-CHESS) 

(OE  Color (L) (C0N0((UHITETURN  L) (QUOTE  UH1 TE) ) (T (QUOTE  BLACK))))  i 
FUNCTION  (DE  GIVENF  (S) (COND 

( (EQ  (CAR  S)  1)  (CAR  (NTH  (QUOTE  (BQR  BQN  BQB  BQ  BK  BKB  BKN  BKR) )  (COR  S) ) ) ) 

((EQ  (CAR  S)  2)  (CAR  (NTH 

(QUOTE  (BQRP  BQNP  BQBP  BQP  BKP  BKBP  BKNP  BKRP) )  (COR  S) ) ) ) 

( (EQ  (CAR  S)  7) (CAR  (NTH 

(GUOTE  (UQRP  UQNP  UGBP  UQP  UKP  UKBP  UKNP  UKRP))  (COR  S> ) ) ) 

((EQ  (CAR  SI  8)  (CAR  (NTH  (QUOTE  (UQR  UQN  UQB  UQ  UK  WKB  UKN  UKR) )  (COR  S) ) ) ) 

(T  (QUOTE  EMPTY))))! 

FUNCTION  (OE  GIVENPCF  («)  (CADR  (ASSOC  x  (QUOTE ( 

(BQR  (1  .  D)  (BQN  (1  .  2))  (BQB  (1  .  3))  (BQ  (1  .  4)) 

(BK  (1.5))  (BKB  (1  .  6))  (BKN  (1  .  7))  (BKR  (1.8)) 

(BQRP  (2  .  1)>  (BQNP  (2.2))  (BQBP  (2  .  3))  (BQP  (2.4)) 

(BKP  (2  .  5))  (BKBP  (2.6))  (BKNP  (2  .  7))  (BKRP  (2  .  8)) 

(UQRP  (7  .  D)  (UQNP  (7.2))  (UQBP  (7  .  3))  (UQP  (7  .  4)) 

(UKP  (7.5))  (UKBP  (7.6))  (UKNP  (7.7))  (UKRP  (7.8)) 

(UQR  (8  .  D)  (UQN  (8.2))  (UQB  (8.3))  (UQ  (8  .  4)) 

(UK  (8.5))  (UKB  (8.6))  (UKN  (8.7))  (UKR  (8  .  8) )))))) s 
attach  Val  [CHESS. CHESS-CHESS)  (DE  Val(p  x) (COND ( (EQUAL  p (QUOTE (STARTING) ) ) 

(COND  ( (SETQ  TEMPORARYXXX  (ASSOC  x  (QUOTE 
((UK.KU)  (UKN. NU)  (UKB.BU)  (UKR.RU)  (UQ.QU)  (UQN.NU)  (UQB.BU)  (UQR.RU) 

(UQP. PU)  (UQNP.PU)  (UQBP.PU)  (UQRP.PU)  (UKP.PU)  (UKNP.PU)  (UKBP.PU)  (UKRP.PU) 

(BK. KB)  (BKN. NB)  (BKB.BB)  (BKR.RB)  (BQ.QB)  (BQN.NB)  (BQB.BB)  (BQR.RB) 

(BQP.PB)  (BQNP. PB)  (BQBP. PB )  (BQRP.PB)  (BKP.PB)  (BKNP.PB)  (BKBP.PB)  (BKRP.PB) 

(EMPTY. MT)))))  (COR  TEMPORARYXXX)))  ) 

(T (QUOTE  I_D0NT_KN0U) )  )); 


Section  2.1.8  Move  Declarations 


Section  2.1.8.1  Predicates  on  Moves 

The  sort  of  MOVES  is  redundant  in  the  axioms  and  proof,  replacable  by  the  positions  themselves. 
However,  the  notion  of  a  mov*  is  a  natural  concept  in  itself,  and  was  therefore  included  in  the 
axiomatization. 

There  are,  of  course,  various  kinds  of  moves.  For  example,  we  can  classify  the  last  position  by 
whether  it  was  an  en  passant  capture,  castle  or  ordinary  move: 
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declare  PREOCONST  OROINARY  CASTLE  ENPASSANT  (MOVES) IPRE) : 

There  are  several  kinds  of  ordinary  moves  They  divide  between  the  capturing  and  non-capturing 
moves  (CAPTURE  and  SIMPLE),  and  may  also  fall  into  the  pawn  promotions  (PAUNPROM).  Compound 
classifications  such  as  simple  pawn  promotion  (SIMPP)  or  captures  that  are  not  promotion  moves 
(CAP).  The  predconst  TAKINGS  covers  all  capture  moves,  including  en  passant  capture.  This  rich 
structure  uses  the  following  declarations: 

declare  PREDCONST  PAUNPROM  TAKINGS  (MOVES) IPREI ; 

declare  PREOCONST  CAPTURE  SIMPLE  (OROINARY)  IPREJ  i 

declare  PREDCONST  SIM  SIMPP  (SIMPLE)  IPREI  s 

declare  PREOCONST  CAP  CAPPP  (CAPTURE) IPREI  s 

mg  CAPTURE  2  ICAP  CAPPP) : 

mg  SIMPLE  2  (SIM  SIMPP) : 

mg  PAUNPROM  *  (SIMPP  CAPPP) ; 

mg  ORDINARY  2  (PAUNPROM  CAPTURE  SIMPLE)  ; 

mg  TAKINGS  2  (CAPTURE  ENPASSANT  I ; 

mg  MOVES  2  (ORDINARY  CASTLE  ENPASSANT  TAKINGS)! 

And,  of  course,  each  of  these  sorts  needs  a  variable  to  call  its  own. 


declare  INDVAR  m  <  MOVES,  me  t  CAPTURE,  mo  t  OROINARY,  mpp  c  PAUNPROM, 
ms  c  SIMPLE,  mtx  c  TAKINGS,  mspp  <  SIMPPi 

Section  2.1. 8.2  Functions  on  Moves 


For  all  moves,  we  can  speak  of  the  square  from  which  the  move  was  made,  the  square  to  which  it 
was  made,  and  the  chesspiece  that  did  the  moving  For  certain  other  classes  of  moves,  we  can  state 
the  chesspiece  captured,  the  value  a  pawn  promoted  to.  how  the  rook  of  a  castling  move  moved,  or 
where  an  en  passant  capture  took  place.  Collectively,  these  produce  the  following  declarations. 

declare  OPCONST  From  To  (MOVES)  -  SQUARES  IPREI; 
declare  OPCONST  Mover  (MOVES)  -  CHESSPIECES  IPREI; 
declare  OPCONST  Taken  (TAKINGS)  •  CHESSPIECES  IPREI; 
declare  OPCONST  Promoted  (PAUNPROM)  -  PROMVALUES  IPREI; 
declare  OPCONST  Alsofrom  Alsoto  (CASTLE)  «  SQUARES  IPRE) ; 
declare  OPCONST  A  Isomover  (CASTLE)  -  CHESSPIECES  IPREI; 
declare  OPCONST  Takenon  (ENPASSANT)  ■  SQUARES  IPREI; 

It  should  be  noted  that  the  ALSO  part  of  the  castling  move  functions  refer  to  the  actions  of  the  rook 
in  the  castling  move. 


We  can  also  have  move  constructor  functions,  which  take  the  various  determiners  of  a  move,  and 
produce  the  move  corresponding  to  those  requirements.  For  example,  a  simple  (SIM)  move 
constructor  would  be  declared: 


declare  OPCONST  Makesimplemove  (SQUARES, SQUARES, CHESSPIECES) •SIM; 

And  would  produce  the  move  resulting  from  that  chesspiece  moving  from  the  first  square  to  the 
second.  However,  as  we  never  construct  any  moves,  we  will  not  need  these  constructors. 
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Section  2.1.9  Definitional  Axioms 


Section  2.1. 9.1  Miscellaneous  axioms 


In  the  last  several  sections,  we  have  defined  several  predicates  and  functions  in  terms  of  other 
predicates  and  functions.  FOL  does  not,  of  course,  know  about  these  relationships  unless  we 
explicitly  axiomatize  them.  For  example,  the  rule  that  white  moves  first,  is  expressed  by 
axiomatically  stating  that  the  initial  position  (P0)  be  a  WHITETURN. 

axiom  INI TIALJIOVERiUHI TETURN  P0;i 

Similarly,  the  fact  that  the  inaugural  board  is  the  board  START,  is  specified  as: 
axiom  STARTING_BOARDiTboard  P0  -STARTu 
As  you  can  see,  definitional  axioms  are  not  very  exciting. 

We  gave  a  large  hierarchy  for  move  typing.  It  is  important  to  state  both  the  inclusive  (all  moves  are 
of  certain  sorts)  and  exclusive  (a  move  is  in  only  one  of  several  classes)  properties  of  this  move 
structure  in  an  axiom. 


axiom  HOVETYPES: 

Vm.  (ENPASSANT  m  vCASTLE  m  vORDINARY  m  ), 

Vm.  i (ENPASSANT  m  aCASTLE  m  ). 

Vm,- (ENPASSANT  m  aORDINARY  m  ), 

Vm. -(CASTLE  m  aORDINARY  m  ), 

Vmo. - (CAPTURE  mo  »SIHPLE  mo  ), 

Vmc.-(CAPPP  me  »CAP  me  ), 

Vms.-fSIHPP  ms  mSIM  ms  ), 

Vmpp.-(CAPPP  mpp  ■SHIPP  mpp  ), 

Vmtx.- (ENPASSANT  mtx  ^CAPTURE  mtx  );j 

We  claimed  that  the  filakesquare  operator,  on  rows  and  columns,  produced  the  appropriate  square, 
that  the  LASTRANKER  predicate  on  squares  and  colors  is  decomposable  in  terms  of  ULASTRANK  and 
BLASTRANK,  and  that  SQUARE _BETUEEN  representes  the  bttwttnntu  relation,  both  orthogonally  and 
diagonally.  Each  of  these  definitions  entails  the  appropriate  defining  axiom.  Note,  however,  we 
include  the  axiom  for  SQUARE_BETUEEN  only  for  reference;  this  axiom  is  not  subsequently  invoked. 
Rather,  all  uses  of  SQUARE_BETUEEN  are  done  through  simplification. 

axiom  SQUARED: 

V  sq.  (sq-Nakesquare(Row  sq,  Column  sq) ) , 

V  sq  c. (LASTRANKER (sq, c) ■ 

((c-UHITEaULASTRANK  sq) v (c-BLACKaBLASTRANK  sq)))|i 

axiom  SQBETUEEN: 

Vsql  sq2  sq3.  ( SQUARE _B(:TUEEN ( sql  sq2  sq3)»( 

(Row  sql  -Rou  sq2  aRow  sq2  -Row  sq3  a 

BETUEEN (Column  sql.  Column  sq2,  Column  sq3  ))v 
(Column  sql  -Column  sq2  nColumn  sq2  -Column  sq3  a 
BETUEEN (Row  sql,  Row  sq2,  Row  sq3  ))v 
(SAMEOI AC  (sql  sq2 ) aSAMEO I  AG ( eq2  sq3) aSAMEO I  AG (sql  sq3)A 
BETUEEN (Row  sql,  Row  sq2.  Row  sq3  ))))|| 


Page  58 


The  Chess  Axioms 


2. 1.9.2. 


Section  2.1.9.2  Positional  Axioms 

In  the  section  on  position  declarations,  we  made  several  assertions  about  the  relations  between  the 
predicates  we  declared.  We  here  axiomatize  these  assertions. 

We  stated  that  every  position  except  the  initial  position  was  a  GAMEPOSI T I  ON.40 

axiom  P0SITI0N_TYPES: 

Vr.Mr-P0.GAMEPOSIT!ON  r) ; ; 

Every  GAMEPOSI TION  is  the  successor  of  its  predecessor  position;  every  GAMEPOSI TION  is  a 
descendant  of  the  initial  position,  P0. 

axiom  POS I T 1 0N_RULES : 

Vp. (SUCCESSOR  (Prevpos  p  , p)aPREOEGAME(P0,p) ) t ; 

Much  like  a  number  system,  we  can  axiomatize  the  a  partial  ordering  relation  (PREOEGAME)  on 
positions.  PREDEGAME  is  true  if  its  first  argument  occurred  in  the  game  that  produced  its  second.  It 
acts  much  like  any  partial  ordering  relation,  such  as  <.41  If  the  reader  keeps  this  correspondence  in 
mind,  the  following  axioms  will  seem  transparently  valid. 

In  reading  these  axioms,  one  should  also  recall  that  the  variables  r,  rl,  and  r2  range  over  all 
POSITIONS  (including  the  initial  position,  P0),  and  that  p  and  q  are  on  the  domain  of 
GAMEPOSITIONs  only. 

axiom  GAMERELATIONS: 

Vr  q.  (PREOEGAME (r  q) ■ (SUCCESSOR (r  q)v 

3p. (PREOEGAME (r  p) aPREOEGAME(p  q) ) ) ) . 

Vp  rl  r2. ((PREDEGAME (r2  p)APREDEGAME(rl  p))o 

(PREOEGAME (rl  r2) vPREDEGAME (r2  rl)vr2-rl)), 

Vr 1  r2.- (PREDEGAME (rl  r2)APRE0EGAME(r2  rl)), 

Vrl  q  r2,  (SUCCESSOR (rl  q) 3- (PREOEGAME (rl  r2) aPREDEGAME (r2  q)))is 

These  next  three  axioms  relate  the  translation  between  functions  and  predicates.  The  first  states  that 
the  Color  function  is  equivalent  to  the  UHITETURN  predicate.  The  second  defines  the  range  over 
which  Poe  (the  piece  on  the  given  square  in  the  given  position),  and  Poepcf  (the  square  on  which 
the  given  chesspiece  rests)  are  inverses,  to  wit,  when  the  chesspiece  is  still  on  the  board  (not  yet 
captured).  The  third  states  the  equivalence  of  the  Val  (value)  function  on  pieces,  with  the  Valueon 
function  of  the  corresponding  boards. 

axiom  POS.COLORS:  Vr  c.  (Color  r-c  ■  (UHT  c  ■  UHITETURN  r) )  j ; 

axiom  POS_TRANSLAT  1  ON i  Vr  aq  x.  (Poa(r  *q)-x  ■  Pospcftr  x)-sq)u 

axiom  VALUETRANSPOSI TIONi Vr  t  sq  b.((Pos(r  sq) •tAB0AR0(r  b))p 
(Va I ueon (0, sq) -Val (r, t) vValueonlb  sq)>UD) )  i ; 


40  Not*  lh»l  IS*  vtrutolo  V  r*sf*«  ov«r  POSITIONS,  sol  moroly  GAMEPOSITIONS 

Rtmomborinf,  of  court*,  Ihtl  POSITIONS  S*v*  t  tro*  I**,  r*lh*r  than  lin**r  tlruclur*. 


41 
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Section  2.1.10  Miscellaneous  Declarations 

We  shall  also  have  occasion  to  use  a  few  universal  elements,  particularity  for  the  axiom 
Substitution*2  We  declare  some  universal  variables  (j  and  k),  and  functional  parameters  0  (for 
single  argument  functions)  and  02  (for  two  argument  functions). 

declare  INOVAR  j  jl  12  k  kl  k2i 
declare  OPPAR  0  1  [PRE1 i 
declare  OPPAR  02  2; 

Section  2.2  Axioms 

Section  2.2.1  Movement  axioms 

Section  2.2.1. 1  Successor  definition 

Having  cleared  away  most  of  the  definitional  rubble  (with  the  exception  of  a  few  scattered  bricks 
and  window  shards,  still  to  be  presented)  we  are  ready  to  express  the  rules  of  chess  in  first  order 
logic.  The  major  vehicle  for  this  task  are  the  movement  consequence  axioms,  ( MCONSEO ).  These 
detail  some  of  the  requirements  and  consequences  of  a  given  position  being  a  successor  (legal  move 
away)  to  another  position.  In  many  ways,  SUCCESSOR  is  the  fundamental  predicate  of  this  axiom 
system. 

axiom  MCONSEQA: 

Vr  q. (SUCCESSOR (r  q)3 

<  < -UH ! TE  TURN ( r ) eUH I TE  TURN ( q ) ) a 
Prevpos  (q)  ta 

-P0SI TIONINCHECK (q, Color  r) a 
(UIHI  TEPIECE  Mover  Move  q.UHITETURN  Ha 
Pos(r  From  Move  q) -Mover  Move  qA 
Poe (q, To  Move  q) -Mover  Move  qA 
PosIq.From  Move  q)»EMPTYA 

(CAPTURE  Move  qoPoelr.To  Move  q)«Taken  Move  q)A 
<CASTLING(r  q)vEN_PASSANT(r  q) vSIMPLELEGALMOVE (r  q) ) ) )  i  j 

This  axiom  states  a  series  of  conditions  on  positions  needed  to  satisfy  the  SUCCESSOR  predicate.43 

For  two  positions  to  have  the  successor  relationship,  they  must,  of  course,  be  of  opposite  color.  As 
positions  retain  the  history  of  their  derivation,  the  first  must  be  the  previous  position  of  the  second. 
A  caveat  against  moving  and  remaining  in  check  is  specified.  The  piececolor  of  the  mover  is  the 
same  as  the  side  that  made  the  move  (you  only  move  your  own  pieces),  and  the  Mover  moved  from 
the  From  square  to  the  To  square  of  the  move.  The  square  he  left  is  then  vacant.  If  the  move  was 
an  ordinary  capture,  the  captured  piece  was  on  the  square  moved  to.  Any  move  is  either  a  castling 
move,  an  tn  passant  capture,  or  a  simple,  legal  move. 


42  Section  A  2  I 

43  Thie  predcate,  <thou|h  we  (lull  not  eipkiily  do  10),  would  bo  defined  ee  the  conjunction  of  eome  of  the  conditione  wo  will 
(tele  in  tine  chapter  Ae  ell  of  the  enclyeie  we  hove  applied  theee  amome  to  ie  retrotrade  anetyeie,  forward  conetructlen  of  eueceeeore 
hae  net  been  needed  like  ee  many  ether  thinpa,  never  bemf  required,  it  hae  net  been  done 
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Having  defined  the  fate  of  the  moving  piece  in  any  move,  we  reveal  that  any  taken  piece  is  nowhere 
to  be  found  (or,  at  least,  is  not  on  any  square). 

axiom  MCONSEQFiVr  eq  x. (Taken  Hove  r-xo-Poelr  ■q)>x)ii 

It  is  also  necessary  to  state  what  does  not  change  during  a  move.  Any  piece  that  did  not  move  or 
was  not  captured  is  still  on  the  same  square;  any  square  that  was  not  the  From  or  To  or  Takenon 
square  of  the  last  move  retains  Its  identical  contents. 

axiom  MCONSEUOiYr  q  sq.  ( (SUCCESSOR (r  qln-eq-From  Hove  qn-eq-To  Move  qn 
-(CASTLE  Move  qn (sq-A I sof rom  Hove  qveq-Aleoto  Hove  q))/\ 

-(ENPASSANT  Hove  qneq-Takenon  Hove  q))o 
Poslr  sq)«Poslq  sq) ) ; ; 

axiom  HCONSEQEiVr  q  x,  (SUCCESSOR  (r  q)o(  (-x-Hover  Hove  qn 
-(TAKINGS  Hove  qnx»Taken  Hove  q)n 
-(CASTLE  Hove  qnx«A I somover  Hove  q))o 
Pospcflr  x)«Pospcflq  x)))j| 

There  are  also  the  loose  ends  of  these  functions  to  be  tied.  We  wish  these  functions  to  be  defined 
only  on  the  appropriate  positions;  to  speak  of  the  Takenon  square  of  a  castling  move  is  meaningless 
While  the  need  for  this  axiom  is  probably  not  obvious,  its  restrictions  are  required  in  the  proofs  of 
several  later  theorems. 

axiom  HCONSEQGiVr  t  eq.  ( (-TAKINGS  Hove  ro-t*Taken  Hove  r)n 

(-ENPASSANT  Hove  ro-eq»Takenon  Hove  rlM-GAHEPOSlTION  ro-HOVES  Hove  r)n 
(-GAHEP0S1  T10N  ro-sq-To  Hove  r ) n (-GAHEP0S1  T ION  rp->*q»From  Hove  r)n 
(-GAMEP0SI T 1  ON  ro-t-Mover  Hove  r)n 

(-CASTLE  Hove  rol-aq-AI eoto  Hove  rn-t-A I somover  Hove  r)))|i 

These  next  three  axioms  deal  with  the  special  circumstances  of  pawn  promotions  The  first  states 
that  the  only  way  a  piece  can  change  its  VALUE  is  by  being  the  mover  of  a  pawn  promotion,  we  use 
this  fact,  for  instance,  to  prove  that  any  non-pawn  chess  piece  always  has  the  same  value*4  The 
second  is  definitional  for  the  predicate  PROMOTEDPAUN.  The  third  places  limitations  on  pawn 
promotions,  specifying  that  a  pawn  promotion  moves  a  pawn  to  the  last  rank  of  his  color,  by  a 
simple,  legal  move,  that  the  piece  must  have  pawn  value  when  he  starts  the  move,  and  must  have  a 
value  from  the  set  of  possible  promotion  values  (queen,  rook,  bishop  and  knight)  when  done  The 
axiom  bars  chameleon  promotions,  the  pawn  retains  its  color  though  the  move 

axiom  HCONSEQHiVr  q  t .( (SUCCESSOR (r  qU 

(-PAUNPR0H  Hove  qv-t-Mover  Hove  q))pVallr  t)»Val(q  t))|i 
axiom  HCONSEQli 

Vr  t. (PROHOTEOPAUNIr  t)« 

3q.  (PAUNPR0H(Hove (q) ) aIPREOEGAHE (q  r) vq-r) AHover (Move  q)-t))n 
axiom  HCONSEQL: 

Vp  ,  (PAUNPROM  Hove  p« (LASTRANKER (To  Hove  p, Color  Prevpoe  p)a 
SIMPLELEGALMOVE (Prevpoe  p  p)A 
PAUNS  Hover  Hove  pA 

VALUEP  Valueon(Tboard  Prevpoe  p.From  Hove  p)a 
( (BVALUES  Promoted  Hove  p«BVALUES  Va I (Prevpoe  p  Hover  Move  p))A 
(UVALUES  Promoted  Hove  peUVALUES  Va I (Prevpoe  p  Hover  Hove  p) ) ) a 
Val(p  Hover  Hove  pl-Promoted  Hove  p) ) t  ( 
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The  definitional  equivalence  of  the  three  types  of  successions,  and  their  respective  moves  Is  declared. 

axiom  HCONSEQHi 

Vp. ( (CASTLE  Hove  piCASTLING (Prevpos  p  p))a 

(ENPASSANT  Hove  p«EN  PASSANT (Prevpos  p  p))A 
(ORDINARY  Move  p.S I HPLELEGALHOVE (Prevpos  p  p)))|j 

The  above  axioms  are  not  quite  strong  enough  in  their  limitations  of  that  special  position,  the  initial 
position.  So  we  include  this  additional  axiom. 

axiom  HCONSEQOiVt  sq. (-(lover  Hove  P0«tA-From  Hove  P0-»qA 
-To  Hove  P0-sqA-Taken  Hove  P0»tA 
-HOVES  Hove  P0) ; ; 

Section  2.2.1.2  Simple  legal  motion 

We  have  split  the  chesj  move  world  into  three  parts,  castling,  en  passant  and  ordinary  moves.  We 
must  now  define  each  of  these  classifications.  Let  us  start  with  the  last,  certainly  the  most  common. 

The  definition  of  a  SIHPLELEGALHOVE  is  given  in  the  axiom  MCONSEQK.  It  demands  that  the 
move  source  (Prom)  square  differ  from  the  destination  (To)  square,  that  in  non-capturing  moves,  the 
move  always  go  to  an  empty  square,  and  that  in  capturing  moves,  the  captured  piece  always  be  a 
member  of  the  opposing  army.  The  predicate  HOVETO,  on  the  (total)  board  of  the  moving  from 
position,  need  also  be  satisfied.  Notice  that,  in  some  important  sense,  we  are  not  cheating;  for 
retrograde  analysis,  it  would  be  much  more  convenient  to  define  the  move  in  terms  of  the  destination 
board.  However,  this  is  not  the  way  the  rules  of  chess  are  naturally  expressed.  HOVETO  defines  the 
different  moves  of  the  individual  values. 

axiom  HCONSEQKs 

Vr  q. (SIHPLELEGALHOVE (r  q)» 

(-From  Hove  q»To  Hove  qA 

HOVETO (Tboard  r  Valueon(Tdoard  r.From  Hove  q)  From  Hove  q  To  Hove  q)A 
(  (SIHPLE  Hove  qAVa I ueon (Tboard  r,To  Hove  q)-HT)v 

(CAPTURE  Hove  qAPIECEVALUES(Valueon(Tboard  r,To  Hove  q))A 

-Valuecolor (Va I ueon (Tboard  r,To  Hove  q))-Color  r ) ) ) )  j  j 

The  predicate  HOVETO  is,  of  course,  the  composite  of  five  different  predicates,  representing  the 
possible  major  movement  types  of  chess.  Chess  pieces  can  move  orthogonally,  like  rooks  and  queens, 
on  a  bishop's  (and  queen's)  diagonal,  to  the  king's  adjacent  square,  by  the  knight's  jump,  or  in  the 
slow,  advancing  move  of  a  pawn.  A  predicate  for  each  of  these  styles  is  declared;  it  is  true  when 
that  move  is  legal  on  the  given  board,  from  the  first  square  to  the  second.  Notice  that  HOVETO.  as  we 
have  defined  it  here,  does  not  include  consideration  of  the  end  squares  of  the  move.  This  is  because 
we  wish  to  more  easily  conclude,  if  that  unknown  piece  is  a  rook,  then  it  could  move  to  that  square. 
However,  this  makes  it  subtly  and  slightly  more  difficult  to  prove  moves  about  completely  defined 
situations.  Life  is  a  trade  off. 

The  auxiliary  predicate  TUOTOUCHING  (are  the  column  arguments  next  to  each  other;  that  is,  can  a 
pawn  capture  from  the  first  column  to  the  second)  is  also  declared.  The  functions  L2touchf  and 
R2 touch f  embody  the  next  column  left  and  next  column  right  notions. 
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declare  PREDCONST  ORTHO  (BOARDS.  SQUARES.  SQUARES)  | 
declare  PREDCONST  01  AG  (BOARDS.  SQUARES.  SQUARES)) 
declare  PREDCONST  PAUNMOVE  (BOARDS.  VALUES.  SQUARES,  SQUARES)! 
declare  PREDCONST  K I NGMOVE  (SQUARES.  SQUARES)! 
declare  PREDCONST  KNIGHTMOVE  (SQUARES.  SQUARES)! 

declare  PREDCONST  TUOTOUCHING  ( I  SOI  MENS I  ON .  ISOIMENSION) i 
declare  OPCONST  L2touchf  R2touchf  ( I SOIMENSION) -ISOIMENSION  IPRE1 * 

The  attachments  to  the  next  column  touching  functions  have  a  convenient  inversion;  when  the 
function  would  be  otherwise  undefined  (at  the  edge  of  the  board)  the  opposite  direction  is  selected 

attach  L2touchf  INATNUMREP-*NATNUMREPI 

(DE  L2touchf (r) (COND  ( (EQ  r  1)2) (T (SUB1  r)))); 
attach  R2touchf  (NATNUMREP-NATNUMREP) 

(OE  R2touchf (r) (COND  ( (EQ  r  8)7) (T (AUDI  r) ) ) ) ; 

Orthogonality  and  diagonality  are  given  predicate  logic  definitions,  in  the  obvious  manner.  Pawn 
moves  are  broken  into  black  and  white  pawn  movements,  and  the  three  types  of  pawn  moves  (single 
space  ahead,  capture  diagonal  advance,  and  two  space  first  move)  are  described  for  each  of  black 
and  white.  As  the  geometry  of  king  and  knight  moves  are  purely  a  function  of  the  squares  involved 
(at  least  in  the  sense  that  the  limitations  are  imposed  elsewhere),  we  do  not  need  a  formal  logic 
definition  of  their  potential  actions.  Rather,  we  invariably  rely  upon  our  chess  eye  for  decisions  ot 
this  kind.  The  axioms  that  we  would  have  defined  for  king  and  knight  moves  are  derivable  from 
the  chess  eye’s  functions. 

Note  that  if  our  chess  eye  were  capable  of  computing  on  incompletely  defined  quantities  (variable 
objects  with  known  properties,  for  example),  we  might  be  able  to  avoid  having  definitions  of  ORTHO 
and  01  AG.  That  is,  if  FOL  permitted  the  passing  of  a  variable  board  to  these  functions,  then  many 
of  the  derivations  that  use  the  definitions  of  ORTHO  and  DIAG  could  be  done  merely  by  simplification. 
However,  in  the  more  complex  cases,  simplify  might  have  to  consider  four  thousand  square  pairs  or 
a  quarter  of  a  million  triplets.  The  former,  while  painful,  is  computationally  feasible.  The  latter  is 
not.  Hence,  the  definitions  of  these  predicates. 

declare  PREDCONST  UPAUNMOVE  (BOARDS.  SQUARES,  SQUARES)! 
declare  PREDCONST  BPAUNMOVE  (BOARDS.  SQUARES.  SQUARES)! 

axiom  MOVING! 

Vb  v  eql  sq2. (M0VET0  (b  v  sql  sq2)» 

( (VALUER (v)aORTHO(O  sql  sq2) )  v 
(VALUEB(v)ADIAG(b  sql  sq2))  v 
( VALUEQ ( v) aORTHO (b  sql  sq2))  v 
(VALUEQ (v) aDI AG (b  sql  sq2))  v 
( VALUEK  (v)a)CI NGMOVE  (sql  sq2))  v 
(VALUEN(v) aKNIGHTMOVE (sql  eq2))  v 
( VALUEP ( v) aPAUNMOVE (b  v  eql  eq2)))), 
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Vb  sql  sq2. (ORTHO (b  sql  sq2)« 

(-sql-sq2A 

((Column  sql -Column  sq2  a 
Vsq3. ( (BETWEEN  (Row  sql,  Row  sq3,  Row  sq2) 

AColumn  sq3-Column  sql) 3 
Valueon(b  sq3)-MT))v 
(Row  sql -Row  sq2A 

Vsq3. ( (BETUEEN (Column  sql,  Column  sq3.  Column  sq2)A 
Row  sq3«Row  sql) o 
Valueonlb  sq3)-HT) ) ) ) ) , 

Vb  sql  6q2. (OIAG  (b  sql  sq2)  ■ 

(SAMEOIAG  (sql  sq2)  a 
Vsq3.  ( (SAMEDI AG  (sql  sq3)  a 
SAMEOIAG  (sq2  sq3)  a 

BETUEEN  (Row  sql,  Row  sq3,  Row  eq2))s 
Valueon  (b  sq3)  -  MT)))»i 

axiom  PAUNMOVINGt 

Vb  v  sql  sq2.  (PAUNI10VE  (b  v  sql  sq2)» 

( (UPAUNMOVE  (b  sql  sq2)  a  UVALUES  v)  v 
(BPAUNMOVE  (b  sql  sq2)  a  BVALUES  v) ) ) . 

V  b  sql  sq2. (UPAUNMOVE (b  sql  sq2)« 

((Column  sql -Column  sq2n 
USUC(Row  sql.  Row  sq2)A 
Valueon(b  sq2)-MT)  v 
(Column  sql -Column  sq2n 
Row  sql-?A 
Valueonlb  sq2)-MTA 

Valueonlb  Makesquare (6,  Column  eql))-f1TA 
Rou  sq2-5)v 

(TUOTOUCHINGlColumn  sql,  Column  sq2)n 
USUCIRow  sql,  Row  sq2)n 
BVALUES  Valueon(b  sq2)))), 

V  b  sql  sq2. (BPAUNMOVE (b  sql  sq2)a 

((Column  sql -Column  sq2n 
BSUC(Row  sql,  Rou  sq2)A 
Valueonlb  sq2)-MT)  v 
(Column  sql -Column  sq2n 
Row  sql»2A 
Valueonlb  sq2)-MTA 

Valueonlb  Makesquare (3,  Column  sql))-MTA 
Row  sq2-4)v 

(TUOTOUCHINGlColumn  sql,  Column  eq2>A 
BSUCIRow  sql,  Row  6q2)n 
UVALUES  Valueonlb  sq2))))n 

Each  of  the  possible  moves  also  has  an  attachment  in  the  LISP  model.  These  attachments  are  to  be 
part  of  our  Chess  Eye.**  The  chess  eye  functions  are  defined  and  explained  In  the  following  sections; 
their  correspondence  to  these  definitional  axioms  should  be  obvious. 
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Section  2.2.1.2.1  Ortho  Attachments 

The  auxiliary  LISP  function  ALLFREER  (all  free  (empty)  in  the  row)  ii  given.  It  takes  a  board,  a  row, 
4  from  column,  and  a  to  column,  ( from  being  arithmetically  less  than  to)  and  returns  t  (true)  if  every 
square  on  that  board,  in  the  given  row,  between  the  given  columns,  is  empty  (has  MT  as  its 
Valueon),  NIL  (false)  otherwise.  The  function  ALLFREEC  performs  the  corresponding  action  for 
columns. 

FUNCTION  (DE  ALLFREER  (b  r  from  to)  (COND 
((EQ  from  (SUB1  to)  I TJ 

( (EQ  (Valueon  b  (CONS  r (SUB1  to))) (QUOTE  MT)) 

(ALLFREER  b  r  from  (SUB1  to))))); 

FUNCTION  (DE  ALLFREEC  (b  r  from  to)  (COND 
((EQ  from  (SUB1  to))T) 

((EQ  (Valueon  b  (CONS  (SUB1  to)r) )  (QUOTE  (IT)) 

(ALLFREEC  b  r  from  (SUB1  to))))); 

Using  these  two  functions,  the  orthogonality  check  for  two  squares  merely  becomes  a  check  to  see  if 
they  share  a  row  or  column,  and  if  all  the  squares  between  the  argument  squares  are  free.  Note  that 
no  square  is  ORTHO  to  itself. 

attach  ORTHO  (CHESS. CHESS, CHESS)  (DE  ORTHO (b  r  S)  (OR 
(AND  (EQ  (CAR  r)  (CAR  S)) 

(OR  (AND  (LESSP  (CDR  r)  (COR  S) ) 

(ALLFREER  b  (CAR  r)  (CDR  r)  (CDR  S))) 

(ANO  (CREATERP  (COR  r) (COR  S) ) 

(ALLFREER  b  (CAR  r)  (CDR  S)  (CDR  r))))) 

(AND  (EQUAL  (CDR  r)  (CDR  S) ) 

(OR  (AND  (LESSP  (CAR  r) (CAR  S>) 

(ALLFREEC  b  (CDR  r)  (CAR  r)  (CAR  S) ) ) 

(AND  (GREATERP  (CAR  r) (CAR  S) ) 

(ALLFREEC  b  (CDR  r)  (CAR  S)  (CAR  r) )))))); 

Section  2.2.I.2.2  Diag  Attachments 

Diagonal  movement  attachment  is  similar  to  orthogonal.  The  predicate  ALLFREED  checks  if  all  the 
squares  on  the  diagonal  between  two  given  squares  are  empty.  SAliED I  AG  (defined  earlier)  is  true  if 
the  two  squares  lie  on  a  diagonal.  SIGN  is  simply  the  sign  function  of  mathematics. 

FUNCTION  (DE  SIGN (x) (COND ( (MINUSP  x) (SUB1  0) )  ( (ZEROP  x)0) (T  1))); 

FUNCTION  (DE  ALLFREED (b  rl  cl  r2  c2)  (PROG  (x  u) 

(SETQ  x  (SIGN  (DIFFERENCE  r2  rl))) 

(SETQ  y  (SIGN  (DIFFERENCE  c2  cl))) 

LOOP  (SETQ  rl  (PLUS  rl  x)) 

(SETQ  cl  (PLUS  cl  y>) 

(COND  ((EQ  rl  r2) (RETURN  T) ) 

((EQ  (Valueon  b  (CONS  rl  cl))  (QUOTE  f1T))(G0  LOOP))))); 

The  attachment  to  DIAG  then  simply  becomes: 
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attach  01  AG  (CHESS. CHESS, CHESS1  (OE  01  AG (to  sql  eq2) 

(AND  (SAMEOIAG  sql  sq2) 

(AILFREEO  b  (CAR  sql) (COR  eql ) (CAR  aq2) (COR  aq2))))» 

Section  2.2.1.2.3  Knightmove  Attachments 

As  a  knight  can  effectively  jump  over  other  chesspieces,  the  function  that  computes  the  KNIGHTMOVE 
between  two  squares  does  not  need  to  refer  to  any  board.  Rather,  two  squares  have  this  relationship 
purely  geometrically;  if  the  differences  of  their  coordinates  are  two  and  one,  the  squares  are  a  knights 
jump  apart. 

attach  KNIGHTMOVE  (CHESS. CHESS! 

(DE  KNIGHTMOVE (x  y) 

(AND 

(SQUARES  x) 

(SQUARES  y) 

(OR  (AND (EQ  1  (ABS (DIFFERENCE  (CAR  x) (CAR  y)))> 

(EQ  2  (ABS (DIFFERENCE  (COR  x) (COR  y))))) 

(AN0(EQ  2  (ABS (DIFFERENCE  (CAR  x)  (CAR  y) ) ) ) 

(EQ  1  (ABS (DIFFERENCE  (COR  x) (COR  y) ))))))) t 

Section  2.2.1.2.4  Kingmove  Attachments 


Like  the  knight's  move,  the  king's  move  is  not  limited  by  any  squares  beside  the  .  nirce  and 
destination. 

attach  KINGMOVE  (CHESS, CHESS!  (OE  KINGMOVE  (x  y) (AND 
(NOT (EQUAL  x  y)) 

(SQUARES  x) 

(SQUARES  y) 

(LESSP (ABS (DIFFERENCE (CAR  x) (CAR  y>))2) 

(LESSP (ABS (DIFFERENCE (COR  x) (COR  y)))2)))i 

Section  2.2.1.2.5  Pawn  Moves 


Attachments  are  given  for  the  predicates  used  in  the  pawn  move  axioms.  These  functions  are  a 
fairly  straightforward  translation  of  their  definitional  axioms. 

attach  TU0T0UCH1NG  (NATNUMREP , NATNUMREP1  (DE  TUOTOUCHING  (x  y) 

(AND (NUMBERP  x) (NUMBERP  y) (EQ  1  (ABS  (DIFFERENCE  x  y))))!; 
attach  USUC  [NATNUMREP, NATNUMREP! 

(DE  USUC (x  y) (AND (NUMBERP  x)  (NUMBERP  y) (EQ  1  (DIFFERENCE  x  «))))* 
attach  BSUC  [NATNUMREP. NATNUMREP]  (DE  BSUC  (x  y)  (USUC  y  x))i 
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attach  UPAUNMOVE  (CHESS. CHESS. CHESS]  (DE  UPAUNMOVE <b  eql  *q2) 

(OR  (ANO (EQ (COR  eql) (COR  eq2)) 

(EQ(Valueon  b  sq2) (QUOTE  MT) ) 

(OR  (EQ  (CAR  eql ) (ADD1  (CAR  eq2))) 

(ANO  (EQ  (CAR  sql)  7)  - 

(EQ  (CAR  sq2)  5) 

(EQ  (Valueon  b  (CONS  6  (COR  eql))) (QUOTE  MT) ) ) ) ) 
(ANO  (OR  (EQ  (COR  eql) (ADOl  (COR  eq2))) 

(EQ  (ADOKCOR  eql))  (COR  eq2))) 

(EQ  (CAR  eql) (ADOl  (CAR  eq2))) 

(BVALUES  (Valueon  b  sq2 ))))); 

attach  BPAUNMOVE  (CHESS. CHESS. CHESS)  (OE  BPAUNMOVE (b  eql  eq2) 

(OR  (AND (EQ (COR  eql) (COR  eq2) ) 

(EQ (Valueon  b  sq2) (QUOTE  MT)) 

(OR  (EQ  (ADOl (CAR  sql)) (CAR  eq2)) 

(ANO  (EQ  (CAR  eql)  2) 

(EQ  (CAR  sq2)  4) 

(EQ  (Valueon  b  (CONS  3  (COR  eql)))  (QUOTE  MT))))) 
(AND  (OR  (EQ  (COR  sql)  (ADOl  (COR  sq2))) 

(EQ  (ADOKCOR  sql))  (COR  sq2))) 

(EQ  (ADOl (CAR  sql)) (CAR  sq2)) 

(UVALUES  (Valueon  b  sq2) ) ) ) ) ; 

attach  PAUNMOVE  (CHESS. CHESS, CHESS. CHESS)  (OE  PAUNMOVE  (b  v  eql  eq2) 
(COND  ((UVALUES  v) (UPAUNMOVE  b  sql  sq2)) 

((BVALUES  v) (BPAUNHOVE  b  sql  sq2))))i 


Section  2.2.1.2.6  Bringing  It  All  Together 


With  the  above  functions,  the  definition  of  a  LISP  attachment  for  MOVETO  becomes  quite  trivial. 
For  efficiency's  sake,  we  take  the  liberty  of  using  our  knowledge  that  chess  piece  sorts  are  disjoint  in 
the  translation  of  the  axiom.  Otherwise,  the  initial  COND  would  be  an  OR. 

attach  MOVETO  (CHESS. CHESS. CHESS, CHESS)  (OE  MOVETO  (b  v  eql  eq2) (COND 
( (VALUEQ  v)(0R  (ORTHO  b  sql  sq2) (OIAG  b  eql  eq2))) 

((VALUER  v) (ORTHO  b  sql  sq2)) 

( (VALUEB  v) (DIAG  b  eql  sq2)) 

( (VALUEK  vMKINGMOVE  sql  sq2) ) 

((VALUEN  v) (KNIGHTMOVE  sql  sq2>) 

( (VALUEP  v)  (PAUNMOVE  b  v  sql  sq2))))» 

Section  2.2.1.S  Castling 

An  axiomatic  definition  of  the  CASTLING  predicate  is  given.  One  position  obtains  from  another  by 
castling  under  the  following  conditions.  The  mover  of  the  move  must  be  a  king,  and  the 
A I  eomover,  a  function  peculiar  to  the  castle  move,  a  rook.  The  rook  is  constrained  to  be  in  an 
A I  eofrom  square  before  the  move,  Just  as  the  general  movement  rules  constrain  the  Mover  to  the 
From  square.  Similarly,  the  Alsomover  moves  to  the  Aleoto  square. 

The  next  two  conjuncts  state  that  both  the  rook  and  the  king  must  have  been  on  these  squares  in 
every  move  that  preceded  this  position.  Every  square  between  the  rook  and  the  king  must  be  empty. 

Castling  can  not  be  used  when  in  check,  nor  can  the  king  pass  through  check  in  making  a  castle. 
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The  last  (wo  conditions  specify  the  destination  squares  tn  castlings. 

Fortunately,  we  will  not  have  to  use  this  hairy  axiom  to  prove  that  a  castle  took  place  in  any  given 
situation.  However,  we  will  frequently  have  to  prove  that  a  castle  did  not  take  place.  We  will 
develop  theorems  to  make  this  easier. 

axiom  CASTLEMOVES:  Vr  p. (CASTLING (r  p)» 

(KINGS  Hover  Hove  pa 
ROOKS  Aleomover  Hove  pa 
Pos(r,  Alsofrom  Hove  p) -A I somover  Hove  pA 
Pos(p,  Alsofrom  Hove  p)-EHPTYa 
Pos(p,  Alsoto  Hove  p)-Alsomover  Hove  pa 
Yr  1 .  (PREOEGAHE  (r  1  ploPostr  From  Hove  p)-Mover  Move  p)A 
Vrl . (PREDEGAME (rl  p)oPos(r  Alsofrom  Hove  p)«Alsomover  Hove  p)a 
Vsq3. ((Ron  6q3«Rou  From  Hove  pa 

BETWEEN (Column  From  Hove  p,  Column  sq3,  Column  Aleofrom  Hove  p))p 
Pos(r  sq3)»EHPTY)A 
-POS 1  T 1  ON 1 NCHECK  ( r ,  Color  r)A 

Vsql  x.-(Pos(r  sql)»xn  HOVETO (Tboard  r,  Val (r  x),  sql,  Aleoto  Hove  pin 
Piececolor  x-Color  p)A 

(UH1TETURN  rp( (A  I somover  Hove  p-UKRAAIsoto  Hove  p*UKB1aTo  Hove  p-UKNl)v 
(A I somover  Hove  p-UQRaA I soto  Hove  p-UQ1aTo  Hove  p»UQBl ) ) ) a 
(-UHITETURN  ro( (A I somover  Hove  p-BKRAAIeoto  Hove  p-BKB1aTo  Hove  p-BKNl)v 
(Aleomover  Hove  p-BQRAAIeoto  Hove  p-BQ1aTo  Hove  p-BQBl 1 ) ) ) )  1 1 

Section  2.2.1.4  Capture  E»  Passant 

As  chess  was  originally  defined,  pawns  moved  forward  only  one  rank  at  a  time.  In  an  effort  to 
quicken  the  opening,  the  rules  were  modified  to  allow  a  pawn  to  step  two  spaces  on  its  first  move. 
To  avoid  permitting  a  pawn  to  thereby  jump  and  pass  an  opposing  pawn  in  an  adjacent  column 
(and  thereby,  perhaps,  become  a  valuable  passed  pawn),  the  tn  passant  capture  rule  was  introduced. 
This  permitted  a  player  whose  pawn  could  have  captured  a  two  stepping  pawn  (if  it  had  taken  only 
a  single  step)  to  do  so,  effectively,  move  the  pawn  back  and  capture  it,  though  this  right  was  only 
extended  for  the  immediately  subsequent  move. 

A  complicated  rule  produces  a  complicated  axiom.  This  axiom  must  refer  to  both  the  current 
position  (q)  and  the  move  that  reached  the  previous  position  (r).  Here  we  refer  to  the  Takenon 
square  as  the  square  the  captured  piece  moved  to  on  the  previous  move.  After  the  move,  the  square 
that  the  captured  pawn  occupied  is  now  vacant. 

The  previous  move  must  have  satisfied  several  conditions;  the  mover  must  have  been  the  piece 
captured,  it  must  have  moved  to  the  Takenon  square,  it  must  have  done  so  with  a  simple  (SIH) 
move,  which  stayed  in  the  same  column.  The  capture  move  will  move  into  that  column.  The  mover 
and  the  captured  piece  both  have  the  value  pawn  when  the  capture  takes  place.  The  actual  rows  of 
the  particular  moves  are  given,  depending  upon  the  side  making  the  capture.  From  the  row  and 
column  information,  it  is  possible  to  reconstruct  the  various  relevant  squares. 
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axiom  ENPASS:Vr  q. (EN_PASSANT (r  q)«( 

GAHEPOSI T10N  ta 
Poe(q  Takenon  Hove  q)-EHPTYA 
To  Hove  r-Takenon  Hove  qA 
Hover  Hove  r»Taken  Hove  qA 
SIH  Hove  ta 

Column  From  Hove  r-Column  To  Hove  rA 
Column  To  Hove  r-  Column  To  Hove  qA 
TUIOTOUCH  INC  (Column  From  Hove  q.  Column  To  Hove  q)A 
(UHITETURN  qo(Val(q  Hover  Hove  q)«PBA 
Va I (r  Hover  Hove  r)»PUA 
Row  From  Hove  q-5n 
Row  To  Hove  q»6n 
Row  From  Hove  r»7A 
Row  To  Hove  r -5 ) ) a 

(-UHITETURN  qo(Val(q  Hover  Hove  q)-PUA 
Val(r  Hover  Hove  r)«PBA 
Rou  From  Hove  q»4A 
Row  To  Hove  o»3a 
Row  From  Hove  r«2A 
Row  To  Hove  r«4))))jj 

We  (fortunately)  shall  not  use  this  axiom,  except  to  prove  the  last  move  was  not  an  tn  passant 
capture.  For  this  purpose,  we  will  develop  several  simplifying  lemmas. 

Section  2.2.2  In  Check  Definitions 

Having  specified  the  different  moves  of  the  chesspieces,  we  can  now  define  what  it  means  to  be  in 
check  on  a  board  or  in  a  position.  The  axiom  CHECKERS  states  the  necessary  conditions. 

axiom  CHECKERS: 

Vb. (UHI TEINCHECK (b) ■ 

3vb  eql  sq2.  (Va I ueon (b  eq2)»KUAValueon(b  eql)«vbAHQVETO(b  vb  sql  sq2)l), 

Vb. (BLACK  INCHECK (b) ■ 

3vw  9ql  sq2. (Valueon(b  eq2) -KBAVa I ueon (b  8ql)»vwAH0VET0(b  vw  eql  eq2))), 

Vb  c. (SIDE INCHECK (b  c)- 

( (UHI  TEINCHECK  (b)  aUHT  (c)  )  v (BLACK INCHECK (b)  aBLK (c) ) ) ) , 

Vr  c.  (POSITIONINCHECK(r  c) -3b. (SIDEINCHECK (b  c) aBOARD (r  b)))n 

The  attachments  to  UHI  TEINCHECK,  BLACKINCHECK  and  SIDEINCHECK  differ  somewhat,  in  spirit, 
from  the  other  attachments.  Here  we  use  our  knowledge  of  the  unique  king  of  any  chessboard  to 
simplify  the  computation.  Note  also  the  scanning  of  the  board  to  find  possible  checking  pieces  used 
in  the  auxiliary  functions. 

FUNCTION  (DE  FINOKING  (x  b)  (PROG  (rw  cl) 

(SETQ  rw  1) 

(SETQ  cl  1) 

ROULOOP  (COND  ((NULL  b)  (RETURN  NILL) ) 

((NULL  (CAR  b) ) (SETQ  b(CDR  b) ) (SETQ  rw(AD01  rw))(SETQ  cl  1))) 

(COND  ((EQ  (CAAR  b)  x) (RETURN  (CONS  rw  cl)))) 

(SETQ  b  (CONS  (COAR  b) (CDR  b) ) ) 

(SETQ  cl  (A001  cl)) 

(GO  R0UL00P)))| 
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FUNCTION  IDE  INCHECK  (b  kingsq  Colormovingf) (PROG  (bl  rw  cl) 

(CONO  ((NULL  kingsq) (RETURN  NILL))> 

(SETQ  rw  1) (SETQ  cl  1) (SETQ  bl  b) 

RULP  (CONO  ((NULL  (CAR  bl)) 

(SETQ  bl  (COR  bl ) ) (SETQ  ru  (A001  rw))(SETQ  cl  1))) 

(CONO  ((NULL  bl) (RETURN  NILL) ) ) 

(CONO  ((Colormovingf  (CAAR  bl)) 

(CONO  ( (MOVETO  b  (CAAR  bl)  (CONS  ru  cl)  kingsq)  (RETURN  T) ) ) ) ) 
(SETQ  bl  (CONS  (COAR  bl) (COR  bl))) 

(SETQ  cl  (A0D1  CL)) 

(GO  RULP))); 

attach  UHI TE INCHECK  (CHESS) 

(DE  UHI TE INCHECK  (b)  (INCHECK  b  (FINDKING  (QUOTE  KU)  b) (QUOTE  BVALUES) ) ) ; 
attach  BLACK  INCHECK  (CHESS) 

(OE  BLACKINCHECK  (b)  (INCHECK  b  (FINDKING  (QUOTE  KB)  b) (QUOTE  UVALUES) ) ) ; 
attach  SIOE INCHECK  (CHESS. CHESS)  (DE  SI  OE INCHECK  (b  c) (COND 
( (EQ  c (QUOTE  UHI TE) ) (UHI TE INCHECK  b)) 

<(EQ  c (QUOTE  BLACK)) (BLACKINCHECK  b)))); 

Section  2.2.S  Board  Axioms 


The  SUCCESSOR  definitions  determine  the  effect  of  the  various  moves  on  the  total  boards  (Tboard)  of 
positions.  However,  we  still  require  primitives  for  the  manipulation  of  the  partial  boards,  those  with 
undefined  (UD)  squares. 

Section  2.2.3.1  Sub-board  Definition 


In  the  section  on  board  declarations,  we  asserted  various  properties  for  sub-boards  and  board 
constructors.  These  need  axiomatization.  The  axiom  SUB_BOARDS  consists  of  four  such  definitions. 
The  first  WFF  defines  the  Makeboard  function.  This  functions  takes  a  board,  a  square,  and  a  value, 
and  creates  a  board  identical  to  the  original  board  on  every  square  except  the  argument  square.  On 
this  square,  Makeboard  places  the  given  value. 

The  second  part  of  the  axiom  states  that  every  total  board  has  no  undefined  squares.  The  third 
defines  the  relation  BOARD,  between  a  position  and  a  partial  board,  in  terms  of  the  SUBOARD  predicate 
and  Tboard  function  on  that  position.  The  last  part  of  the  axiom  defines  the  SUBOARD  relationship. 
One  board  subsumes  another  if  they  are  everywhere  the  same,  except  on  those  squares  where  the 
less  defined  board  is  undefined. 


axiom  SUB_BOARDSi 

Vr  b  sq  t  v.  ( ( Va  I  (r  t)-vAPoe(r  eq)"t/\80ARD(r  b))o 

BOARD (r, Makeboard (b  sq  v) ) ) . 

Vbt  eq.-Valueon(bt  eq)»U0, 

Vr  b  .  (BOARD (r  b) eSUBOARD (b  Tboard  r)), 

Va  0.  (SUBOARD (a  b) «Vsq. (Valueon(a  sq)-Valueon(b  eq)vValueon(a  sq)-UD)), 
Vbl  b2  eql  vl. (bl-Makeboard(b2,eql.vl)» 

(Veqx, (-eqx-6qlo 

Valueonlbl , »qx)-Valueon(b2, eqx) ) nValueonlbl , eql) -vl) ) i t 


An  attachment  for  the  Makeboard  operator  is  declared. 
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FUNCTION  (DE  HK80ARD1  (r  N  v) (CONO 
( (EQ  1  N)  ICONS  v  (CDR  r))) 

((CONS  (CAR  r) (HKB0ARD1  (COR  r) (SUB1  N)v)))))t 

attach  Hakeboard  (CHESS. CHESS, CHESS-CHESS J  (DE  Hakeboard  (b  S  v) (CONO 
( (EQ  (CAR  S)  1) (CONS  (HKB0ARD1  (CAR  b) (CDR  S)  v) (CDR  b) ) ) 

((CONS  (CAR  b) (Hakeboard  (COR  b) (CONS  (SUB1  (CAR  S) ) (CDR  S))  v)))))| 

Section  2.2.S.2  Board  Manipulation 

We  have  provided  a  mechanism  for  building  boards  up  from  less  well  defined  boards.  However, 
unless  we  want  to  be  limited  to  always  constructing  from  the  totally  undefined  board,  a  very  long  and 
painful  process,  we  need  board  dicompostrs,  to  take  a  board  and  the  information  from  a  move,  and 
produce  what  can  be  determined  of  the  previous  board 

For  example,  we  declare  the  following  four  move  unmaktrs,  which  take  move  information  and  a 
board,  and  compute  a  sub-board  of  the  previous  position. 

declare  0PC0NST  Unmkmove  (BOAROS,  SQUARES,  SQUARES) -BOARDS: 

declare  0PC0NST  Unmkcapmove  (BOAROS,  SQUARES,  SQUARES.  VALUES) -BOAROS; 

declare  0PC0NST  Unmksppmove  (BOAROS,  SQUARES,  SQUARES) -BOAROS: 

declare  0PC0NST  Unmkcapppmove  (BOAROS,  SQUARES,  SQUARES,  VALUES) -BOARDS: 

The  functions  undo,  respectively,  all  ordinary,  non-pawn  promotion  moves,  ordinary,  non- 
promotional  captures,  simple  pawn  promotions,  and  capturing  pawn  promotions.  The  more  specific 
a  decomposer  function  used,  the  better  defined  the  resulting  board,  of  course.  These  are  just  a 
sample  of  the  possible  set  of  decomposer  functions;  however,  combined  with  the  llakeboard  function, 
they  are  powerful  enough  for  our  needs. 

These  functions  come  with  both  attachments,  and  axioms  dictating  their  use.  The  attachments  rely 
heavily  on  the  Hakeboard  function. 

attach  Unmkmove [CHESS, CHESS, CHESS-CHESS) (0E  Unmkmove  (b  r  S) 

(Hakeboard (Hakeboard  b  S  (QUOTE  U0))r  (Valueon  b  S))); 
attach  Unmkcapmove (CHESS, CHESS, CHESS, CHESS-CHESS)  (DE  Unmkcapmove(b  r  S  v) 

(Hakeboard (Hakeboard  b  S  v)r  (Valueon  b  S) ) )  s 
attach  Unmksppmove (CHESS, CHESS, CHESS-CHESS) (DE  Unmk6ppmove(b  r  S) 
(Hakeboard(Hakeboard  b  S  (QUOTE  HT))r 

(COND  ((UVALUES  (Valueon  b  S) ) (QUOTE  PW) ) (T (QUOTE  PB)>))): 
attach  Unmkcapppmove  (CHESS , CHESS , CHESS , CHESS-CHESS) 

(DE  Unmkcapppmove (b  r  S  v) 

(Hakeboard  (Hakeboard  b  S  v)  r 

(COND  ((UVALUES  (Valueon  b  S)) (QUOTE  PU))(T (QUOTE  PB)))))i 

The  use  of  these  functions  is  delimited  by  this  axiom,  UNDO. 

axiom  UNDO: 

Vr  q  b  sql  sq2. ( (SUCCESSOR  (r  q) aBOARD (q  b) aORDINARY  Hove  qn 
-PAWNPROfl  Hove  qAFrom  Hove  q-sqlATo  Hove  q-eq2)p 
BOARD (r  Unmkmove (b  sql  sq2))), 

Vr  q  b  eql  sq2  v. ( (SUCCESSOR (r  q)AB0ARD(q  P)aCAP  Hove  qA 
From  Hove  q-eqlATo  Hove  q-eq2AVal (r, Taken  Hove  q)»v)a 
BOARD (r  Unmkcapmove(b  sql  sq2  v))), 
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Vr  q  o  sql  sq2.  ( (SUCCESSOR  (r  q) aBOARD (q  bUSIHPP  Move  qA 
From  dove  q-sqlATo  Hove  q«sq2)b 

BOARD (r  Unmksppmove (b  sql  sq2))), 

Vr  q  b  sql  sq2  v. ( (SUCCESSOR (r  q)AB0ARD(q  blACAPPP  Hove  qA 
Val(r, Taken  Hove  q)»VAFrom  Hove  q«sqlATo  Hove  q«sq2)b 
BOARD  (r  Unmkcapppmove (b  sql  sq2  v) ) ) ; ; 

Section  2.2.4  Global  Notions 

So  far,  the  definitions  and  axioms  presented  have  been  of  a  local  nature.  That  is,  they  detail  the 
transition  from  one  position  to  the  next,  or  the  effect  of  a  given  move  on  a  board.  We  now  lay  the 
groundwork  for  more  global  notions,  useful  for  proving  what  must  have  happened  during  the  game 
that  reached  some  position. 

Section  2.2.4. 1  Chess  Induction 

Perhaps  the  most  aesthetically  pleasing  notion  of  the  entire  axiomatization  is  that  of  Chess  Induction. 
Chess  induction  is  a  natural  extension  of  the  correspondence  between  the  numerical  predicate  less 
than  on  the  natural  numbers,  and  the  chess  predicate  PREOEGA HE  of  the  chess  world.  A 
mathematical  induction  proof  has  two  parts,  the  first  a  proof  in  an  initial  state,  the  second  a  proof 
on  a  transition  from  state  to  state  by  successor  function.  For  these  premises,  mathematical  induction 
concludes  a  predicate  true  of  all  states. 

Chess  induction  action  is  similar  in  principle.  A  proof  of  some  proposition  on  POSITIONS,  a,  is  first 
a  proof  on  some  specific  position,  r,  that  a(r)  is  true,  then  a  proof  that  the  proposition  a  holds  over 
the  SUCCESSOR  relation.  We  can  then  conclude  that  the  proposition  holds  for  all  positions  which 
have  r  as  one  of  their  ancestors.  As  all  GAHEPOSI TIONS  have  the  initial  position,  P0,  in  their 
history,  we  will  often  use  P0  as  the  position  r.  The  resulting  theorem  will  then  be  true  of  all 
POSITIONS. 

Just  as  many  powerful  mathematical  theorems  are  proven  through  the  use  of  mathematical 
induction,  so  we  will  be  able  to  prove  many  interesting  chess  theorems  by  chess  induction. 

Chess  induction  is  an  axiom  schema.  For  axiom  schema,  we  need  a  predicate  parameter,  declared: 

declare  PREDPAR  a  (POSITIONS) IPRE3 ; 

Note  that  a  is  a  prefix  predicate,  and  can  be  used  without  parentheses  around  its  arguments. 

The  axiom  schema  itself  is  written: 

axiom  CHESS _I NOUC T I ON i 
Vr.  ( (a  r a 

Vr  1  p2. ((a  rlA(PREDEGAHE(r  rl)vr-rl)ASUCCESSOR(rl  p2)):xx  p2))o 
Vr2.  ( (PREOEGAHE  (r  r2)vr-r2)oa  r2) ) » i 

Our  explanation,  so  far,  has  paralleled  one  of  the  more  general  explanations  of  ordinary 
mathematical  induction.  Mathematical  induction,  while  is  an  expression  of  if  it  is  true  of  x,  (and  the 
induction  hypothesis  is  satisfied)  then,  for  all  y>x,  it  must  also  be  true.  In  practice,  however, 
mathematical  induction  is  almost  invariably  used  with  x-0,  resulting  in  validity  on  all  Integers.  Our 
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practice  with  chess  induction  is  similar.  Almost  all  of  our  proofs  involving  chess  induction  pick  P0 
for  an  initial  case;  they  thereby  produce  proofs  valid  on  all  positions.  This  simplified  for  of  chess 
induction  we  call  Chslnd: 

(a  P0AVr  p.  ((a  taSUCCESSOR (r, p) )>x  pDpVr.a  r 
The  derivation  of  Chslnd  from  C HESS  INDUCTION  is  section  A.2. 


Section  2.2.4.2  The  Mathematics  of  Pawn  Captures 
Section  2.2.4.2.1  Pawn  Capture  Definitions 

There  is  another,  though  perhaps  more  parochial,  group  of  theorems  and  predicates  still  to  be 
considered.  Any  aficionado  of  chess  problems  knows  that  the  position  of  a  pawn  on  a  board  puts  a 
minimum  on  the  number  of  pieces  it  had  to  capture  to  reach  that  square.  Basically  speaking,  a 
pawn  must  have  captured  at  least  one  opposing  piece  for  each  column  it  is  away  from  its  Initial 
column  (presuming,  of  course,  that  the  pawn  has  not  promoted  in  the  meantime).  While  this  is  both 
an  extremely  useful  and  interesting  limit,  practically,  it  leans  more  towards  mathematics  than  we 
would  prefer  to  go.  Consequently,  though  we  declare  the  predicates  to  FOL,  we  leave  the  actual 
computations  to  the  attachment  mechanism. 

No  pawn  can  move  more  than  seven  columns  from  his  original  column;  nor  less  than  none.  We  call 
this  set,  zero  through  seven,  the  NUMBERS.  We  also  need  the  mathematical  predicate  fc,  (less  than  or 
equals)  to  compare  our  numbers.  The  declarations  and  attachments  look  like: 

declare  PREDCONST  NUMBERS  (NATNUM) ; 
declare  PREDCONST  i.  (NUMBERS. NUMBERS)  (INF)  j 

extension  NUMBERS (0  1  2  3  4  5  S  7) ; 
mg  NATNUMs  (NUMBERS) : 
attach  NUMBERS tNATNUMREP) 

(LAMBDA (x) (AND (NUMBERP  x) (LESSP  x  9) (NOT  (LESSP  x  0)))); 
attach  £  (NATNUMREP.NATNUMREPI  (LAMBOAU  y)  (NOT (LESSP  x  y) ) )  i 

We  also  desire  a  function  to  compute  the  pawn  capturing  distance  between  two  squares. 

declare  OPCONST  Pauncapture9  (SQUARES, SQUARES) -NUMBERS; 
attach  Pauncaptures  (CHESS,  CHESS-.NATNUMREP) 

(LAMBDA  (x  y) (ABS (DIFFERENCE (CDR  x) (COR  y) ) ) ) 5 

Lastly,  we  declare  two  predicates  on  squares  and  colors.  The  first,  MAY_PAWNCAPTURES,  takes  two 
squares  and  a  color,  and  returns  true  if  a  pawn  of  that  color  could  have  reached  the  second  square 
from  the  first.  The  second,  MUST_PAUN_CAPTURES  is  true  if  a  pawn  of  that  color,  in  going  from  the 
first  to  the  second  square,  must  have  captured  a  piece  every  time  it  moved. 

declare  PREOCONST  MAY  PAUN  CAPTURES  (SQUARES. SQUARES, COLORS) t 
declare  PREDCONST  MUST_PAUN_CAPTURES  ( SQUARES, SQUARES, COLORS 1 1 


22-4.2. 1 . 


The  Chess  Axiom* 


Page  73. 


attach  MAY  PAUN  CAPTURES  (CHESS . CHESS , CHESS) 

(DE  MAY  PAUN  CAPTURES  (x  y  c) (COND 
(IGREATERP  ~ 

(DIFFERENCE  (TIMES  (COND  ((EG  c  (QUOTE  UHJTE))  (SUB1  0))(T  1)) 

(DIFFERENCE (CAR  y) (CAR  x))) 

(ABS (DIFFERENCE (CDR  y) (COR  *>))) 

(SUB1  8))))): 

attach  MUST  PAUN  CAPTURES  (CHESS. CHESS. CHESS] 

(DE  MUST_PAUN  CAPTURES  (x  u  c)  (AND  (NOT  (EQUAL  x  y) )  (COND 

( (ZER0P~(D1FFERENCE  (TIMES  (COND  ( (EQ  c  (QUOTE  UH1TEI)  (SUB1  0)) 

(T  1>) 

(DIFFERENCE (CAR  u) (CAR  x> ) ) 

(ABS (DIFFERENCE (COR  y) (COR  x) ) )  )))>))  s 

Section  2.2.5  Asserted  Theorems 

There  are  several  theorems  in  this  volume  which  we  have  not  proven.  These  are  theorems,  in  that 
they  are  provable  from  the  axioms  we  have  given,  (with,  perhaps,  a  little  help  from  standard 
mathematics)  However,  a  certain  misguided  sense  of  honesty  compels  their  mention  In  the  axioms 
chapter.  For  some  of  these,  the  proof  is  so  trivial  (perhaps  a  change  from  white’s  point  of  view  to 
black's,  or  a  proof  that  knights  do  not  promote,  when  we  already  have  one  for  bishops)  as  to  make 
the  actual  proof  more  an  exercise  in  mindless  substitution  than  in  logic.  Obviously,  the  value  of 
detailing  another  special  example  Is  minimal.  Hence,  we  shall  simply  declare  such  theorems  when 
we  prove  the  associated,  similar  theorem,  rather  than  presenting  their  proofs. 

There  are  also  a  few  moderately  complex  theorems,  of  a  general  nature,  obviously  true  in  themselves, 
but  for  which  time  and  energy  constraints  have  not  allowed  proofs.  We  present  these  theorems  in 
this  section. 

Section  2.2.5.1  Pawn  Capture  Theorems 

The  first  of  these  are  the  theorems  using  the  pawn  capture  functions  and  predicates.  PawnStructuro 
PawnStructurol  is  a  sufficient  condition  on  the  satisfaction  of  the  MAY_PAUN_CAPTURES  predicate. 
It  states  that  if  a  pawn  can  move  from  one  square  to  another  in  the  course  of  a  legal  game,  without 
promoting,  then  the  predicate  MAY_PAUN_CAPTURES  is  true  between  those  two  squares.  We  could 
have  defined  MAY_PAUN_CAPTURES  to  be  the  predicate  satisfying  this  relationship;  however,  the 
justification  for  the  associated  attachment  would  then  have  been  much  more  complex 

The  second  "theorem"  consists  of  seven  parts,  of  which  we  have  listed  three  46  It  states  that  the  value 
of  Pawncaptures  for  two  squares  places  a  minimum  bound  on  the  number  of  capturing  moves  a 
pawn  has  to  make  to  get  from  its  first  argument  to  its  second.  For  each  such  move,  there  Is  a 
position  with  the  properties  such  as  the  pawn  made  a  capture  to  get  to  that  position,  and  that  these 
positions  are  distinct.  This  theorem  is  difficult  to  prove  with  complete  generality  within  our  chess 
predicate  logic  system,  as  it  involves  both  the  axiomatization  of  elementry  numerical  properties,  and 
a  correspondence  between  a  count  of  objects,  and  an  existentially  quantified  WFF.  Wishing  to  avoid 
this  hassle,  we  leave  this  as  an  unproven  theorem. 


(’••nStructu>*2,  P«wn$lrwclwr*3  *ixl  P»wnSUuctur*XI 
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The  last  pawn  capture  theorem  states  that  if  a  pawn  is  diagonally  extended  from  an  earlier  position 
(MUST_PALIN_CAPTURES  is  true  of  the  two  squares)  then  the  pawn  must  have  made  a  capture  on 
every  square  within  that  diagonal  segment.  The  proof  of  this  theorem  would  involve  showing  that 
the  MUST_PAUN_CAPTURES  predicate  remains  true  if  a  capture  occurs,  but  goes  false,  forever  to  stay 
false,  if  the  pawn  makes  any  other  move.  Chess  induction  would  surely  be  needed,  and  the  difficulty 
of  the  resulting  proof  would,  in  some  sense,  be  inverse  to  the  specificity  of  the  definition  of 
MUST_PAUN_CAPTURES.  Unfortunately,  the  more  usable  said  definition,  the  less  closely  it  would 
correspond  to  the  attachment.  A  more  basic  proof  would  again  involve  more  mathematics  then  we 
want  to  approach.  Hence,  it  is  also  an  unproven  theorem. 

axiom  _PaunStructure_i 

Vr  p  x  sql  sq2. ((Posfp  sql)-xAPos(r  sq2) -xaPREOEGAME (r  p)A 

VALUEPfVal (Prevpos  p  x) ) ) oMAY_PAUN_CAPTURES (sq2  sql  P i ececo I  or  (x) ) ) , 

Vr  p  x  sql  sq2. ( (VALUEPfVal (Prevpos  p  x))aPos(p  eql)-xAPos(r  sq2)-xA 
PREOEGAME(r  plAPauncapturesUql  sq2)2l)o 
3ql  xl .  ( (PREOEGAME  (ql  p)vql-p) aPREOEGAME (r  ql)A 
TAKINGS  (Move  (ql ) )  Aflover  (Move  (ql ) ) -xATaken (Move  (ql ) )  -xl ) ) , 

Vr  p  x  sql  sq2. ( (VALUEP (Va I (Prevpos  p  x))aPos(p  sql ) -xaPREOEGAME (r  p)A 
Pos(r  sq2) -xAPawncaptures (sql  sq2)22)o 
3ql  q2  xl  x2. ( (PREOEGAME (ql  p)vql-p)APRE0EGAME(q2  ql)APREOEGAME(r  q2)A 
TAKINGS  (Move (ql ) ) aTAKINGS (Move (q2) ) AMover (Move (ql ) ) -xa 
Mover  (Move  (q2)  I  -xATaken  (Move  (ql ) )  -xlATaken  (Move  (q2) )  »x2) )  s  j 
axiom  _PaunStructureX_s 

Vr  p  x  sql  sq2.  ( (VALUEP (Va I (Prevpos  p  k))aPos(p  8ql)«xAPoe<r  sq2)-xA 
PREOEGAME (r  p)APauncaptures(sql  sq2)a3)o 
3ql  q2  q3  xl  x2  x3. ( (PREOEGAME (ql  plvql-p) aPREOEGAME (q2  ql)A 
PREDEGAME (q3  q2) aPREOEGAME (r  q3 ) aTAKINGS (Mo ve< ql)  )a 
TAKINGS  (Move  (q2i )  aTAKINGS  (Move  (q3) )  AMover  (Move  (ql ) )  -xa 
Mover  (Move (q2) ) -x AMover  (Move  (q3) ) -xATaken (Move (ql ) ) -xIa 
Taken (Move (q2) ) -x2ATaken (Move (q3) ) -x3) ) , 

Vr  p  x  sql  sq2.  ( (MUST_PAUN_CAPTURES (sq2  sql  Piececolor (x) )a 

VALUEP (Va I (Prevpos  p  x))aPos(p  sql ) -xaPREOEGAME (r  p)APoe(r  eq2)-x)p 
Vsq3.  ( (sq3-sqlv(SAME0I AG  (sql  sq3)  ASAME0IAG(sq3  sq2)A 
BETUEEN(Row(sql ) ,Row(sq3) ,Rou(Bq2) ) )  )o 

3q3  x3. ((PREOEGAME (q3  p)vq3-p) aPREOEGAME (r  q3)ATAKINGS(Move(q3) )a 
Mover  (Move (q3) ) -xaTo (Move (q3) ) -sq3ATaken(Move (q3) ) -x3) ) ) ; ; 

These  theorems  enable  the  usual  problem  solver  tricks  involving  pawn  structures. 

Section  2.2.5.2  Other  Unproven  Theorems 


Several  other  unproven  theorems  remain  to  be  mentioned.  CheckTypes  states  the  well  known  chess 
fact  that  on  any  check,  either  the  piece  doing  the  checking  was  moved  last,  an  en  passant  move 
captured  a  piece  with  discovered  check,  the  rook  in  a  castling  move  made  the  check,  or  an  ordinary 
move  was  made,  and  the  check  was  a  discovered  check. 


The  proof  of  this  theorem  would  be  just  a  large  and  painful  case  analysis,  to  show  that  the  only 
change  to  the  board  can  occur  on  those  squares,  so  that  the  conclusion  naturally  follows. 
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axiom  _CheckTupes_:  ,  , 

Vp  P  sql  sq2  x  vpcl  vpc2. ( ( POS I T I  ON I NCHECK (p  Color (p) ) aBOARD (p  b>A 
HOVETO (b  vpcl  sql  sq2)APos(p  sql)-xAValueor»(b  sql)-vpclA 
Va I ueon (b  sq2)-vpc2AVALUEK(vpc2)A-Valuecolor  vpcl  -Valuecolor  vpc2)o 
(Mover  Move  p»xv 

(EN  PASSANT  (Prevpos  p  ,  p)  a  (SQUARE_BETUEEN  ( sql  .From  Move  p,sq2)v 

SQUARE_BE TWEEN ( sql. Takenon  Move  p,sq2)))v 
(CASTLING(Prevpos  p,p)aA Isomover  Move  p»vpcl)v 
(ORDINARY  Move  paSQUARE_BETUEEN (sql. From  Move  p.sq2))))it 

The  theorem  MoveBack  states  that  all  moves,  except  pawn  moves,  are  symmetric.  That  is,  if  the 
piece  could  move  from  the  first  square  to  the  second  on  a  board,  then  it  could  move  back  again. 

This  theorem  could  be  proven  by  the  use  of  the  simplify  mechanism  and  a  lot  of  manipulation. 
Particularly  useful  would  be  the  commutation  theorems  (section  A.9.5). 

axiom  _MoveBack_: 

Vr  p  v  sql  sq2. ((SUCCESSOR (r  P)a0R01NARY  Move  Pa-VALUEP(v))d 
(M0VET0(Tboard  p.v  sql  sq2)«M0VET0(Tboard  r.v  sq2  sql ) ) ) ?  * 


Page  76. 


Chess  Lemmas  and  Theorems 


3. 


Chapter  3  Chess  Lemmas  and  Theorems 

Of  course,  no  complicated  proof  is  achieved  without  the  use  of  some  theorems  and  lemmas.  These 
serve  several  functions,  somewhat  similar  to  the  functions  served  by  procedures  in  a  programming 
language.  They  provide  structure,  pointing  out  the  natural  conclusions  and  breaking  points,  and 
increasing  general  proof  readability.  They  also  serve  to  reduce  the  actual  volume  of  the  proof, 
permitting  the  condensation  of  several  similar  inferences  into  a  single  general  scheme  and  the 
avoidance  of  repetition  of  an  identical  computation.  In  the  case  of  computer  proof  checking,  where 
the  memory  size  of  the  program  and  its  data  structures  often  needs  be  minimized,  the  use  of  lemmas 
serves  to  remove  from  the  main  computation  large  sections  of  proof,  replacing  them  with  only  a 
reference  to  the  desired  conclusion.  For  our  axioms,  with  their  many  equivalences  between  the 
defined  terms,  they  also  aid  by  rephrasing  an  axiom  into  a  form  more  usable  in  another  part  of  the 
proof.  This  chapter  is  devoted  to  the  proof  of  several  representative  general  chess  theorems  and 
lemmas  from  the  basic  chess  axioms  described  in  the  previous  chapter.  We  present  several  thoughly 
explained  sample  lemmas  and  theorems,  with  the  proofs  of  the  other  chess  lemmas  and  theorems, 
less  thoughly  explained,  in  the  appendices. 

Section  3.1  Simplification  Lemmas 

Among  these  lemmas  are  several  that  are  both  trivially  deduced,  and  frequently  referenced.  These 
are  the  lemmas  obtained  through  a  single  application  of  the  simplify  command  (a  single  call  to  the 
semantic  computation  of  the  chess  eye).  Many  of  these  refer  to  the  extension  of  various  sorts.  For 
example,  the  simplification: 

LABEL  Wh1tepieceAre_: 

SIMPLIFY  Vt .  (WHITEPIECE  te( 

t=WKPvt=WQPvtsWKNPvt=WKBPvt*WKRPvt«WQBPvt=WQNPvt*WQRPv 
t*WK  vt=WQ  vt«WKN  vtsWKB  vt«WKR  vt»WQB  vt»VQN  vt«WQR)); 

Cives  a  membership  definition  for  the  set  of  white  pieces.  This  lemma  is  henceforth  referred  to  as 
WhltepteceAre__  These  simplifications  would  arise  from  definition  or  observation,  rather  than 
deduction.  In  the  cases  where  a  large  number  of  individuals  must  be  considered  to  establish  the 
validity  of  some  WFF,  they  are  also  quite  slow.  These  qualities  have  led  us  to  list  them  in  their  own 
section,  section  A. I,  rather  than  repeatedly  computing  them  in  the  different  theorems.  We  will  use 
these  lemmas  freely  in  the  rest  of  this  paper.  In  no  case  should  they  express  any  fact  whose  validity 
is  not  observationally  apparent  to  the  reader. 

Section  3.2  Simple  Proofs 

Section  3.2.1  Proofs  on  Positions 

We  begin  with  several  simple  example  proofs.  First,  three  lemmas  about  the  PREDEGAME  relation. 
Recall  that  PREOEGAME  (pi ,  p2)  is  true  if  position  pi  occurred  sometime  in  the  play  that  reached 
position  p2.  In  this  usage,  the  PREOEGAME  relation  is  like  the  predicate  <  (less  than)  on  a  partially 
ordered,  half  closed  set.  The  first  lemma  we  prove  on  this  relationship  is  its  transitivity.  PREDEGAME 
is  defined  either  directly  by  the  successor  relationship,  or  recursively  in  terms  of  the  existence  of  an 
intermediate  position  satisfying  PREOEGAME  with  the  original  arguments.  The  position  p,  common  in 
PREDEGAME  to  r  and  q  in  the  assumption,  is  shown  to  be  the  intermediate  position  for  them  of  the 
definition. 
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Wi  shall  include  comment  about  the  structuu  of  tht  proof  checker  in  italics. 

*****  label 

*****assume  PREDEGAME ( r , p ) aPREOEGAME ( p , a) t 

1  PREDEGAME(r,p)APREDEGAME(p,q)  (1) 

**♦**31  t  ps 

2  3p.(PREDEGAME(r,p)APRE0EGAME(p,q))  (1) 

Here,  step  one  creates  a  line  with  the  assumption  that  r  came  before  p,  and  p  before  q.  Step  two 
generalizes  this  to  some  individual  p.  A  series  of  n  t;  implies  the  nth  previous  step. 

Assigning  a  label  to  a  line  gives  us  another  method  for  referring  to  it.  All  of  the  theorems  in  this  volume 
have  the  label  used  in  their  proof  associated  with  them;  temporary  label,  such  as  LI  and  L2,  have  been  used 
in  many  different  proofs. 

Part  of  the  definition  of  the  PREOEGAME  relation  is  given  in  the  axiom  GAM  ERE  LI  (game  relation  1). 
****»VE  GAMERELATI0NS1  r.q; 

3  PREOEGAME ( r , q )■ (SUCCESSOR ( r , q )v3p . ( PREDEGAME( r , p ) aPREOEGAME ( p , q ) ) ) 

VE  is  used  to  specialize  a  universally  quantified  statement  (usually  an  axiom)  to  a  specific  list  of 
individuals.  J 

PREDEGAME  is  therefore  obviously  true  of  r  and  q. 

*****taut  PREDEGAME (r,q)  tt : Ti 

4  PREOEGAME(r.q)  (1) 

FOL  has  two  tautology  deciders,  TAUT,  for  tautologies  of  the  propositional  calculus,  and  TA UTEQfor 
tautologies  of  the  propositional  calculus,  including  equality.  We  give  the  deciders  the  WFF  to  be  proven, 
and  the  reasons  (list  of  previous  steps  and  axioms)  from  which  it  follows. 

As  we  will  do  for  all  the  theorems  in  this  volume,  we  remove  dependencies,  and  generalize: 

***»*bl  Lloti 

5  ( PREOEGAME ( r ,  p  JaPREOEGAME ( p ,  q )  JoPREOEGAME ( r ,  q ) 

=/  is  a  natural  deduction  rule,  one  that  individually  introduces  (l)  or  eliminates  (E)  propositional 
connectives,  il  is  also  useful  for  removing  dependencies. 

*****label  Trans i tiveGenealonu: 

*****  VI  t  r  p  qi 

6  Vr  p  q .  ( ( PREOEGAME ( r , p )aPREDEGAME ( p , q ) JoPREOEGAME ( r ,  q ) ) 

This  last,  sixth  step  is  a  universal  quantification.  It  asserts  that,  as  the  statement  is  true  of  some  general  r, 
p,  and  q,  it  must  be  true  for  all  r,  p,  and  q. 

The  next  lemma  we  prove  is  about  the  predecessors  of  positions  immediately  preceding  a  given 
position.  If,  of  two  positions,  r  and  p,  p  is  a  successor  to  r,  then,  for  any  position  that  came  before  p, 
it  either  also  came  before  r,  or  is  equal  to  r.  We  employ  three  parts  of  the  defining  axiom  for 
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PREDEGAME.  GAMERELATIONS.  The  first  part  ( GAMEREL4 )  states  that  there  is  no  position  between 
two  successor  positions.  The  second  part  is  a  law  of  the  excluded  middle  for  the  PREDEGAME 
relation.  If  two  positions  are  in  the  game  tree  of  another  position,  then  they  are  either  equal,  or  one 
came  before  the  other.  The  third  part  is  a  repetition  of  GAMEREL1,  used  above.  This  time,  we 
employ  the  fact  that  the  relation  SUCCESSOR  implies  that  of  PREDEGAME.  Together,  these  three  imply 
that  a  position  has,  by  and  large,  the  same  predecessors  as  its  successors. 

•****VE  GAMERELATI0NS4  rl.q.r2i 

7  SUCCESSOR! r  1 , q )o-( PREDEGAME(rl,r2 )/\PRE0EGAME(r2 , q ) ) 

*»***VE  GAMERELATI0NS2  q.rl.r2t 

8  ( PREDEGAME ( r 2 ,  q  JaPREDEGAME ( r  1 ,  q )  )o  ( PREDEGAME ( r 1 , r2 )v(  PREDEGAME ( r2 ,  r  1 ) vr  2* 

rl)) 

**«**VE  GAMERELATI0NS1  rl.qi 

9  PREDEGAME ( r  1 ,  q  )■  ( SUCCESSOR! r  1 ,  q  )v3p .  ( PREDEGAME ( r  1 , p )aPREDEGAME( p ,  q ) ) ) 

*****taut  (SUCCESSOR (rl , q) aPREDEGAME (r2, q) )  a  (PREDEGAME (r2,rl)vr2-rl I  ttti 

*  t; 

10  ( SUCCESSOR! r  1 , q )aPREDEGAME( r2 , q )  )o(PREDEGAME(r2 , rl  )vr2*r  1 ) 

We  call  this  lemma  ParentGeneaJogy. 

*****  label  ParentGenealoau: 

*****  VI  t  r2  rl  q; 

11  Vr2  rl  q.  ( (SUCCESSORS  1  ,q)APREDEGAME{r2,q) ):>( PREDEGAME (r2,rl  )vr2*rl ) ) 

The  last  part  of  our  triplet  concludes  that,  since  all  GAMEP0SITI0NS  have  the  initial  position  in  their 
game  trees,  and  the  PREDEGAME  relation  is  defined  to  be  anti-reflexive,  that  no  position  can  precede 
the  initial  position.  This  lemma  is  called  GameRelatlons5. 

***»*VE  GAMERELATI0NS3  r,P0j 

12  -( PREDEGAME! r , P0 )aPREDEGAME( P0 , r ) ) 

•****VE  POSITION.RULES  rj 

13  GAMEPOSITION  ro( SUCCESSOR! Prevpos  r , r  JaPREDEGAME ( P0 , r ) ) 

****»VE  POSITION.TYPES  rj 

14  -(r*PO«GAMEPOSITION  r) 

***** tauteq  -PREOEGAME (r,P0)  tttitj 

15  -PREDEGAME! r , P0 ) 

*****label  GameRelations5i 

*****  VI  f  rj 

16  Vr.-PREOEGAME(r,PO) 


Section  3.2.2  Simple  Theorems  on  Values 

As  an  example  of  the  use  of  the  simplify  command  on  the  extensions  of  sorts,  we  present  the  proofs 
of  the  lemmas  EmptylsMT  and  ChessplacePieceValuaThm. 
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EmptylsMT  states  that  having  a  value  of  MT  is  equivalent  to  being  the  EMPTY  piece.  This  result  is 
obtained  using  the  theorem  RetalnValueColor,  which  states  that  the  blackness  or  whiteness  of  the 
value  of  any  piece  in  any  pair  of  positions  is  the  same.  The  proof  of  RetalnValueColor  is  in  section 
A.8.3.  This  proof  also  twice  employs  the  simplification  mechanism.  We  first  check  that,  in  the  initial 
position,  having  value  MT  is  the  same  as  being  the  piece  EMPTY.  Then,  each  of  the  VVALUES  (values 
a  piece  can  have)  is  checked  to  show  that  the  value  MT  is  the  only  value  that  is  neither  a  black  value 
(BVALUES)  nor  a  white  value  (UVALUES). 

*****simpl i fy  Vt. (t«EMPTYsVal (P0  t) -MT) ; 

1  Vt .  ( t=EMPTY*Va1(P0, t)=MT) 

*****  label  U: 

*****simp| i fy  Yvvx. ( (-BVALUES  vvxa-UVALUES  vvx)*vvx«MT) i 

2  Vvvx. ( (-BVALUES  vvx/\-WVALUES  vvx)*vvx=MT) 

These  two  facts  are  certainly  true  of  our  typical  piece,  t,  and  its  values  in  the  initial  position, 
Val  (P0,  t) ,  and  in  a  general  position  r  (Val  (r,  t)). 

*«***VE  tttj 

3  t=EMPTYeVal(PO,t)=MT 

****»VE  tt  Va I (P0  t) ; 

4  (-BVALUES  Va 1 ( PO , t )a-WVALUES  Val(PO,t))*Val(PO,t)*MT 
•****VE  ttt  Val  (r  t) ; 

5  (-BVALUES  Va 1 ( r , t )a-WVALUES  Val(r,t))*Val(r,t)»MT 

Our  lemma  RetalnValueColor  tells  us  that  the  color  of  the  value  of  any  piece  is  the  same  in  all 
positions. 

*»***VE  RetalnValueColor  P0  r  t! 

6  (BVALUES  Val(r,t)*BVALUES  Val(P0,t) )a(WVALUES  Val(r,t)«WVALUES  Val(P0,t)) 

But  if  this  is  the  case,  then  the  equivalence  between  having  MT  value  in  the  initial  position,  and 
being  the  EMPTY  piece,  must  also  hold  in  the  position  r. 

*****taut  tfttit; 

7  t=EMPTY«Val (r , t)=MT 

We  generalize  this  to  all  POSITIONS  and  PIECES.  Let  us  call  this  theorem  EmptylsMT. 

*****label  EmPtulsMTi 
***** VI  t  r  t; 

a  Vr  t.(t»EMPTY*Val(r,t)«MT) 

We  next  attempt  the  lemma  ChessplecePleceValueThm,  which  states  that  the  value  of  any 
CHESSPIECE  in  any  POSITION  is  always  one  of  the  PIECEVALUES.  Recall  that  PIECEVALUES  are  the 
VALUES  less  the  empty  value  (MT),  and  the  undefined  value  (UO).  We  first  inquire  of  simplify  if  all 
BVALUES  and  UVALUES  are  PIECEVALUES. 

*****eimpl  i  fy  Vvb. PIECEVALUES  vbj 
9  Vvb. PIECEVALUES  vb 
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***** s i  mp I  i  fy  Vvu. PIECEVALUES  vu; 

10  Vvw.PIECEVALUES  vw 

As  our  lemma  EmptvlsMT  is  true  of  all  PIECES,  it  must  therefore  be  true  of  all  CHESSPIECES. 

**«**VE  EmptylsMT  r  x; 

11  x=EMPTY*Val(r,x)=MT 

And  the  two  simplifications  on  PIECE  VALUES  must  also  be  true  on  the  value  of  x  in  r.  Note  the 
conditions  inserted  by  the  VE  command. 

***»*VE  ttt  Val(r  x); 

12  BVALUES  Va 1 ( r , x )oPIECE VALUES  Val(r.x) 

•****VE  ttt  Val (r  x)j 

13  WVALUES  Va 1 ( r , x )oPIECEVALUES  Val(r.x) 

Simplification  can  also  be  used  to  obtain  SORT  information. 

*****simplify  CHESSPIECES  xa-CHESSPIECES  EMPTY i 

14  CHESSPIECES  xa-CHESSPIECES  EMPTY 

We  also  need  the  simplification  of  line  two,  applying  it  now  to  Val  (r,x). 

*****VE  LI  Va I (r  x)  j 

15  (-BVALUES  Va 1 ( r , x )a-WVALUES  Val(r,x))*Val(r,x)*MT 

Since  x  is  a  chesspiece,  it  is  not  EMPTY.  Therefore,  it  does  not  have  value  MT  in  any  position.  But  if 
the  value  of  x  in  a  position  is  neither  black  nor  white,  then  it  is  MT.  Hence,  x  must  have  either  a 
black  or  white  value  in  every  position.  As  all  such  values  are  PIECEVALUES,  x  must  always  have  a 
PIECEVALUES  value.  A  single  TAUTEQ,gives  us  this  result. 

***** tauteq  PIECEVALUES  Val(r  x)  tmtitj 

16  PIECEVALUES  Val(r.x) 

We  generalize,  calling  the  result  ChesspiecePieceValueThm. 

*****  label  ChesspiecePieceValueThm; 

*****VItr  x; 

17  Vr  x. PIECEVALUES  Val(r.x) 

Section  3.3  Chess  Inductive  Proofs 


Section  3.3.1  Only  Pawns  Promote 

Having  sampled  several  simple,  small  proofs,  we  next  attempt  the  proof  of  a  more  complex  and 
interesting  theorem.  We  want  to  prove  the  theorem  OnlyPawnsPromote,  which  states  that  if  any 
piece  has  a  non-pawn  value  at  some  point  in  a  game,  its  value  will  not  subsequently  change.  This 
theorem  implies  that  the  only  piece  whose  value  ever  change  is  a  pawn,  these  only  by  promotion, 
and  that  not  pawn  ever  promotes  twice  (in  one  game).  OnlyPawnsPromote  is  an  interesting  example 
of  a  Chess  inductive  proof.  From  this  theorem  will  spin  off  several  useful  corollaries,  including  the 
fact  that  pieces  of  value  pawn  are  always  pawns. 
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We  have  not  explained  in  detail  several  of  the  lemmas  used  in  this  proof.  Their  proofs,  with  some 
commentary,  may  be  found  in  appendix  A.  In  many  cases,  these  lemmas  are  merely  a  rephrasing  of 
some  axiom. 

This  proof  uses  the  simplified  form  of  chess  induction,  which  we  call  Chslnd.  The  general  chess 
induction  theorem  refers  to  predicates  true  in  the  descendants  of  a  position.  The  simplified  form 
assumes  that  the  ancestor  position  is  the  initial  one.  As  all  GAtlEPOS I T 1  ONs  are  descended  from  P0, 
theorems  true  of  all  GAliEPOS  I T I  ONs  can  be  easily  proven  from  this  form.47 

The  predicate  we  wish  to  prove  is: 

Vr  rl  t. ( (-VALUEP  Val  (rl  t ) aPREDEGAME (r 1  r))oVal(r  t)-Val(rl  t) ) 

That  is,  if  in  some  position  rl,  a  piece  t  does  not  have  the  value  of  pawn,  then,  in  any  descendant 
of  rl,  r,  then  the  value  of  t  is  the  same  in  rl  as  rl. 


We  substitute  this  predicate  for  the  predicate  parameter  a  in  Chslnd. 


!*5!!i?bChsindla..*r.Yrl  t.  ( (-VALUEP  VaKrl  t)  aPREDEGAME  (rl  rlloVaMr  t)«Val ( 

MVri*  t'.(  (-VALUEP  Val(rl,t)/\PREDEGAME(rl,P0))oVal(P0,t)=Va1(rl,t))AVr  p.((V 
rl  t . ( (-VALUEP  Va  1  ( r  1 , t JaPREDEGAME ( r  1 , r ) )oVa  1  ( r , t )  =Va  1  ( r  1 , t ) )aSUCCESSOR ( r , p ) 
)oVrl  t. ( (-VALUEP  Valfrl, t)APREDEGAME(rl,p))oVal(p,t)=Val(rl,t))))oVr  rl  t.( 
(-VALUEP  Va 1  ( r 1 , t JaPREDEGAME ( r 1 , r ) )oVa 1( r , t ) =Va 1 ( r 1 , t ) ) 

First,  we  must  establish  the  validity  of  the  proposition  in  the  initial  position  (P0).  As  no  position  is 
a  predecessor  to  the  initial  position,  this  is  trivial. 


♦****VE  GameRelat ions5  rl; 
2  -PREDEGAME(rl.PO) 


*****taut  LI : t; 

3  (-VALUEP  Val(rl,t)APREOEGAME(rl,PO))oVal(PO,t)=Val(rl,t) 


*****  label  L2; 

*****  VI  t  rl  t; 

4  Vr  1  t. ((-VALUEP  Val(rl, t)nPREDEGAME(rl,PO))oVaKPO,t)eVaKrl,t)) 


We  now  make  two  assumptions.  As  the  inductive  form  is  assume  its  true  of  n,  prove  it  is  true  of  n*l, 
we  assume  the  validity  of  the  theorem  in  position  r,  trying  to  prove  its  validity  in  its  successor  p. 
Secondly,  as  the  sentence  we  are  trying  to  prove  of  p  is  also  of  the  form  A^B,  we  assume  the  A  part, 
seeking  B.  Note  this  sequence;  it  is  our  general  schema  for  chess  inductive  proofs. 


*****  label  L3; 

*****  assume  Ll:#l#2#l#l#l; 

5  Vr  1  t. ((-VALUEP  Val(rl,t)nPRE0E6AME(rl,r))3Val(r,t)oVaKrl,t))nSUCCESS0R(r 

,P)  (5) 

*****assume  Lli#l#2tfl#l#20101#l; 

6  -VALUEP  Va 1( r 1 , t JaPREOEGAME ( r 1 , p )  (6) 


*7. 


A  derivation  of  Clitlnd  from  CHCSSJNDUCT0N  it  in  toction  A2. 
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; 

I 


i 


*****/\E  L3:#l; 

7  Vrl  t . ( ( -"VALUE P  ValSl,t)APREDEGAME(rl,r))3Val<r,t)*Val(rl,t))  (5) 

There  are  three  pertinent  positions  in  this  proof.  We  seek  to  prove  that  the  Val  of  t  is  the  same  in 
both  positions  rl  and  p.  We  have  assumed  that  the  Val  is  the  same  between  rl  and  r,  the  position 
previous  to  (Preypoa)  of  p. 

****»VE  t  rl , t; 

8  SVALUEP  Va  1  (r 1 , t )aPREDEGAME ( r  1 , r ) )aVal ( r , t  )*Va  1  ( r  1 , t )  (5) 

We  need  to  show  that  rl  is  also  a  predecessor  of  p.  Our  lemma  ParentGenealogy4*  is  used  to 
establish  this. 

*«***VE  ParentGenealogy  rl.r.pj 

9  ( SUCCESSORS ,  p  )aPREOEGAME (r 1 , p ) )d(  PREDEGAME ( r  1 , r  )vr  1  «r ) 

The  heart  of  this  proof  lies  with  the  axiom  that  states  that  pieces  change  value  only  when  they 
move  in  a  pawn  promotion.  The  axiom  MCONSEQH,  part  of  the  move  definitional  axioms,  tells  us 
that,  between  a  position  r  and  its  successor  p,  if  the  piece,  t,  was  not  the  mover  of  p,  or  p  was  not  a 
pawn  promotion,  then  t  retains  the  same  value  from  r  to  p. 

*****  label  LA; 

*****  VE  HC0NSEQH  r.p.t; 

10  (SUCCESSORS, p)aSPAVNPROM  Move  pv-(t«Mover  Move  p)))DVal(r,t)*Val(p,t) 

We  have  a  special  case  to  consider;  when  the  position  rl  is  the  same  as  the  position  r  (line  9). 
TAUTEQ,  will  not  make  the  substitution  in  functions  for  us,  we  must  do  it  ourselves.  Assume  they 
are  the  same. 


*****  label  L5; 

*****  assume  r-rl; 

11  r*rl  (11) 

*****subst  L5  in  L3+1  s 

12  -VALUEP  Val(r,t)ApREDEGAME(r,p)  (6  11) 

*****6ubstr  LS  in  LA; 

13  ( SUCCESSORS  1,p)a(-PAWNPR0M  Move  pv-(t»Mover  Move  p)))3Val(rl,t)«Val(p,t) 
Ol) 

SUBST  and  SUBSTR  substitute  for  equals  in  WFFs. 

If  they  are  the  same,  then,  as  t  does  not  have  a  pawn  value  in  rl,  it  will  not  have  one  in  r. 


*****label  LG; 

*****  dI  L5ptt; 

14  r*r loSVALUEP  Val(r,t)APREDEGAME(r,p))  (6) 


***«*dI  LSott;  , 

15  r*rlD( ( SUCCESSORS  1,p)a(-PAWNPR0M  Move  pv-(t«Mover  Move  p))):>Val(rl,t) 
Val(p.t)) 
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By  the  definition  of  pawn  promotional  moves,  the  moving  piece  is  a  pawn  on  the  total  board  of  the 
move. 

****»VE  MCONSEQL  ps 

16  PAWNPROM  Move  p*(LASTRANKER(To  Move  p, Color  Prevpos  p)a(SIMPLELEGAIMOVE( 
Prevpos  p , p )a( PAWNS  Mover  Move  p/\(VALUEP  Valueon(Tboard  Prevpos  p.From  Move 
p )a( ( ( BVALUES  Promoted  Move  paBVALUES  Val(Prevpos  p, Mover  Move  p))a(WVALUES 
Promoted  Move  paWVALUES  Val(Prevpos  p, Mover  Move  p)))aVb1(p, Mover  Move  p)» 
Promoted  Move  p))))) 

By  the  definition  of  SUCCESSOR,  the  previous  position  (Prevpos)  of  a  position  shares  the  SUCCESSOR 
relation. 

***»*YE  MCONSEQA  r,p; 

17  SUCCESSORS, p)o(  (-•WHITETURN  raWHITETURN  p)A(Prevpos  p*rA(-POSITIONINCHECK 
(p, Color  r )a( (WHITEPIECE  Mover  Move  p*WHITETURN  r)A(Pos(r,From  Move  p)=Mover 

Move  pa( Pos(  p , To  Move  p)=Mover  Move  pa( Pos(p,From  Move  p)=EMPTYa( (CAPTURE 
Move  ppPos(r,To  Move  p)=Taken  Move  p)A(CASTLING(r.P)v(EN_PASSANT(r.p)v 
SIMPLELEGALMOVE(r.p)))) ))))))) 

*****taut  Prevpos  p-r  L3,t; 

18  Prevpos  p=r  (5) 

*****substr  t  in  ttt; 

19  PAWNPROM  Move  pa ( LASTRANKER( To  Move  p, Color  r )A(SIMPLELEGALMOVE(r,p)A( 

PAWNS  Mover  Move  pa(VALUEP  Valueon(Tboard  r.From  Move  p)a( ( (BVALUES  Promoted 

Move  psBVALUES  Val(r, Mover  Move  p))a(WVALUES  Promoted  Move  paWVALUES  Val(r, 
Mover  Move  p)))AVal(p, Mover  Move  p)=Promoted  Move  p ) ) ) ) )  (5) 

A  mention  of  the  equivalence  of  the  Val  and  Valueon  functions. 

***«*VE  Val ueTransposi t ionA  r, Mover  Move  p.From  Move  pi 

20  Pos(r,From  Move  p)*Mover  Move  ppValueon(Tboard  r.From  Move  p)«Val(r, Mover 
Move  p) 

More  substitutions  for  the  sake  of  TAUTEQ 

*****label  L7i 

*****  assume  t«Mover  Move  pi 

21  t=Mover  Move  p  (21) 

*****subst  L7  in  ft  occ  2i 

22  Pos(r,From  Move  p)*Mover  Move  ppValueon(Tboard  r.From  Move  p)*Val(r,t)  ( 

21) 

****«oI  L7pf; 

23  t*Mover  Move  pp(Pos(r .From  Move  p)*Mover  Move  ppValueon(Tboard  r.From 
Move  p)*Val(r,t)) 

We  have  a  form  that  can  be  handled  by  TAUTEQ.  One  invocation  produces  our  desired  identity. 


*****tauteq  Val (p, t)-Val (rl, t)  L3iL4,L6i20,t; 
24  Val(p,t)*Val(rl,t)  (5  6) 


Page  84. 


Chess  Lemmas  and  Theorems 


3.3.1. 


We  remove  the  dependencies,  and  insert  the  universal  quantifiers  in  the  proper  order  so  as  to  obtain 
the  theorem. 

*****:>l  Sd4*, 

25  (-VALUEP  Val(rl,t)APREDEGAME(rl,p)):»Val<p(t)=Val(rl,t)  (5) 

***«*VI  t  rl  t; 

26  Vrl  t . ( (->VALUEP  Val(rl,t)ApRE0EGAME(rl,p))3Va1(p,t)*Va1(rl,t))  (5) 

*****;>1  L3oti 

27  (Vrl  t . ( (-VALUEP  Val(rl,t)ApREOEGAME(rl.r)):>Va1(r,t)*Va1(rl,t))ASUCCESSOR 
(r,p))DVrl  t.((-VALUEP  Val(rl,t)APREOEGAME(rl,p)):>Val(p,t)=Val(rl,t)) 

***«*V1  t  r  pi 

28  Vr  p. ( (Vrl  t . ( (-VALUEP  Val(rl , t)ApREDEGAME(rl ,r ) ):>Val(r , t)=Val(rl , t )  )a 
SUCCESSORS ,p) JaVrl  t.((-VALUEP  Val(rl,t)APRE0EGAME(rl,p)):>Va1(p,t)=Val(rl,t 

We  have  satisfied  the  two  conditions  of  chess  induction.  Our  theorem  naturally  follows. 

*****  label  On  I uPaunsPromote; 

*****  taut  Lis #2  LI ,12, t; 

29  Vr  rl  t.((-VALUEP  Val(rl,t)APREOEGAME(ri,r)):>Val(r,t)*Val(rl,t)) 

Section  3.3.2  Mobility 

Another  example  of  a  proof  by  chess  induction.  We  wish  to  prove  that  if  any  chesspiece  is  on  a 
square  differing  from  the  one  it  started  upon,  then  there  must  have  existed  a  position,  earlier  in  that 
game,  where  that  piece  moved.49  We  take  this  proposition,  and  substitute  it  for  the  predicate 
parameter  a  in  Chslnd. 

*****label  ^1; 

***»*a!  Chsl  nd  Vsq  x.  I  IPos  Ip,  sq)  «xa-Pos  (P0,  sq)  «x):>  3q.  ( (PREOEGAflE  (q,  p)  v 
*q=p)A  ((Mover  Move  q=xATo  Move  q»sq)v  (CASTLE  Move  qAAIsomover  Move  q=xn 
*Alsoto  Move  q*sq))))J: 

1  (Vsq  x. ((Pos(P0,sq)*XA-( Pos( P0,sq)sx))o3q.((PREDEGAME(q,P0)vq=P0)A( (Mover 
Move  q=XAlo  Move  q=sq)v(CASTLE  Move  qa( Alsomover  Move  q=XAAlsoto  Move  q=sq)) 

) ) )AVr  p . ( (Vsq  x.((Pos(r ,sq)sxA-.(Pos(P0,sq)=x))o3q.((PRE0EGAME(q,r)vq=r )a( ( 
Mover  Move  q=XATo  Move  q=sq)v(CASTLE  Move  qA(Alsomover  Move  q=XAAlsoto  Move 
q=sq) ) ) )  )ASUCCESSOR(r  ,p)  )oVsq  x.((Pos(p,sq)*XA-’(Pos(P0,sq)*x))p3q.  ( ( 
PREDEGAME(q,p)vq=p)A((Mover  Move  q=XATo  Move  q=sq)v(CASTLE  Move  qA( A lsomover 

Move  q=XAAlsoto  Move  q=sq) ) ) ) ) )  )oVr  sq  x.((Pos(r,sq)*XA--(Pos(P0,sq)=x))33q. 

( (PREOEGAME(q,r )vq=r >A((Mover  Move  q=XATo  Move  q*sq)v(CASTLE  Move  qA( 

Alsomover  Move  q*xAAlsoto  Move  q*sq))))) 

As  this  theorem  refers  to  a  position  where  the  piece  is  on  a  different  square  from  the  initial  position, 
it  automatically  is  true  of  the  initial  position. 

*****taut  f s tfl/fltflUfl  i 

2  (Pos(P0,$q)*XA-(Pos(P0,sq)*x)):>3q.((PREDEGAME(q,P0)vq*P0)A((Mover  Move  q*x 
aTo  Move  q*sq)v(CA5TLE  Move  qA(Alsomover  Move  q*XAAlsoto  Move  q*sq)))) 


49 

mov# 
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*****VItsqx; 

3  Vsq  x .  ( ( Pos(P0, sq)*XA-'( Pos ( PO, sq)*x) )a3q>( ( PREDEGAME(q,PO )vq=P0 )a(  (Mover 
Move  qaXATo  Move  q«sq)v(CASTlE  Move  qA(Alsomover  Move  q«XAA1soto  Move  q«sq)) 

))) 

Following  the  form  of  the  other  chess  inductive  proofs,  we  make  two  assumptions.  The  first 
assumption  is  that  the  theorem  is  true  in  some  position  r;  we  then  seek  to  prove  its  validity  in  a 
successor  of  r,  p.  The  theorem  itself  is  of  the  form  A»b,  we  assume  A.  and  work  to  conclude  b 

*****  label  L2: 

*****assume  LI : Al#2#l#l#l ! 

4  Vsq  x ,  ( ( Pos(r ,  sq  )«XA-(Po$(P0,sq)*x) ):?3q.( (PREDEGAME (q,r )vqer  )a{  (Mover  Move 
q=xATo  Move  q«sq)v(CASTLE  Move  qA(Alsomover  Move  q»XAAlsoto  Move  q»sq)))))A 

SUCCESSOR^, p)  (4) 

*****assume  Ll:#l#2#l#l#2#101#l; 

5  Pos(p,sq)sxA-(Pos(PO,sq)*x)  (5) 

Let  us  call  the  chesspiece  in  question  x,  and  the  square  it  is  on  in  p,  eq.  The  first  half  of  the  first 
assumption  is  therefore  true  of  x  and  sq. 

*****/\EtT'  ;#1  ; 

6  Vsq  x.  ( ( Pos(r , sq)axA-( Pos( PO,  sq)«x)  ):>3q.  ( ( PREDEGAME(q,r  )vq=r  )a( (Mover  Move 
q=XATo  Move  qssq)v(CASTLE  Move  qA(Alsomover  Move  q*XAAlsoto  Move  q«sq))))) 

(4) 

*****  label  L5i 
**«**VE  t  sq  ,  x  i 

7  (Pos(r,sq)sxA-«(Pos(P0,sq)sx))D3q.((PREDEGAME(q,r)vq=r)A( (Mover  Move  q=XATo 

Move  q*sq)v(CASTLE  Move  qA(Alsomover  Move  qsxAAlsoto  Move  q=sq))))  (4) 

We  have  to  consider,  in  this  problem,  two  cases.  Either  the  piece  x  is  one  the  same  square  in  both  p 
and  r,  or  it  has  changed  location  in  the  transition  between  positions.  We  examine  first  the  occasion 
when  it  is  on  the  same  square  in  each. 

*****)abel  L3j 

*****assume  Po9(p  sq)«Poslr  sq) ; 

8  Pos(p,sq)«Pos(r,sq)  (8) 

By  our  assumption,  there  exists  some  position,  a  predecessor  of  r,  in  which  x  was  the  moving  piece, 
and  it  moved  to  sq.  Let  us  call  this  position  q. 

*t***tauteq  ft:#2  t.tttt.tt; 

9  3q . ( ( PREDEGAME ( q, r )vqsr )a( ( Mover  Move  q=XATo  Move  q*sq)v(CASTLE  Move  qA( 

Alsomover  Move  q=XAAlsoto  Move  q«sq))))  (4  5  8) 

10  ( PRE DEGAME ( q , r )vq=r )a( ( Mover  Move  qxxATo  Move  q*sq)v(CASTLE  Move  qA( 

Alsomover  Move  qsxAAlsoto  Move  q^sq)))  (10) 

But  by  the  lemma  GrandparentGenealogyY,  this  position  q  is  also  a  predecessor  to  p.  Hence,  we 
have  a  position  to  satisfy  the  theorem  for  p. 

**#e*VE  GrandparentGenealogyY  q  r  pi 
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11  ( SUCCESSORS ,  p )/\(  PREDEGAME(q, r )vq=r )  )oPREDEGAME(q, p ) 

*****taut  (f :tf2vq-p)Atts#2  t,tt,L2; 

12  ( PREDEGAME(q,p)vq=p)A( (Mover  Move  q*XATo  Move  q*sq)v(CASTLE  Move  qA( 

Alsomover  Move  q=XAAlsoto  Move  q=sq)))  (4  10) 

****»3I fq; 

13  3q .(( PREDEGAME(q,p)vq=p)A( (Mover  Move  q=XATo  Move  q=sq)v(CASTLE  Move  qA( 

Alsomover  Move  q=XAAlsoto  Move  q=sq))))  (4  5  8) 

*****label  Lj4 ; 

***«*oI  L3dT; 

14  Pos(  p,  sq)«Pos(r ,  sq)b3q .  ( ( PREDEGAME (q,p)vq=p)A(  (Mover  Move  q=xnTo  Move  q= 

sq)v(CASTLE  Move  qA( Alsomover  Move  q=xAAlsoto  Move  q=sq))))  (4  5) 

We  consider  the  other  possibility.  If  the  occupant  of  sq  in  r  is  not  the  same  as  in  p. 

*****  label  LG ; 

*****assume  -Poslp  sq)*Pos(r  sq) ; 

15  -(Pos(p,sq)=Pos(r,sq))  (15) 

We  consider  the  various  ways  the  piece  x  could  have  changed  squares.  We  have  a  theorem  that 
states  that  the  only  way  the  contents  of  a  square  changes  between  positions  is  if  it  is  either  the  source 
or  destination  of  a  move  (or  castle),  or  is  the  square  vacated  by  a  piece  captured  en_ passant. 

*»***VE  MCONSEQD  r.p.sq; 

16  (SUCCESSOR(r,p)A(->(sq=From  Move  p)A(->(sq=To  Move  p)a(^(CASTLE  Move  pA(sq= 
Alsofrom  Move  pvsq=Alsoto  Move  p)  )a-(ENPASSANT  Move  pAsq=Iakenon  Move  p))))) 
DPos(r,sq)«Pos(p,sq) 

We  know  from  the  axioms  about  successors,  that  after  a  move  the  source  square  (From,  Alsofrom)  is 
occupied  by  the  piece  EMPTY.  The  square  of  a  piece  captured  en_passant  is  likewise  vacant.  And 
EMPTY  is  not  a  chesspiece  (it  is,  of  course,  one  of  the  PIECES). 

****»VE  MCONSEQA  r.ps 

17  SUCCESSOR (r , p )d( (--WHITE TURN  reWHITETURN  pWPrevpos  p=rn(-POSITIONINCHECK 
(p, Color  r )a( (WHITEPIECE  Mover  Move  peWHITETURN  r)A(Pos(r,From  Move  p)=Mover 

Move  pa(Pos(p,To  Move  p)=Mover  Move  pA(Pos(p,From  Move  p)*EMPTYa( (CAPTURE 
Move  poPos(r,To  Move  p)=Taken  Move  p)A(CASTLING(r ,p)v(EN_PASSANT(r ,p)v 
SIMPLELEGALMOVE ( r , p )))))))))) ) 

***»*VE  NotChesspieceEmpty  xj 

18  -CHESSPIECES  x«x=EMPTY 

All  moves  are  of  one  of  the  three  types. 

****»VE  MconseqmX  r,p: 

19  SUCCESSORS  ,p)o(  (CASTLE  Move  p=CASTLING(r ,p) )a( (ENPASSANT  Move  p-EN_ 
PASSANT(r ,p) )a( ORDINARY  Move  p»SIMPLELEGALMOVE(r,p)))) 

And  no  piece  is  on  two  different  squares  in  the  same  position. 

»****VE  Unique  p.sq.To  Move  p.xj 

20  Pos(p,sq)*xp(Pos(p,To  Move  p)«x»sq»To  Move  p) 
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•****VE  Unique  p.eq.From  Move  p,xi 

21  Pos(p,sq)sxD(Pos(p,From  Move  p)*x«sq*From  Move  p) 

We  search  the  castling  and  en.  passant  rules  for  their  special  cases. 

#****VE  CASTLEMOVES  r,P! 

22  CASTLING(r,p)« (KINGS  Mover  Move  pa(R00KS  Alsomover  Move  pa(Pos(t, Alsofrom 
Move  p)«Alsomover  Move  pn(Pos(p, Alsofrom  Move  p)=EMPTYa(Pos(p, Alsoto  Move  p 

)»Alsomover  Move  pA(Vrl.(PREDEGAME(rl,p);jPos(r,From  Move  p)eMover  Move  p)a(V 
rl .  (PREDEGAME(rl,p):>Pos(r, Alsofrom  Move  p)*Alsomover  Move  p)A(Vsq3.(  (Row  sq3 
*Row  From  Move  pABETWEEN(Co1umn  From  Move  p, Column  sq3, Column  Alsofrom  Move 
p))3Pos(r,sq3)«EMPTY)A(-P0SITI0NINCHECK(r, Color  r)A(Vsql  x.-(Pos(r,sql)»XA( 
M0VET0(Tboard  r,Val(r,x),sql, Alsoto  Move  p)AP1ececolor  x«Color  p))a(( 

WHITETURN  rp( (Alsomover  Move  p*WKRA(Alsoto  Move  p»VKB1aTo  Move  p«WKNl))v( 
Alsomover  Move  p«VQRA(A1soto  Move  p«WQ1aTo  Move  p«WQB1))))a(-WHITETURN  ra(( 
Alsomover  Move  p>8KRA(Alsoto  Move  p«BK31aTo  Move  p«BKNl))v( Alsomover  Move  p> 
BQRa( Alsoto  Move  p«BQ1aTo  Move  p«BQBl)))) ))))))))))) 

**»**VE  Unique  p,eq, Alsoto  Move  p,x; 

2 3  Pos(p,sq)cx3(Pos(p, Alsoto  Move  p)sxBsq*A1soto  Move  p) 

****«VE  Unique  p, sq, Al sofrom  Move  p,xt 

24  Pos(p,sq)axD(Pos(p, Alsofrom  Move  p)»x«sq»Alsofrom  Move  p) 

***«*VE  ENPASS  r , pi 

25  EN_PASSANT ( r , p )■ ( GAMEPOSITION  ta( Pos(p, Takenon  Move  p)=EMPTYa(To  Move  r= 
Takenon  Move  pA(Mover  Move  r=Taken  Move  pa(SIM  Move  rA(Column  From  Move  r= 
Column  To  Move  rA(Column  To  Move  r*Column  To  Move  pa(TWOTOUCHING( Column  From 

Move  p, Column  To  Move  p)a((WHITETURN  pD(Va1(p, Mover  Move  p)=PBA(Val(r, Mover 
Move  t)=PWa(Row  From  Move  p=5a(Row  To  Move  p=6a(Row  From  Move  r=7ARow  To 
Move  r=5) ) ) ) ) )a(-WHITETURN  p:>(Val(p,  Mover  Move  p)rPWA(Val(r, Mover  Move  r)=PB 
a(Row  From  Move  ps4a(Row  To  Move  p*3a(Row  From  Move  r=2ARow  To  Move  r«4))))) 
)))))))))) 

*****VE  Unique  p.eq, Takenon  Move  p,xs 

26  Pos(p,sq)ax3(Pos(p,Takenon  Move  p)«xasqBTakenon  Move  p) 

*****eimpl  i  fy (CASTLE  Move  pdSQUARES (Alsoto  Move  p))a(CASTLE  Move  p:>SQUARES( 
*Aleofrom  Move  p))A  (ENPASSANT  Move  poSQUARES (Takenon  Move  p))A  CHESSPJECES 

*Xf 

27  (CASTLE  Move  p:>SQUARES  Alsoto  Move  p)a((CASTLE  Move  pdSQUARES  Alsofrom 
Move  p)a( (ENPASSANT  Move  psSQUARES  Takenon  Move  p)aCHESSPIECES  x)) 

It  therefore  tautologically  follows,  that  in  the  move  that  created  p,  x  and  eq  must  have  performed 
the  desired  roles. 

*****tauteq  ( (PREOEGAME(p  p) vp«p) a( (Mover  Move  p-xaTo  Move  p-eq) v(CASTLE 
•Move  pA (Alsomover  Move  p-xnAlsoto  Move  p-sq))))  L6tt,L2:L5; 

28  (PREDEGAME(p,p)vp=p)A((Mover  Move  p»xaTo  Move  p>sq)v(CASTLE  Move  pa( 

Alsomover  Move  psxAAIsoto  Move  p«sq)))  (4  5  15) 

p  is  thus  seen  to  be  the  position  whose  existence  we  were  trying  to  prove. 

**#**3Itp«-q  occ  1  3  5  G  7  8  9; 

29  3q . { ( PREOEGAME ( q , p )vq=p ) a ( ( Mover  Move  q*XATo  Move  q«sq)v(CASTLE  Move  qn( 

Alsomover  Move  q^xnAlsoto  Move  q>sq))))  (4  5  15) 
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All  this  was.  of  course,  based  on  the  assumption  that  the  piece  was  on  a  different  square. 

•••••ol  L6ot; 

30  -(Pos(p,sq)aPos(r,sq))33q.((PRE0EGAME(q,p)vqap)M(hov«r  Move  qaxATo  Hove 

q«sq )v( CASTLE  Move  qA(Alsomov*r  hove  q*xAAlaoto  Hove  q»sq))))  (4  5) 

We  have  obtained  the  desired  WEE  in  both  cases;  when  x  had  changed  squares,  and  when  x  had  not 
It  is  therefore  always  true 

•••••taut  Ti»r  t.LAs 

31  3q .(( PREDEGAME(q,p)vq*p)A( (Mover  Hove  q«XATo  hove  q«sq )v( CASTLE  Hove  qA( 

Alsonover  Hove  qaxAAlsoto  Hove  q«sq))))  (4  5) 

We  insert  the  assumptions  back,  in  the  correct  order,  so  as  to  obtain  the  premises  for  the  chess 
induction  form 

•«»**dI  L24lDt| 

32  (Pos(p.sq)sxA-(Pos(P0.sq)sx))33q.((PRE0EGAHE(q,p)vq*p)A((Hover  Hove  q=XA 

To  Hove  qssq)v(CASTLE  Hove  qA( Alsomover  Hove  q«XAAlsoto  Hove  q*sq))))  (4) 

•••••Vlteq  xj 

33  Vsq  x  .  ( (  Pos(p, sq)*XA-( Pos( P0. sq)«x) )o3q. ( ( PREOEGAHE(q,p)vq*p)A( (Hover 
Hove  qsxATo  Hove  q*sq)v(CASTLE  Hove  qA(Alsomover  Hove  q>XAAIsoto  Hove  q»sq)) 

)))  (4) 

«»»»«d1  LZdT: 

34  (Vsq  x .  ( ( Poi(r , sq)«XA-( Pos( P0. sq)*x ) ):>3q.  ( ( PREOEGAHE(q,r )vq*r )a( (Hover 
Hovo  q=XAlo  Hove  q*sq)v(CA5TLE  Hove  qA( Alsomover  Hove  q*xAAlsoto  Hove  q*sq)) 

) )  )ASUCCESSOR(r  ,p)  )3Vsq  x.((Po*(p1sq)»XA-«(Pos(PO,sq)»x))33q.((PREOEGAHE(q.p) 
vq=p)A(  (Hover  Hove  q»XATo  Hove  q«sq)v(CASTLE  Hove  qA(Alsomover  Hove  q»XA 
Alsoto  Hove  q*sq))))) 

*«**«Vltr  pj 

35  Vr  p . ( (Vsq  x . ( ( Pos( r , sq  )*xa-( Pos( P0 , sq )»x ) )o3q . ( ( PREDEGAHE( q,r  )vq«r  )a(  ( 

Mover  Move  q*XATo  Move  q*sq)v(CASTLE  Move  qA(Alsomover  Move  q«XAAlsoto  Move 
q=sq)))))ASUCCESS0R(r,p))3Vsq  x . ( ( Pos(p, sq)»XA-( Pos( P0, sq)»x ) )D3q . ( ( 
PREDEGAME(q,p)vq«p)A((Mover  Move  q»XAlo  Move  q*sq)v(CASTLE  Hove  QA(Alsomover 

Move  q«XAAlsoto  Hove  q«sq)))))) 

Having  satisfied  both  requirements,  the  theorem  is  now  ours.  We  call  it  Mobility. 

•••••label  Hob  i I i tu: 

•  ••••taut  11:02  + , L2- 1 .  L 1  j 

36  Vr  sq  x .(( Pos(r , sq )«xa-( Pos( P0 , sq)»x ) )o3q .(( PREDEGAME( q, r )vq«r  )a(  (Mover 
Move  q=XATo  Move  q«sq)v(CASTLE  Move  qA(Alsomover  Move  q«XAAlsoto  Move  q«sq)) 

))) 

Section  5.3.3  Segregate 

For  our  last  example  of  a  chess  inductive  proof,  we  prove  the  well  known  chess  fact  that  bishops 
stay  on  squares  of  the  same  color.  The  key  predicate  for  this  proof  is  UHI TESQUARES.  a  sort  on 
squares,  which  is  true,  of  course,  on  the  white  squares. 
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In  proving  this  theorem  we  employ  the  lemma  BishopStaysOnSameColor.*0 
Bi shopStaysOnSamaColor  states  that  between  any  position,  r,  and  a  successor,  p,  if  a  bishop  yb 1  is 
on  square  sql  in  r,  and  aq  in  p,  then  sql  and  sq  are  of  the  same  color.  Expressed  as  a  WFF  in  our 
axiomatization,  this  is: 

Vr  p  ybi  sql  sq.  ( (SUCCESSOR (r, p)a(Pos (p, sq) -yb i/\Poe (r, sql ) -ybi )) 3 
(UHI TESQUARES ( sq) *UHI TESQUARES (sql ) ) ) ; ; 

This  theorem  also  employs  the  lemma  WasHere,  which  states  that  for  any  piece  x,  in  a  position  p,  if 
x  is  on  some  square  in  p,  then  x  was  on  some  square  in  the  position  previous  to  p.61 

The  proof  of  BlshopsIsOnSameColor  follows  the  form  of  our  other  chess  inductive  proofs.  First  the 
simplified  form  of  chess  induction,  Chslnd,  is  instantiated  with  the  theorem  to  be  proven. 


*****  label  LI : 

*»***aI  Chslnd [a«-Xp. (Vsql  sq2  yb i .  ( (Pos (P0, sql ) -yb i aPos (p,  sq2) -yb i ) o  ( 

*UHI TESOUARES (sql ) sUHI TESQUARES (sq2) )  >)J  i 

1  (Vsql  sq2  ybi . ( (Pos(P0, sql )«yblAPos(P0, sq2)*yb1 )o(WH I TESQUARES  sql- 
WHITESQUARES  sq2))nVr  p . ( (Vsql  sq2  ybi .( (Pos(P0,sql )=yblAPos(r , sq2 )*yb1  )o( 
WHITESQUARES  sql-WHITESQUARES  sq2))ASUCCESS0R(r,p))oVsql  sq2  ybi  ,((Pos(P0, 
sql  )=ybiAPos(p, sq2 )=yb1 )a( WHITESQUARES  sql-WHITESQUARES  sq2))))oVr  sql  sq2 
ybi .  ( ( Pos( PO, sql)=yblAPos(r ,sq2)*yb1  )o( WHITESQUARES  sql-WHITESQUARES  sq2)) 

Proving  the  proposition  for  the  initial  position  is  trivial.  No  piece  can  be  on  more  than  one  square 
in  any  position.  So,  of  course,  our  bishop  ybi  is  on  the  same  color  square  in  P0  as  in  P0. 

t****VE  Unique  P0, sql , sq2, yb i ; 

2  Pos(P0,sql )*ybio(Pos(POtsq2)*yb1-sql*sq2) 

*****  t au t eq  (Pos (P0, sql ) -yb i aPos (P0, sq2) -yb i ) p (UHI TESQUARES (sql ) ■ 

* UHI TESQUARES (sq2)>  ti 

3  ( Pos( PO, sql )»yblAPos( PO, sq2)»yb1 )o( WHITESQUARES  sql-WHITESQUARES  sq2) 

*****  label  L2; 

*****  VI  T  sql  sq2  ybi; 

4  Vsql  sq2  ybi . ( ( Pos(P0, sql )»yblAPos( PO, sq2)«yb1 )o(WHITESQUARES  sql- 
WHITESQUARES  sqZ ) ) 

We  make  the  two  usual  assumptions  for  chess  inductive  proofs. 

*****  label  L3; 

*****assume  Ll:01tf2iK101tfl; 

5  Vsql  sq2  ybi .((Pos(P0,sql)=yblApos(r,sq2)=yb1)D(WHITESQUARES  sql- 
WHITESQUARES  sq2))ASUCCESS0R(r,p)  (5) 

*****  assume  Pos(P0, sql ) -yb i aPos (p, sq2)-ybi ; 

6  Pos(P0,sql)*yblAPos(p,sq2)-yb1  (6) 

*  *  *  *  *  aE  L3:#l; 

7  Vsql  sq2  ybi . ( ( Pos( PO.sql )*yblAPos(r ,sq2)*yb1 )o(WHITESQUARES  sql- 

WHITESQUARES  sq2))  (5) 


SO 

SI. 


Th«  proof  of  Bi*hopSl*y«OflS«m*Cotor  it  in  ooetion  A.B3  2. 
Th*  proof  of  W**H*r*  io  in  ttclion  A1 11.2.1. 
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As  yb  •  is  on  square  aq2  m  p.  it  must  have  been  on  some  square  in  r.  Let  us  call  that  square  eq. 
•••••VE  UasHere  r,p,aq2.ybii 

8  ( SUCCESSOR ( r ,  p  )aPo* ( p ,  sq? ) »yb t  )o3sq .  Po»(r ,  sq )«yb  1 

•  ••••taut  3«q,Po«lr,aq).ybi  L3s ttt. ti 

9  3sq.Pos(r,sq)ayb1  (5  6) 

•••••3E  t  aqxi 

10  Pos(r,sqx)»ybt  (10) 

Thu  square  aq  is.  by  our  assumption,  the  same  color  aj  the  square  gbi  started  on  (aql) 

•••••VE  tttt  eql.sqx.ybii 

11  ( Po*( PO, sql )»yblAPos(r , sqx)»yb1 )o(WHITESQUARES  sqlaWHITESQUARES  sqx)  (3) 

And  by  the  lemma  BishopStaysOnStmeColor,  u  is  the  same  color  as  the  square  gbi  is  on  in  p 

(aq2). 

•••••VE  BishopStaysOnSaaeColor  r. p, gbi , sq*, sq2i 

12  (SUCCESSOR(r  ,p)a(Pos(p,  sq2)«ybtAPos(r,sqx)«yb1  )):>(  WHITE  SQUARES  sq2» 
WHITESQUARES  sqx) 

So  it  obviously  follows  that  the  initial  square,  aql  is  the  same  color  as  the  final  square,  sq2. 

•  ••*•  tauteq  UH] TESQUARES (aql ) aUHI TESQUARES (»q2)  L3i6,tttit| 

13  WHITESQUARES  sqlaWHITESQUARES  sq2  (5  6) 

We  remove  the  dependencies  and  generalize  in  the  appropriate  order. 

*«***oI  L3+Iot| 

14  ( Pos( PO , sql  )»yblAPos{ p, sq? )«ybt )p( WHITESQUARES  sqlaWHITESQUARES  sq2)  (5) 
•••••VI  t  sql  sq2  ybii 

15  Vsql  sq?  ybl .((Pos(P0.sql)»yblAPos(p,sq?)«yb1):>(WHITESQUARES  sql> 

WHITESQUARES  sq?))  (S) 

**»**pl  L3dT| 

16  (Vsql  sq?  ybl . ( (Pos( PO.sql  )«ybiAPos(r , sq?)«yb1 )o(WHITESQUARES  sqla 
WHITESQUARES  sq2))ASUCCESSOR(r,p)):>Vsql  sq?  ybt.((Pos(P0,sql)»ybtApos(p,sq2) 
■ybl  )b(  WHITESQUARES  sqlaWHITESQUARES  sq2)) 

•••••VI  t  r  pi 

17  Vr  p.((Vsql  sq2  yb1.((Pos(P0,sql)«yblAPos(r,sq2)«ybt)3(WHITESQUARES  sqla 
WHITESQUARES  sq?) )ASUCCESSOR(r,p) )oVsql  sq?  yb1.((Pos(P0,sql)ayblAPos(p,sq?) 
■ybl  )3( WHITESQUARES  sqlaWHITESQUARES  sq?))) 

Having  satisfied  both  chess  inductive  requirements,  we  have  our  theorem. 

•  ••••label  Bi3hgE^gQpg9m«Cslflr.« 

•••••taut  Ll:#2  Ll,LZ,f| 

18  Vr  sql  sq?  ybl ,((Pos(P0,sql)»yblAPos(r,sq2)«yb1)p(WHITESQUARES  sqla 
WHITESQUARES  sq2)) 
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Section  3.4  More  Complex  Chess  Theorems 
Section  3.4.1  Proof  by  Cases:  Symmetric  Orthogonality 

'The  ORTHO  relation,  on  a  board  and  two  squares,  is  true  if  the  argument  squares  are  on  the  same 
orthogonal  (row  or  column),  and  all  squares  between  the  two  are  empty  on  that  board.  It  is  used  in 
defining  the  rook  and  queen  moves  There  is  an  attachment  to  ORTHO  that,  given  a  board  and 
squares,  will  compute  the  value  of  the  ortho  relation  However,  much  as  LISP  can  not  compute  call 
by  name  function  evaluations,  the  simplify  mechanism  cannot  handle  simplifications  of  equally 
fragmentary  information  We  will  have  occasion  to  conclude  the  ORTHO  relation  on  sub-boards  from 
that  on  of  total  boards,  and  vice-versa 

One  can  conclude  this  equivalence,  of  course,  when  none  of  the  squares  between  the  given  squares  is 
undefined. 

The  proof  itself  is  an  example  of  proof  by  cases.  We  will  have  to  prove  the  theorem  for  both  rows 
and  the  columns,  and  in  each  direction.  We  will  accomplish  this  by  the  use  of  four  parallel  proof 
threads,  which,  properly  Riemannian,  will  converge  to  the  our  theorem. 

We  begin  by  assuming  that  board  a  is  a  sub-board  of  of  board  b,  that  our  two  squares,  sql  and 
sq2,  are  different,  and  that  either  the  two  squares  are  in  the  same  column,  and  every  square  between 
them  on  that  column  is  not  undefined  (UO)  on  a;  or  that  they  share  the  same  row,  and  every  square 
between  them  on  that  row  is  not  UD. 

*****  laoel  LI s 

*t*t«assume  SUBOARD(a.b) Ai-tsql-sqZ) a  ( (Column (eql) -Column (sq2) a  Vsq3.  (( 

•  BETWEEN  (Row  (sql )  .Row  (sq3)  ,Row(sq2) )  aCo I umn  (sq3)  -Co I umn (sql ) )  o  -> (Va  I ueon  (a, 

*  sq3) -UD) ) )  v (Row (sql I -Row (sqZI a  Vsq3. ( (BETUEEN (Co  I umn (sql ), Co  I umn (sq3) , 
*Column(sq2l )  aRow  ( sq3) -Rou  (sql  I  )d  -«(Va  I  ueon  (a,  sq3) -UO) ) ) ) )  t 

1  SUBOARD(a,b)n(-(sql*sq2)A((Column  sql*Column  sq2nVsq3 . ( ( BETWEEN(Row  sql. 

Row  sq3,Row  sq2)nColumn  sq3*Co1umn  sql )o-( Valueon(a, sq3)*UD ) ) )v(Row  sql  =  Row 
sq2AVsq3.((BETWEEN(Column  sql, Column  sq3, Column  sq2)nRow  sq3*Row  sql):>->( 
Valueon(a,sq3)*UD)))))  (1) 

If  a  is  a  sub-board  of  b.  then  they  differ  only  on  the  squares  where  a  is  undefined. 

****«VE  3UB_B0ARDS4  a  .  b  s 

2  SUBOARD(a,b)*Vsq.(Valueon(a,sq)*Valueon(b,sq)vValueon(a,sq)*UD) 

*****  taut  t:#2  t.tti 

3  Vsq.(Valueon(a,sq)*Valueon(b,sq)vValuaon(a,sq)*UD)  (1) 

Let  us  call  the  typical  square  between  sql  and  eq2,  sq3.  Either  this  square  is  undefined  (UD)  on  a, 
or  it  has  the  same  Valueon  it  in  both  a  and  b. 

*****label  L^i 
****«VE  t  sq5» 

4  Valueon(a,sq3)*Valueon(b,sq3)vValueon(a,sq3)*UD  (1) 


We  invoke  the  lemma  RowColumnSquareThm,  which  states  that  if  two  squares  have  the  same  row 
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and  column,  they  are  equal M 

•••••YE  RouColumnSquareTn*  sql  ,  eq2  t 

5  Rom  sql»Row  sq2?(Column  sql»Column  sq2?sql«sq2) 

Since  aql  and  aq2  are  assumed  to  be  unequal,  they  must  differ  In  row  or  column. 

We  consider  each  possibility.  They  might  be  equal  by  columns,  or  equal  by  rows, 
aaaaa label  Uji 

•  •  •  • • assume Co  I umn ( aql ) -Co  I umn ( eq2) t 

6  Column  sql»Column  sq2  (6) 

•••••assume  Row (aql ) -Row (aq2) t 

7  Row  sql«Row  sq2  (7) 

The  definition  of  ORTHO,  applied  to  both  a  and  o. 

•••••label  L5; 

•••••YE  H0VING2  a  ,  sql  ,  aq2t 

8  ORTHO( a , sql , sq2 )■(-( sql«sq2 )a( (Column  sql«Column  sq2nVsq3. ( (BETYEEN(Row 
sql, Row  sq3,Row  sq2)AColumn  sq3«Column  sql  )?Vslu*on(a,sq3)»MT) )v(Row  sql«Row 

sq2AVsq3.((BETWEEN(Co1umn  sql, Column  sq3, Column  sq2)ARow  sq3«Row  sql)? 
Valueon(a,sq3)*HT)))) 

•••••YE  M0V1NC2  b  .  sql  ,  sq2; 

9  ORTHO( b, sql , sq2 )■ (-( sql«sq2 )a( ( Column  sql*Column  sq2nYsq3. ( (BETWEEN! Row 
sql, Row  sq3,Row  sq2)AColumn  sq3«Column  sql)?Valueon(b,sq3)«HT))v(Row  sql«Row 

sq2AVsq3 . ( (8E TWEEN (Column  sql, Column  sq3, Column  sq2)aRow  aq3«Row  aql)? 

Va  1 uaon ( b , sq3 )»MT ) ) ) ) 

As  we  seek  to  prove  equivalence,  we  assume  each  of  the  ortho  conditions  and  try  to  prove  the  other. 

•••••label  L3; 

•••••assume  ttttflj 

10  ORTHO(a,sql,sq2)  (10) 

•  ••••assume  ttiZfli 

11  ORTHO(b,sql,sq2)  (11) 

There  are  now  four  parallel  cases  through  the  proof,  determined  by  whether  the  presumed 
orthogonality  is  horizontal  or  vertical,  and  on  board  o,  or  Its  sub-board,  a.  Note  the  dependencies. 

We  can  conclude,  in  each  case,  from  our  assumptions  and  the  definition  of  orthogonality,  that  every 
square  between  sql  and  sq2  is  NT. 

•••••label  LA; 

*•••* tauteq  LS: tt2tt2tt].U2  LS,12,L1.L8*1,L3: 

12  Vsq3.((BETWEEN(Row  sql, Row  aq3,Row  sq2)AColumn  sq3»Column  sql)?Valueon(a, 
sq3)«MT)  (1  6  10) 

•  ••••tauteq  LSi tt2U2U2t>2  LS.L2+l,Ll,L8+l.L3t 
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13  Vsq3.( (BETWEEMColumn  sql. Column  sq3, Column  sq2)ARow  sq3*Row  sql  ):>Valueon 

(a,sq3)»MT)  (1  7  10) 

*«•••  tauteq  LS*li#2#2#l»2  LS+1.L2.L1, 18*1, 13*1 i 

14  Vsq3.((BETWEEN(Row  sql, Row  sq3,Row  sq2)ACo1umn  sq3*Column  sql  ):>Valueon(b, 
sq3)»MT)  (1  6  11) 

•  ***•  tauteq  LS*1 \H2tt2»2»2  LS*l.L2el.Ll.LS*l.l3*li 

15  Vsq3.( (BETWEEN(Column  sql, Column  sq3, Column  sq2)nRow  sq3«Row  sql  ):>Valueon 

(b,sq3)«HT)  (1  7  11) 

We  apply  this  fact  to  our  typical  square,  aq3. 

•••••label  Ugi 
•***«VE  tttt  sq3i 

16  (BETWEENfRow  sql, Row  sq3,Row  sq2)AColumn  sq3»Column  sql)oValueon(a,sq3)> 

MT  (1  6  10) 

•••••VE  tttt  sq3i 

17  (BETWEEN(Column  sql, Column  sq3, Column  sq2)ARow  sq3«Row  sql )3Valueon(a, sq3 
)»MT  (1  7  10) 

•••••VE  tttt  aq3i 

18  (BETWEEN(Row  sql, Row  sq3,Row  sq2)AColumn  sq3«Column  sql)oValueon(b,sq3)» 

MT  (1  6  11) 

•••••VE  tttt  sq3| 

19  (BETWEEN(Column  sql, Column  sq3, Column  sq2)ARow  sq3*Row  sql)oVa)ueon(b,sq3 
)»MT  (1  7  11) 

sq3  must  either  be  the  same  on  both  boards,  or  undefined  on  a.  By  our  assumption,  all  squares  on 
a  between  aql  and  sq2  are  not  undefined.  Therefore,  aq3  will  have  the  same  Va turnon  it  in  both 
boards. 


•••••tauteq  Ll»#2#2#l*2  Ll.l2.L8*li 

20  Vsq3 . ( ( BETVEENf  Row  sql, Row  sq3,Row  sq2)AColumn  sq3*Column  sql )o-(Valueon( 

a , sq3 )«U0 ) )  (1  6) 

•  ••••tauteq  L 1 s U2U2U2U2  ll,L2+l,L8*li 

21  Vsq3. ( (BETWEEN(Column  sql, Column  sq3, Column  sq2)ARow  sq3«Row  sql)o-( 

Valueon(a, sq3)«U0) )  (1  7) 

•••••label  LZs 
•••••VE  tt  eq3i 

22  (BETWEENfRow  sql, Row  sq3,Row  sq2)AColumn  sq3«Column  sql)o-(Valueon(a,sq3) 
■  UD)  (1  6) 

•••••VE  tt  eq3i 

23  (BETWEEN(Column  sql, Column  sq3, Column  sq2)nRow  sq3«Row  sql)o-(Valu*on(a, 

sq3 )«U0 )  (1  7) 

And.  in  each  case,  this  value  will  be  MT. 

•••••label  LSi 

•••••tauteq  L7i01oValueon(b  »q3)-MT  L7,L6,L8i 


1 
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24  ( BE TWEEN( Row  sql.Row  sq3,Row  sq2)AColumn  sq3« Column  aql )sValueon(b,sq3)» 
NT  (1  6  10) 

•••••tauteq  l7*li01:>Valueonib  aq3)>MT  L7*l ,LB^1 ,L8| 

25  (BETWEEN(Column  aql, Column  sq3, Column  sq2)nRow  sq3«Row  aql )sValueon(b, sq3 
)»NT  (1  7  10) 

•••••tauten  L7i*lsValueon(a  sq3)»f1T  L7,l6+2,L8i 

26  (BC7WEtN(Row  sql.Row  sq3,Row  sq2)nColumn  sq3«Column  sql)sValueon(a.sq3)a 
NT  (1  6  11) 

•••••tauteq  l?-»l  1 01  sVa  I  ueon  (a  sq3)-f1T  17+1  ,L6«-3,L8i 

27  ( BE TWEFN( Column  sql, Column  sq3, Column  sq2)nRow  sq3«Row  sql )sVa1ueon(a , sq3 
)>NT  (1  7  11) 

We  generalize  this  result  to  all  squares  aq3. 

•••••VI ttttsq3: 

28  Vsq3 .  ( ( BE  TWEE N( Row  sql.Row  sq3,Row  sq2)AColumn  sq3*Column  sql )sValueon(b. 

sq3)«NT )  (1  6  10) 

•  ••••Vimtsq3; 

29  Vsq3 .  ( ( BE  TWEE  N(  Column  sql. Column  sq3, Column  sq2)nRow  sq3»Row  sql )sValueon 

( b. sq3)«NT )  (1  7  10) 

•••••Vlttttaq3; 

30  Vsq3.( (BE TWEEN (Row  sql.Row  sq3,Row  sq2)AColumn  sq3«Column  sql )DValueon(a, 
sq3)«HT)  (1  6  11) 

•  ••••Vimtsq3! 

31  Vsq3.(( BE TWEEN( Column  sql. Column  sq3, Column  sq2)nRow  sq3«Row  sql )sValueon 

( a . sq3 )>NT )  (1  7  11) 

But  this  is  the  defining  condition  for  ORTHO  on  the  other  board 

•  ••••tauteq  0RTH0(b  sql  sq2)  tttt,LS+l,Ll,L8*l,L2| 

32  ORTHO(b,sql,sq2)  (1  6  10) 

•  ••••tauteq  0RTH0(b  sql  sq2)  tttt,L5*l,ll,L8'fl,L2*li 

33  ORTHO(b.sql ,sq2)  (1  7  10) 

•  ••••tauteq  ORTHOIa  sql  sq2l  tttt.LS.Ll ,L8«1  ,L2| 

34  ORTHO(a,sql,sq2)  (1  6  11) 

•  ••••tauteq  ORTHOIa  sql  sq2)  tttt,L5,ll.L8+l,L2+li 

35  ORTHO(a.sql.sq2)  (1  7  11) 

We  remove  the  dependencies  of  each  case  assumption. 

•••••si  L3stttt| 

36  ORTHO( a , sq  1 . sq2 )sORTHO( b . sql . sq2 )  (1  6) 

•••••si  L3stttt| 

37  ORTHO( a . sq  1 . sq2 )sORTHO( b, sql . sq2 )  (1  7) 
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**••*31  L3-flotttt: 

38  0RTH0(b,sql,sq2)30RTH0(a,sql,sq2)  (1  6) 

****•31  L3-fl3tttt| 

39  0RTH0(b.sql.sq2)30RTH0(a,sqi,sq2)  (1  7) 

***••31  L23tttt( 

40  Column  sql«Column  sq23(0RTH0(a,sql , sq2)30RTH0(b, sql , sq2) )  (1) 

•****dI  L2+l3tttt| 

41  Row  sql*Row  sq23(0RTH0(a,sql,sq2)30RTH0(b,$ql,sq2))  (1) 

•****dI  L23ttttj 

42  Column  sql»Column  sq23(0RTH0(b,$ql,sq2)30RTH0(a,sql,sq2))  (1) 

•*•**3]  L2+l3tttti 

43  Row  sql=Row  sq23(0RTH0(b,sql,sq2)30RTH0(a,sql,sq2))  (1) 

Having  proven  the  theorem  for  each  case,  we  can  conclude  that  it  is  always  true. 

*****tauteq  ORTHOla  sql  sq2)*0RTH0(b  sql  eq2) 

44  ORTHO(a,sql,sq2)*ORTHO(b,sql,sq2)  (1) 

****•31  List: 

45  (SUBOARD(a,b)A(-«(sql  =  sq2 )a( (Column  sqUColumn  sq2AVsq3.((BETWEEN(Row  sql. 
Row  sq3,Row  sq2)AColumn  sq3*Column  sql)3-(Valueon(a,sq3)«UD)))v(Row  sql*Row 
sq2AVsq3. ( (BE TWEEN (Column  sql.Column  sq3, Column  sq2)ARow  sq3*Row  sql)3-( 

Va  1  ueon  ( a ,  sq3 ) «U0 ) ) ) ) ) )o( 0RTH0( a , sql , sq2 )*ORTHO(  b ,  sql , sq2 ) ) 

*****label  EauiQr thoThm; 

*****VIta  b  sql  sq2( 

46  Va  b  sql  sq2 .( (SUB0ARD(a,b)A(-(sql*sq2)A( (Column  sql«Column  sq2AVsq3.(( 
BETWEEN(Row  sql, Row  sq3,Row  sq2)AColumn  sq3sColumn  sql)3-«(Valueon(a,sq3)«U0) 

)  )v( Row  sql  =  Row  sq2AVsq3.( (BE TWEEN (Column  sql.Column  sq3, Column  sq2)ARow  sq3 
*Row  sql)3-(Valueon(a,sq3)=UD))))))3(ORTHO(a,sql,sq2)»ORTHO(b,sql,sq2) )) 

Section  3.4.2  Cornered  Checking  Pieces 

This  is  a  theorem  about  checks.  It  states  that  if  a  piece  is  checking  the  opposing  king  on  a  board, 
and,  if  on  each  of  the  squares  that  the  piece  can  move  to  on  that  board,  the  piece  still  checks  the 
king,  then  the  original  check  was  a  discovered  check.  This  situation  is  illustrated  in  figure  28,  where 
the  marked  white  queen  is  a  cornered  checking  piece.  This  check  must  have  been  produced  by  the 
white  bishop  moving  out  from  between  the  black  king  and  the  white  queen.  The  theorem  excludes 
certain  exceptional  conditions,  such  as  pawn  promotions,  castles,  en  passant  captures,  and  checks  by 
pawns.  These  restrictions  are  necessary  for  these  non-reversible  moves.  If  this  sounds  like  a 
complicated  theorem,  please  be  patient;  it  is  the  most  intricate  "general  chess  theorem"  we  prove. 
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The  while  queen  U  cornered 
figure  2$ 

We  start  with  the  assumption  of  some  of  the  conditions  for  the  theorem  We  presume  to  have  a 
position,  q.  whose  immediate  predecessor  was  r.  The  transition  from  r  to  q  was  not  accomplished  by 
a  castle  or  en  passant  q  has  a  board,  0,  and,  on  some  square  of  this  board,  sq.  is  a  white  value,  vu 
On  some  other  square,  sqx,  is  the  black  value  *C8  (king  black),  and  a  piece  of  vu  can  move  on  b 
from  sq  to  sqx.  vu  is  not  a  pawn;  sq  is  not  in  white’s  last  rank.  These  last  two  conditions  prevent 
the  move  from  being  either  a  pawn  promotion,  or  a  pawn's  move. 

We  label  this  assumption  LI. 

l aoe l  Lis 

•  ••••assume  SUCCESSOR  (r,  q)  a  (-EN_PASSANT  (r,q)  a  (-CASTLING  (r ,  q)  a  (-ilLASTRANK  sqA 

•  (BOARD  (o,  o)  a(Vb I ueon  (o,  sq)  •vuAlVa l ueon (b,  sqx) »KBa (MOVE TO (0,  vu,  sq,  sqx)  a-> 

•VALUEP  vu) ))))))} 

1  SUCCESSOR* r.q)A(-EN_PASSANT(r.q)A(-CASTLlNG(r,q)A(-WLASTRANK  SQA(BOARD(q,b 
)a(  Valueonfb,  sq)«vwn*  Va )ueon( b, sqx )*KBa( MOVE T0(b,vw,  sq,sqx)A-VALUEP  vw) ) ) ) ) ) 

)  (1) 

Since  there  is  a  white  value  on  sq,  it  must  belong  to  a  chesspiece.  Let  us  call  that  piece  x. 

«««**VE  PiecevaluesAreCnesspieces  q.o.eqi 

2  ( BOARD (q.b)APIECEVALUES  VaTueon(b.sq) JbCHESSPIECES  Pos(q,*q) 

•••••simplify  P1ECEVALUES  vws 

3  PIECEVALUES  vw 

•  ••••tauteq  Pos (q, sq) -Poslq. sq)  i 

4  Pos(q,sq)«Pos(q,sq) 

•  *•*•31  t  Pos(q,«q)*-x  occ  2t 

5  3x.Pos(q,sq)*x 

•••••tauteq  3x.Pos(q,sq)«x  LI, 2:3, 5: 

6  3x.Pos(q,sq)»x  (1) 

•••••label  CALL  Xi 
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•••••3E  t  m j 

7  Pos(q,sq)«x  (7) 

We  have  presented  sufficient  conditions  to  prove  the  black  king  in  check.  We  establish  this  fact, 
with  the  help  of  the  lemma  AlternateBlacK*3  AliernateBlack  also  incorporates  the  knowledge  that 
when  black's  king  is  in  check,  it  must  be  black's  turn  to  move. 

•••••taut  Val ueon (o, sqx) »KBa  ( V  a  I ueon  to, sq) *vwaM0VET0 (b, vu, eq, sq*) )  LI; 

8  Va  lueon(  b,  sqx  )*KBa(  Va  lueon(b,  sq  )«WAM0VET0(b,  vw,  sq,  sqx ) )  (1) 

••*••31  t  sq*  sq  vwj 

9  3vw  sq  sqx . ( Valueon(b, sqx)*KBA( Valueon(b, sq)*vwAM0VET0(b, vw, sq, sqx ) ) )  (1) 

«»*»»VE  CHECKERS?  b; 

10  BLACKINCHECK  b»3vw  sql  sq? .  ( Va  lueon(  b.  sq2  )*KBa(  Va  lueon(  b,  sql  )  =  vwaMOVETO(  b 
.vw.sql.sq?))) 

»*»»»VE  A  I ternateB I ack  q.b; 

11  (  BOARD  (  q ,  b  )aBLACK INCHECK  b)o(POSITIONINCHECK(q,BLACK)A-WHITETURN  q) 

•••••label  L2; 

•••••taut  POSI T I  ON  INCHECK (q.  BLACK)  a-'LHI TETURN  q  Lilts 

12  POSITIONINCHECK( q, BLACK )a-WH I TETURN  q  (1) 

Also,  if  black  is  checked,  then  the  color  of  position  q  must  be  black. 

••••»VE  P0S_C0L0RS  q. BLACK: 

13  Color  q=BLACK«(WHT  BLACKaVHITETURN  q) 

The  various  type  simplifications  needed  in  the  rest  of  the  proof. 

•  ••••simplify  Vvu  vb.-(Valuecolor  vw-Va I ueco I  or  vb) s 

14  Vvw  vb.-'fValuecolor  w«Valuecolor  vb) 

•••••VE  t  vu.KBs 

15  -(Valuecolor  vw*Valuecolor  KB) 

•••••Simplify  -UHT  BLACKaVALUEK  KBs 

16  ->WHT  BLACKaVALUEK  KB 

The  proof  will  also  employ  parts  of  the  definition  of  successor,  and  various  facts  about  the  colors  of 
pieces 


•••••label  L3: 

•••••VE  nCONSEQA  r,qs 

17  SUCCESSORS, q)p( ( — WH I TE TURN  raVHITETURN  q)A(Prevpos  q»rA(-.POSITIONINCHECK 
(q, Color  r )a( (WHITEPIECE  Mover  Move  qaWHITETURN  r)A(Pos(r,From  Move  q)«Mover 

Move  qA(Pos(q,Io  Move  q)«Mover  Move  qA( Pos(q,From  Move  q)»EMPTYA( (CAPTURE 
Move  qsPosS.To  Move  q)*Taken  Move  q)A(CASTLING(r ,q)v(EN_PASSANT(r ,q)v 
S  IMPLELEGALMOVE( r , q )))))))))) ) 

•••••taut  Prevpos  q-r  L1.L3; 

18  Prevpos  q*r  (1) 


53  Proven  m  •#cl*on  A.7  5  l. 
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By  the  theorem  _C/>ecA7ypes_,  there  are  four  ways  a  check  can  occur.  The  piece  that  is  making 
the  check  can  have  moved  into  the  check,  the  check  could  have  occurred  on  a  discovery  from  an  en 
passant  capture,  the  rook  of  a  castle  could  have  moved  and  checked,  or  the  check  could  have 
resulted  from  a  piece  moving  out  from  between  the  king  and  the  checking  piece,  a  discovered  check. 

*»**»VE  _CheckTyoes_  q. o, sq, sq*, k, vm.KBi 

19  (POSITIONINCHECK(q, Color  q)A(BOARO(q,b)A(MOVETO(b,vw,sq,*qx)A(Pos(q,sq)»x 
a(  Valueon(b.  sq)«vwA(Valueon(b,  sqx)*KBA(VALUEK  KBa->( Valuecolor  vw=Veluecolor 
KB )))))) )  )o(Mover  Move  q«xv( (EN_PASSANT(Prevpoa  q,q)A(SQUARE_8E TWEEN ( sq,From 

Move  q,sqx)vSQUARE_BETWEEN(sq,Tekenon  Move  q,sqx)))v((CASTLING(Prevpos  q,q) 
AAlsomover  Move  q«vw)v(OROINARY  Move  cja50UARE_BETWEEN( sq.From  Move  q,sqx)))) 

) 

»»***Su08tr  tt  in  tj 

20  (POSITIONINCHECK(q, Color  q)A(BOARO(q.b)A(MOVETO(b, vw, sq, sqx)n( Pos( q,  sq )=x 

a(  Valueon(b,  sq)»vwA(  Valueon(b,  sqx)«KBA(  VAUIEK  KBa-( Valuecolor  vwcVeluecolor 
KB )))))))  )o(Mover  Move  q«xv( (EN_PASSANT(r ,q)A(5QUARE_BETWEEN( sq.From  Move  q, 
sqx )vSQUARE_BETWEEN( sq, Takenon  Move  q,  sqx) ) )v( (CASTlING(r ,q)AAlsomover  Move 
q«vw)v(OR01NARY  Move  qASQUARE_BETWEEN(sq.From  Move  q.sqx)))))  (1) 

By  our  assumption  it,  we  can  eliminate  the  special  move  (capture  en  passant,  castle)  possibilities, 
••••slabel  1*4: 

**»«»tauteq  Mover  Move  q«xv(0R01NARY  Move  qnSQUARE_8ETUEEN(eq,From  Move  q, 

*  sqx) )  LI . CALL _X,L2: 13, IS: IS.  t; 

21  Mover  Move  q*xv(ORDINARY  Move  qASQU AREJ5E TWEEN (sq, From  Move  q.sqx))  (17 

) 

Let  use  assume  that  the  move  was  not  a  discovered  check,  but  rather,  that  the  checking  piece,  x, 
made  the  last  move,  into  the  checking  position.  We  call  this  assumption  umptlon. 

***«*labe)  umpt i on: 

»*»**assume  Mover  Move  q«x; 

22  Mover  Move  q*x  (22) 

If  the  last  move  was  not  a  pawn  promotion,  then  x  has  the  same  value  in  q  as  it  had  in  r. 
»**»»iaoel  sume: 

***»»aseume  Vsql. (M0VET0 (Tboard  q,vw,aq,eql)3(->(Valueon(Tboard  q,eql)»MT)v 
sMOVETO (Tboard  q, vw, sqx,  eql) ) ) ; 

23  Vsql.(MOV£TO(Tboard  q,vw,sq,*ql)o(-'(Valueon(Tboard  q,aql)»MT)vMOVETO( 

Tboard  q.vw.sqx.sql)))  (23) 

We  assume  that  every  square  that  this  piece  could  have  moved  from,  either  is  not  empty,  or  also 
checks  the  black  king. 

****«VE  sume  From  Move  q; 

24  MOVETO( Tboard  q, vw, sq.From  Move  q)o(-(Valueon( Tboard  q.From  Move  q)»MT)v 

MOVETO(Tboard  q,vw, sqx, From  Move  q))  (23) 

**s**VE  _MoveBack  r,q,vw,To  Move  q.From  Move  q; 

25  ( SUCCESSOR ( r ,q7A( ORDINARY  Move  qA-WALUEP  vw ) )o ( MOVE TO( Tboard  q.vw.To  Move 
q.From  Move  q)«MOVETO( Tboard  r.vw.Frorn  Move  q,To  Move  q)) 
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Now,  most  piece  moves  aie  mmmutative.  We  need  only  show  that  this  (non-pawn  valued)  piece  did 
not  just  promote,  and  this  value  is  also  the  value  of  the  piece  on  the  square  eq  in  the  boards  of  r 
and  q. 

***«*VE  MCONSEQK  r.qi 

26  SIMPLELEGALMOVE(r ,q)»(-(From  Move  q=To  Move  q)A(MOVETO(Tboard  r,Valueon( 
Tboard  r.From  Move  q),From  Move  q,To  Move  q)A((SIMPLE  Move  q/\Valueon( Tboard 
r,To  Move  q)*MT)v(CAPTURE  Move  qA(PIECEVALUES  Valueon( Tboard  r,To  Move  q)A-( 
Valuecolor  Valueon(Tboard  r,To  Move  q)=Color  r )))))) 

****»VE  MconseqmX  r,q: 

27  SUCCESSOR(  r ,  q  )o{  ( CASTLE  Move  q«CASTLING(r ,q) )a(  (ENPASSANT  Move  q»EN_ 

PASSANT (r , q ) )a(ORDINARY  Move  q»SIMPLELEGALMOVE(r ,q) ) ) ) 

*****  I abe I  L5; 

**«**VE  UnpromotedFrom  r,q,b,x,sq: 

28  ( SUCCESSORS , q )a( -WLASTRANK  sqn(BOARD(q,b)n(Valueon(b,sq)=vwA(Pos(q,sq)=x 
AMover  Move  qsx)))))oValueon(Tboard  r.From  Move  q)®vw 

****»VE  M0VETVPES1  Move  q; 

29  ENPASSANT  Move  qv( CASTLE  Move  qvORDINARY  Move  q) 

«****VE  Unique  q,To  Move  q.sq.x: 

30  Pos(q,To  Move  q)=X3(Pos(q,sq)*x*To  Move  q=sq) 

*****tauteq  ->(Valueon(Tboard  q.From  Move  q)«MT)vM0VE TO (Tboard  q, vw, sqx.From 
♦  Move  q)  LI ,CALL_X,L3, umpt i on, eume+l :  ts 

31  -(Valueon(Tboard  q.From  Move  q)*MT)vM0VET0( Tboard  q,vw, sqx.From  Move  q) 

(1  7  22  23) 

Now,  the  source  square  of  this  move  is  obviously  empty.  Hence,  the  MT  squares  of  our  assume  sums 
can  be  eliminated.  The  piece  must  be  able  to  make  the  indicated  move. 

****«VE  ValueTranepoei t ionC  q.From  Move  qi 

32  Valueon( Tboard  q.From  Move  q)*Val(q,Pos(q,From  Move  q)) 

****»VE  EmptyFrom  q,Poe(q,From  Move  q),From  Move  qi 

33  CHESSPIECES  Pos(q,From  Move  q)3(Pos(q,From  Move  q)«Pos(q,From  Move  q)a-( 

From  Move  q*From  Move  q)) 

»****VE  EmptylsMT  q,Pos(q,From  Move  q)i 

34  Pos(q,From  Move  q)=EMPTY»Val(q,Pos(q,From  Move  q))=MT 

**«**V£  NotChesspieceEmpty_  Pos(q,From  Move  q)j 

35  -CHESSPIECES  Pos(q,From  Move  q)»Pos(q,From  Move  q)*EMPTY 

*****tauteq  MOVETO (Tboard  q.vu, sqx.From  Move  q)  tttttit; 

36  MOVETO(Tboard  q,vw, sqx.From  Move  q)  (1  7  22  23) 

The  movement  commutivity  rules  also  hold  for  this  M0VET0.  We  need  to  show  that  the  values  of  the 
pieces  haven't  changed  by  this  last  move.  As  the  move  was  not  a  pawn  promotion,  this  follows. 

♦****VE  _MoveBack_  r , q, vw, 9qx,From  Move  qj 

37  ( SUCCESSOR ( r , q )a ( ORDINARY  Move  qA-VALUEP  vw) )o(MOVETO( Tboard  q.vw.sqx, 

From  Move  q)«MOVETO( Tboard  r.vw.From  Move  q.sqxj) 
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•••••tauteq  M0VET0(Tboard  r.vw.From  Hove  q.sqx)  LI  ,L5-1  .L5+1 ,  tti  t| 

38  MOVETO( Tboard  r.vw.From  Hove  q.sqx)  (1  7  22  23) 

•••••VE  OtherSideStays  r.q.sqx.BKi 

39  ( SUCCESSOR( r , q )a( (WHITE PIECE  BK-VHITETURN  q)APos(q,sqx)»BK))3Pos(r,sqx)« 
BK 

•••••VE  KingValueThm  r, Tboard  r,6qxi 

40  (BOARO(r, Tboard  r )A-(Valueon(Tboard  r,sqx)»UO))D((Pos(r,»qx)»WKeValueon( 
Tboard  r,sqx)«KW)A(Pos(r,sqx)»BK»Va1ueon(Tboard  r,sqx)»KB)) 

•••••label  LSi 
•••••VE  BoardTboard  ri 

41  BOARD(r, Tboard  r) 

•««*«VE  SUB_B0ARDS2  Tboard  r.sqx; 

42  -(Valueon( Tboard  r,sqx)=UD) 

•  ••••simplify  -4JH 1 TEPIECE  BKa-(KB-U0>i 

43  -WHITEPIECE  BKa-(KBsUO) 

•••••VE  KingValueThm  q.b.sqx; 

44  (BOARD(q,b)A-(Valueon(b,sqx)»UO))D((Pos(q,*qx)»WK»Valuaon(b,*qx)»KW)A(Pos 
( q , sqx )  =  BK»Va lueon(b, sqx )»KB ) ) 

Hence,  black  must  also  have  been  in  check  in  the  previous  position. 

•••••tauteq  Valueon(Tboard  r, sqx) «KBA(Va I ueon (Tboard  r.From  Move  q)»vwA 

•  MOVETO (Tboard  r.vw.From  Move  q.sqx))  LI ,CALL_X,L2,umpt lon,L5, ttttttti  t: 

45  Valueon(Tboard  r,sqx)eKBA(Valueon(Tboard  r.From  Move  q)»vwAMOVETO( Tboard 
r.vw.From  Move  q.sqx))  ( 1  7  22  23) 

*••••31  t  sqx*-sq2  From  Hove  q»-sql  vw  j 

46  3vw  sql  sq2 . (Va lueon( Tboard  r,sq2)«KBA(Valueon(Tboard  r.sql )»vwaMOVETO( 
Tboard  r,vw,sql,sq2)))  (1  7  22  23) 

•••••VE  CHECKERS2  Tboard  rj 

47  BLACKINCHECK  Tboard  r«3vw  sql  sq2.(Valueon(Tboard  r,sq2)«KBA(Valueon( 
Tboard  r , sql )»vwaM0VET0( Tboard  r , vw.sql , sq2 ) ) ) 

This  is  clearly  impossible. 

•  ••••VE  A  I ternateBlack  r, Tboard  ri 

48  (BOARO(r, Tboard  r )aBLACKINCHECK  Tboard  r )}( POSITIONINCHECK( r . BLACK )a-> 
WHITETURN  r) 

•  ••••tauteq  FALSE  LI .L2.L3.LG, ttti t| 

49  FALSE  (1  7  22  23) 

Therefore,  we  can  negate  our  assumption  that  this  cornered  piece  made  the  last  move. 

•••••-I  f, Mover  Move  q-xj 

50  -*(Mover  Move  q»x)  (  1  7  23) 

We  arrange  this  conclusion  in  a  more  useful  form. 
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•  ••••taut  (0R0INARY  Hove  qASQUAR£_BETUEEN(Bq,From  Hove  q,  sqx) )  A-(flover  Hove 
*q«x)  LA.tj 

51  (ORDINARY  Move  q/\5QUARE_BETWEEN(sq,From  Move  q.sqx)) a- (Mover  Move  q«x)  ( 

1  7  23) 

•••••subst  CALL_X  in  t; 

52  (ORDINARY  Move  qASQUARE_BETWEEN(sq,From  Move  q, sqx ) )A-(Mover  Move  q*Pos(q 

,sq))  (1  23) 

And.  after  removing  the  dependencies,  we  generalne. 

•••••dI  sumeot: 

53  Vsql .  (MOVETO(  Tboard  q.vw, sq, sql )o(-(Valueon( Tboard  q,  sql  )»MT  )vM0VET0( 

Tboard  q,vw, sqx, sql )) )o( (ORDINARY  Move  qASQUARE_BETWEEN(sq,From  Move  q.sqx)) 
A-(Mover  Move  q«Pos(q,sq)))  (1) 

•••••dI  list; 

54  (SUCCESSOR^, q)A(-EN_PASSANT(r,q)A(-CASTLING(r,q)A(-WUSTRANK  sqn( BOARD (q 
,  b  )a(  Valueon(b, sq)«vwA( Valueon(b, sqx  )«KBA(M0VET0(b,  vw,  sq,  sqx )a-VALUEP  vw) ) ) ) 

) ) )  )d( Vsql . (MOVE T0(  Tboard  q,  vw,  sq.sql  )D(-(Valueon(  Tboard  q.  sql  )«MT)vM0VET0( 
Tboard  q, vw, sqx, sql ) ) )s( (ORDINARY  Move  qn5QUARE_BE TWEEN ( sq , From  Move  q.sqx)) 
A-(Mover  Move  q«Pos(q,sq)))) 

We  call  this  theorem  WhlteCornered.  BlackCo/  nered  Is  the  same  theorem  for  black  checking  white. 
We  forego  the  repetition  required  for  its  proof. 

•••••label  Whi teCornered: 

•****VI  t  r  q  b  vu  sq  sqx; 

55  Vr  q  b  vw  sq  sqx. ((SUCCESSOR^, q)A(-EN_PASSANT(r, q)A(-CASTLING(r, q)A(- 
WLASTRANK  sqA  ( B0ARD(  q,  b  )a(  Va  lueon(b,sq)svwA(Valueon(b,  sqx  )*RBa(  MOVE  T0(b,vw, 
sq,  sqx)A-VALUEP  vw) ))))))  ):>( Vsql .  (MOVE T0( Tboard  q,  vw,  sq,  sql  ):>(-(Valueon( 

Tboard  q, sql )*MT)vM0VET0( Tboard  q,vw,sqx,sql))):>((ORDINARY  Move  qASQUARE_ 
BETWEEN(sq,From  Move  q.sqx) )A-(Mover  Move  q«Pos(q,sq) ) ) ) ) 

The  corresponding  result  for  checking  the  white  king  Is: 

define  BlackCornered: 

Vr  q  b  vw  sq  sqx. ((SUCCESSORS ,q)A(-EN_PASSANT(r ,q)A(-CASTLING(r ,q) 
A(->WLASTRANK(sq)A((BOARO(q,b)A(Valueon(b,sq)«vwA(Valueon(b,sqx)«KBA 
M0VET0(b, vw, sq.sqx ) ) ) )a-VALUEP  vw))))):>(Vsql.(M0VET0(  Tboard  q.vw, 
sq,sql)D(-«(Valueon(Tboard  q. sql )«MT)vM0VET0( Tboard  q,  vw.sqx.sql ) )  ):> 

((ORDINARY  Move  qASQUARE_BETWEEN(sq,From  Move  q, sqx ))a-( Mover  Move 
q«Pos(q,sq) ))));; 

Section  3.4.3  No  Black  Pawns  on  the  First  Row 


A  final  annotated  chess  lemma.  We  prove  the  theorem  NoBlackPawnsOnl  Row,  which  states  that  no 
piece  whose  value  is  PB  (black  pawn)  is  ever  in  on  any  square  of  the  board's  first  row  This  is  of 
course  true,  as  all  the  black  pawns  start  on  the  second  row,  and,  while  they  still  have  the  value  of 
pawn,  never  move  backwards. 

An  elenctic  proof.  We  assume  that  such  a  condition  exists.  In  some  position  p,  a  chesspiece  x  is  to 
have  value  PB.  In  p,  x  is  on  square  sql.  The  row  of  sql  is  1. 
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***«• label  Lit 

*****  assume  Va I (p, x) -PBaPos (p, sql ) «xi 

1  Va1(p,x)*PBAPos(p,aql)*x  (1) 

*****assume  Row(sql)«li 

2  Row  sql*l  (2) 

x  must,  of  course,  be  a  black  piece. 

*****  label 

*****  VE  ColorChoices  p,xj 

3  (BVALUES  Val(p,x)*BLACK PIECE  x)a(WVALUES  Val(p,x)mWHITEPIECE  x) 

**«**simpl ifw  BVALUES  PBaVALUEP  PB  j 

4  BVALUES  PBaVALUEP  PB 

***»*VE  PieceChoices  xj 

5  (WHITEPIECE  x.Plececolor  x*WHITE)a( BLACKPIECE  xePlececolor  x*BLACK ) 

*****  label  L3; 

*****  tauteq  Piececolor  x»BLACK  Ll,L2it» 

6  Piececolor  x*BLACK  (1) 

Every  piece  started  on  some  square.  Let  us  call  the  square  that  x  was  on  in  the  initial  position,  eq2. 

*»***VE  A I  I S tar  t_  xi 

7  3sq.Pos(P0,sq)«x 

*»***3E  t  sq2i 

8  Pos(P0,sq2)*x  (8) 

If  x  has  pawn  value,  it  must  be  a  pawn.  Since  x  is  a  blackpiece,  it  must  be  a  black  pawn. 

****»VE  PaunVa I uedPaunsThm  p.x; 

9  VALUE  P  Val(  p.x  SPAWNS  x 

***«*VE  BlackpiecePaunsAre  x; 

10  (BLACKPIECE  XaPAWNS  x)aBPAWNS  X 

Simplification  tells  us  that  all  black  pawns  start  in  the  second  row. 

*****  label 

*****  VE  BlackPauns0n2Start  sq2s 

11  BPAWNS  Pos(P0,sq2)>Row  sq2«2 

*****tauteq  Row(sq2)«2  L1,L2iL2*'2,L3+2iL4i 

12  Row  sq 2*2  (1  8) 

Each  of  eql  and  eq2  is  the  composite  of  its  row  and  column. 

***»*VE  SQUARE01  sq2j 

13  sq2*Makesquare(Row  »q2, Column  sq2) 


•****VE  SQUARE01  eqli 
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14  sql«Makesquare(Row  sql, Column  sql) 

*****substr  ttt  in  ttj 

15  sq2«Makesquare(2,Column  sq2)  (1  8) 

****»9ubstr  Ll+1  in  Ttj 

16  sql*Makesquare( 1 .Column  sql)  (2) 

By  the  theorem  _PawnStructure_1 .  every  path  that  a  pawn  takes  must  satisfy  the  predicate 
MAY_PAUN_CAPTURES.  We  substitute  the  flakeaquare  value  for  eql  and  eq2  in  this  WFF. 

****»VE  _PaunStructure  1  P0,p, x, sql , sq2: 

17  ( Pos(p, sql )*xa( Pos(PO, sq2 )*xa(PREDEGAME(PO,p)aVALUEP  Val(Prevpos  p,x)))):> 
MAY_PAWN_CAPTURES(sq2,sql,P1ececolor  x) 

*****sudstr  ttt  in  t  occ  2: 

18  ( Pos  ( p,sql)*XA(Pos(P0,sq2)*XA( PREDEGAME (PO,p)aVALUEP  Val(Prevpos  p,x))))d 
MAY_PAWN_CAPTURES(Makesquare(2.Co)unm  sq2),sql, Plececolor  x)  (1  8) 

*****substr  ttt  in  t  occ  2t 

19  ( Pos(p, sql )*xa( Pos(P0,sq2)*XA( PREDEGAMEf PO,p)aVALUEP  Val(Prevpos  p.x)))):> 
MAY_PAWN_CAPTURES( Make square (2, Column  sq2),Makesquare( 1, Column  sql), 

Piececolor  x)  (128) 

*****label  L5; 

*****  substr  L3  in  t; 

20  ( Pos ( p, sql )=xa( Pos( PO , sq2 )*xa( PREDEGAME  ( PO , p)aVALUEP  Val(Prevpos  p,x))))3 
MAY_PAWN_CAPTURES(Makesquare(2 , Column  sq2 ) ,Makesquare( 1 , Column  sql ) .BLACK ) 

(1  2  8) 

We  know  P0  to  have  occurred  in  the  game  of  p. 

•****YE  POSIT ION.RULES  pi 

21  SUCCESSOR( Prevpos  p,p)aPREDEGAME(PO,p) 

And  that  if  a  piece  has  pawn  value,  it  has  always  had  pawn  value. 

•****VE  PreviousPaunValue  Prevp 06  p.p.xi 

22  Prevpos  p«Prevpos  pp(VALUEP  Val(p,x)pVALUEP  Val(Prevpos  p,x)) 

Simplification  reveals  that  there  are  no  two  squares  satisfying  the  nAY_PAUN_CAPTUURES  predicate 
for  black,  such  that  the  transition  goes  from  the  second  row  to  the  first.  Thus,  we  have  a 
contradiction. 

•  ****VE  NotMPC_B*Ock2tol  Column(sq2) ,Column(sql)  l 

23  -MAY_PAWN_CAPTURES(Makesquare( 2, Column  sq2),Makesquare(l,Column  sql), 

BLACK) 

*****tauteq  FALSE  Ll,L2+l,L3+2,L5st; 

24  FALSE  (12) 

Our  original  assumption  must  be  wrong.  No  piece  with  value  black  pawn  can  be  on  a  square  whose 
row  is  one  in  any  GAHEPOSITION. 
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***•*-1  T.RowIsqD-li 

25  -(Row  sql*l )  (1) 

•••••dI  lists 

26  (Val(p,x)*PBAPos(p,sql)*x)s-(Row  sql«l) 

•••••label  L£t 
*••*•  VI  t  p  eqli 

27  Vp  sql.((Val(p,x)»PBAPos(p,sql)»x)s-(Row  sql«l)) 

However,  we  wish  to  prove  our  theorem  for  all  POSITIONS,  not  Just  GAHEP0S I T I ONs.  Hence,  we 
must  establish  it  for  the  initial  position.  This  is  trivial,  as  all  black  pawns  are  on  the  second  row  at 
the  beginning  of  the  game,  not  the  first.  We  first  establish  that  all  things  with  value  of  pawn  black 
in  the  initial  position  are  the  black  pawns;  we  then  instantiate  our  just  concluded  lemma  to  any 
position,  r,  show  by  simplification  that  that  if  r  is  P0,the  theorem  is  still  true.  As  all  positions  are 
either  GAMEPOSI  TIONs  or  P0,  we  have  our  theorem. 

•  **•*6  imp  I  i  fy  Vx.  (Val (P0, x) -P8«BPAUNS  x) i 

28  Vx . (Val ( PO,x)*PB»BPAWNS  x) 

•****VE  T  x j 

29  Va 1 ( PO , x )  * PB*  SPAWNS  x 

*****  s  i  nip  I  i  f  g  — (2“1)| 

30  -(2*1) 

*****tauteq  (Val (P8,x)«P8APoe(P0.6q2)"x)o-(Row(«q2Nl)  LA.ttitj 

31  (Val(P0,x)«P8APos(P0,sq2)*x)s-(Row  sq2*l) 

•••••assume  r«P0; 

32  r*P0  (32) 

•••••subst  t  in  tt; 

33  (Val(r,x)*PBAPos(r,*q2)*x)D-(Row  sq2»l)  (32) 

•••••si  ttotj 

34  r*P0s( (Val(r,x)*PBAPos(r.sq2)*x)s-(Row  sq2«l)) 

****«VE  LG  r, sq2; 

35  GAME  POSIT ION  rs( (Val(r,x)«PBAPos(r,sq2)»x):>-(Row  »q2*l)) 

•****VE  POSITION  TYPES  rt 

36  -(r*PO«GAMEPOSITION  r) 

•••••taut  (Val (r,x)-PBAPos(r,sq2)«x)3-(Row(«q2)*l)  tttitj 

37  (Va)(r,x)»PBAPos(r,*q2)*x)3-(Row  *q2»l) 

•**«* label  NoB I ackPaunsOnlRou: 

**•••  VI  t  r  x  sq2«-sq; 

38  Vr  x  sq.((Val(r,x)»PBAPos(r,sq)«x)p-(Row  sq»l)) 
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Chapter  4  A  FOL  Solution  to  the  Chess  Pu*ile 

Syttemi  of  natural  deduction  .  .  .  eontlitule  a  form 
for  ifcr  development  of  logic  that  it  natural  in  many 
retpeclt.  In  the  firit  place,  there  it  a  timilarity 
between  natural  deduction  and  intuitive,  informal 
reatoning.  The  inference  rulet  of  the  tyiteint  of 
natural  deduction  corretftond  clotely  to  procedure t 
common  in  inluilitw  rimtoniiif,  and  when  informal 
prooft  —  tuch  at  are  encountered  in  malhemalici 
for  example  —  are  formalited  within  theie  tyttemt, 
the  main  ttructure  of  the  informal  prooft  ran  often 
be  preterved.  Tbit  in  ittelf  give t  the  tyttemt  of 
natural  deduction  an  imereti  at  an  explication  of 
the  informal  concept  of  logical  deduction. 

Dag  Prawitx 54 

This  chapter  details  our  proof,  in  FOL.  of  the  solution  to  the  chess  puzzle  presented  in  section  1.6. 
This  proof  follows  closely  with  the  solution  presented  in  that  section. 

Section  4.1  Declarations  for  this  Proof 

Fust  order  logic  is  somewhat  distinguished  by  the  proliferation  of  constants  If  one  needs  a  new 
entity,  one  creates  a  new  constant;  if  a  particular  formula  is  a  frequent  referent,  one  defines  a  new 
predicate  to  abbreviate  that  formula  This  particular  proof  shall  not  spawn  any  new  predicates  for 
the  chess  world.  However,  perhaps  obviously,  we  shall  need  names  for  the  individuals  mentioned  in 
the  problem  and  solution.  More  particularly,  we  define  INDCONSTs  for  some  of  the  more  important 
boards  of  section  1.6. 

Most  obviously,  we  need  a  constant  to  represent  the  puzzle  board,  the  board  illustrated  in  figure  29. 
Let  us  call  this  individual  GIVEN. 

declare  INDCONST  GIVEN  c  B0AR0S; 


54 


[Pr*«ili65],  ph*  1 
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figun  29 

The  attachment  to  GIVEN  is  therefore 
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Our  proof  also  dealt  at  length  with  the  position  of  the  board  just  prior  to  the  last  move.  We 
concluded  that  a  white  pawn  on  UQB7  had  captured  some  black  piece  on  BQ1.  We  shall  need  to  refer 
to  several  of  the  possible  identities  of  that  piece.  In  the  base  situation,  that  piece  is  undefined,  and 
we  get  the  board  QBUO.55  When  we  wish  to  consider  that  piece  a  rook  or  a  queen,  we  will  use  the 
boards  QBR  and  QBQ.  Recalling  the  definitions  of  section  2.1.S,  we  see  that  QBUO  is  a  sub-board  of 
both  QBR  and  QBQ.  QBUO  is  illustrated  in  jigurt  30. 


declare  1NDC0NST  QBUO  QBR  QBQ  <  BOARDS: 


55  In  thit  proof,  wo  will  rotor  la  tho  pooition  presented  in  tha  problem  to  p«,  ito  previouo  pooition,  q>  Thoo,  the  nemo  QBUO 

oignifieo  that  thit  in  pooition  Q«,  thro  Board  10  UnOofmod  on  tho  mtorealmi  oquoro  (BOD.  Similarly,  QBR  hoo  o  block  rook  on  thot 
oquoro,  0B0,  o  black  queoiv 
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figurt  30 


attach 

QBR  * 

ICHESSI 

( (HT 

HT 

NB 

RB 

HT 

HT 

HT  XU) 

(PB 

XB  PU 

RU  PB 

HT 

PB 

HT) 

(PB 

HT 

HT 

PB 

HT 

HT 

HT  HT) 

(HT 

HT  PB 

HT  HT 

HT 

HT 

HT) 

(HT 

HT 

PB 

HT 

HT 

HT 

HT  U0) 

(HT 

PU  HT 

PU  HT 

HT 

PU 

HT) 

(PU 

HT 

PU 

HT 

HT 

PU 

HT  PU) 

(HT 

NB  HT 

HT  HT 

HT 

HT 

HT) )  j 

attach 

QBQ  « 

[CHESS! 

((MT 

HT 

NB 

Q8 

HT  HT 

HT  XU) 

(PB 

XB  PU 

RU  PB 

HT 

PB 

HT) 

(PB 

HT 

HT 

PB 

HT 

HT 

HT  HT) 

(HT 

HT  PB 

HT  HT 

HT 

HT 

HT) 

(MT 

HT  PB 

HT 

HT  HT 

HT  UD) 

(HT 

PU  HT 

PU  HT 

HT 

PU 

HT) 

(PU 

HT 

PU 

HT 

HT 

PU 

HT  PU) 

(HT 

NB  HT 

HT  HT 

HT 

HT 

HT) )  j 

attach 

QBU0- 

[CHESS! 

( (MT 

HT 

NB 

UD 

HT 

HT 

HT  XU) 

(PB 

XB  PU 

RU  PB 

HT 

PB 

HT) 

(PB 

HT 

HT 

PB 

HT 

HT 

HT  HT) 

(HT 

HT  PB 

HT  HT 

HT 

HT 

HT) 

(MT 

HT 

PB 

HT 

HT 

HT 

HT  UD) 

(HT 

PU  HT 

PU  HT 

HT 

PU 

HT) 

(PU 

HT 

PU 

HT 

HT 

PU 

HT  PU) 

(HT 

NB  HT 

HT  HT 

HT 

HT 

HT))  j 

Section  4.2  The  Proof 


Declarations  completed,  we  plunge  forward  into  our  proof.  One  of  the  major  propositions  of  this 
paper  is  the  existence  of  a  correspondence  between  the  human  solution  to  our  chess  puzzle  (presented 
in  1.6.2),  and  our  FOL  encoding  of  that  proof.  In  support  of  this  hypothesis,  this  chapter  is 
organized  like  section  1.6.2;  we  number  the  description  of  our  FOL  proof  to  illustrate  the 
relationship. 


Section  4.2.1  Black  is  in  Check 


We  seek  to  prove  that,  if  the  given  board  (GIVEN)  is  the  board  of  some  legal  position,  and  there  is  a 
chesspiece  on  the  square  UXR4,  then  that  piece  must  be  the  white  queen’s  bishop  (UQB).  Expressed  as 
a  FOL  WFF,  this  becomes:56 

Vp.  ((BOARD Ip  GIVEN) aCHESSPIECES  Poslp  UXR4) )  a  Poe(p  UXR4)  -  UQB) 

It  is  therefore  reasonable  to  begin  our  proof  with  the  assumption  of  the  antecedent  of  this  WFF. 
Rather  than  p,  we  select  the  distinctive  parameter  px  to  symbolize  this  original  position.  For  future 
reference,  we  label  this  line  CALL_PX 

*****  label  CALL  PX; 

*****assume  BOARO(p*,GIVEN)aCHESSPIECES  Pos(px,UXR4) ; 


56.  H ere  ws  h eve  begun  by  presuming  th»t  the  given  board  ie  e  poe.;  an  of  e  GAMEPOSITION,  not  juet  eny  POSITIONS.  This  », 

of  course,  trivielly  established.  The  only  non  GAMEPOSITION  POSITIONS  is  P0,  the  initial  (game  starting)  position.  A  quick  consultation 
to  the  simplification  mechanism  will  show  they  differ  on  many  squares.  Hence,  we  take  the  liberty  of  using  px,  rather  than  some 
POSITIONS  variable. 
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1  B0ARD(px, GIVEN )aCHESSPIECES  Pos(px,WKR4)  (1) 

/  We  see  that,  on  the  given  board,  the  black  king  is  in  check  < figure  31).  VJt  obtain  this 

through  a  single  invocation  of  the  simplification  mechanism.  Notice  how  we  have  transformed  this 
observation  into  a  simple  computation  We  will  use  this  computational  ability  in  this  proof  whenever 
possible;  more  particularly,  when  we  have  the  ground  instances  (constants)  to  compute  about,  and 
have  the  appropriate  functions  to  do  the  computing.57 


Simplification  toot  the  check  of  the  black  king. 


figure  31 


*****  I abe I  B INCHECK; 

***••3  imp  I ify  BLACK INCHECK  GIVEN: 

Z  BLACKINCHECK  GIVEN 

/./.  One  of  the  more  trivial  chess  lemmas,  AtternateBlack,  informs  us  that  any  position  which 
has  a  BLACK  INCHECK  board  must  have  black  on  move.  Additionally,  the  lemma  fills  in  the 
POSI  TI0N1NCHECK  predicate  for  us.  Let  us  call  this  line  BLACK_GOES. 

*****  label  BLACK  GOES: 

•****VE  Al ternateBlack  px, GIVEN; 

3  (B0ARD(px, GIVEN JaBLACKINCHECK  GIVEN)o(P05ITI0NINCHECK(px, BLACK )a-WHITETURN 
PX) 


12.  If  this  position  is  black's  turn,  then  white  must  have  made  the  previous  move.  We  want  a 
name  for  this  position,  too.  We  will  call  it  qx.  Implicit  in  using  a  name  from  the  sort  of 
LEGALPOSI TION,  rather  from  POSITIONS  is  the  obligation  to  show  that  the  stated  position  is  not  the 
initial  position.  It  is  obvious  to  us  that  the  board  GIVEN  was  not  achieved  one  move  from  the  start 
of  the  game.  But  to  convince  our  proof  checker,  we  invoke  the  lemma  PREVLEGAL,  which  demands 


57  W*  have  tried  to  hav*  *11  of  th*  appropriate  function*  defined  in  our  Hiomatixation  (chapter  2).  Occeeionilly,  computing 

eomethmg  with  the  chee*  eye,  end  thereby  conetdering  etch  ceee  of  *  quantified  WFF,  would  be  too  time  coneummg  in  thoee  inetencee, 
we  mey  attempt  the  proof  through  th*  ueual  deductive  mean* 
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the  display  of  a  black  piece  not  on  its  original  square  What  piece  to  use?  Kings  are  the  easiest 
commodity;  from  the  lemma  KlnoV»lu*7hm  we  know  that  any  king  valued  piece  must  be  the  king, 
and  we  can  see  (can  simplify)  the  black  king  on  BQN2. 

»»»»*VE  K ingValuefha  px, GIVEN, BQN2; 

4  ( BOARD  (px,  GIVEN  )A-(Valueon(  GIVEN,  BQN2 )  *UD )  )p(  (Pos(px,BQN2)»WK»Valueon( 

GIVEN,  BQN2 ) «KW )a ( Pos ( px ,  BQN2 )  ■ 8K» Va 1 ueon  (GIVEN ,  BQN2 )  «KB ) ) 

•••••simplify  t| 

5  BOARD ( px,GIVEN)p(-(Pos(px,BQN2 )«WK)aPos(px,BQN2 )«BK) 

•••••VE  PrevGamepoei t ion  px.BQN2.BKi 

6  ( ( (WHITEPIECE  BKeVHITETURN  px)APos(px,BQN2)«BK)A-(Pos(P0,BQN2)»BK)):>3q. 
Pravpos  px*q 

•••••simplify  t; 

7  (-WHITETURN  pxAPos(px,BQN2)*BK)p3q.Prevpos  px«q 

•  ••••taut  3q.Prevpos  px«q  CAt_L_PXiBLACK_GOES,  tft,  t| 

8  3q.Prevpos  px«q  (1) 

•••••label  CALL  QXi 
•••••3E  t  qx; 

9  Prevpos  px>qx  (9) 

It  is  also  useful  to  have  around  (for  the  conditional  parts  of  various  theorems)  facts  about  the 
ancestry  and  relationships  of  px  and  qx.  We  create  and  label  these  auxiliaries. 

•••••label  PXlSi 
•••••VE  POSl T I 5n_RULES  px: 

10  SUCCESSOR! Prevpos  px,px)APREDEGAHE(PO,px) 

•••••label  QXIS: 

•••••ve  posTTTSn  rules  qx: 

11  SUCCESSOR! Prevpos  qx.qx)APREOEGAME(PO.qx) 

•••••label  PXSUC: 

•••*• tauteq  SUCCESSOR (qx.px)  CALL_QXiPXlSt 

12  SUCCESSOR(qx.px)  (9) 

Section  4.2.2  White's  Last  Move 

2  Our  attention  turns  to  discovering  white's  last  move,  the  one  that  put  black  into  check.  We 

consider  each  of  the  possible  checking  maneuvers  (castling  rook  makes  the  check,  a  pawn  captured 
tn  passani  leaves  a  discovered  check,  the  checking  piece  made  the  last  move,  and  the  piece  that  move 
last  discovered  check)  and  discard  the  first  three. 
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2.1.  We  with  to  prove  that  white  did  not  castle  to  reach  this  position.  This  is  easy.  We 
observe  that  on  GIVEN,  a  board  of  pm,  white’s  king  is  on  BKR1.  This  is  not,  of  course,  a  square  a 
castle  can  leave  the  king  upon,  (as  the  lemma  WhltaCastlaThm  informs  us)  (figure  32). 


figure  32 


****«VE  K i ngVa I ueThm  px.Gl VEN.BKR1; 

13  ( BOARD  (px,  GIVEN  )A-(Va  I  ueon(  GIVEN,  BKR1  )*UD) )d( ( Pos(px,BKRl )=WK«Valueon( 

GIVEN, BKR1  )»KW)a( Pos(px,BKRl  )*BK»Valu«on(GIVEN,BKRl )»KB) ) 

**»*»VE  Uhi teCast leThm  qx.px.BkRl; 

14  (SUCCESSOR! qx,px)A(CASTLING(qx,px)A^VHI7ETURN  px))o(Pos(px,BKRl)«WK:>(BKRl 
■WKNlvBKRlaWQBl ) ) 

**«**simpl i fy  tt; 

15  BOARD  {px,  GIVEN  ):>(Pos(px,BKRl  )=WKa-(  Pos(px,BKRl  )=BK) ) 

*****simpl i fy  tt; 

16  ( SUCCESSOR! qx , px )a( CASTLING! qx, px )a-WHITETURN  px ) ):>-( Pos( px, BKR1  )«VK ) 

We  can  conclude,  tautologically,  that  white  did  not  just  castle. 

***** l ape  I  NOTPXCASTLE: 

*****tauteq  -CASTLING (qx.px)  CALL_PX:BLACK_GOES,PXSUC,ftif| 

17  ->CA5TLING(qx,px)  (1  9) 

2.2.  Similarly,  if  white  has  just  captured  en  passant,  then  he  would  have  a  pawn  on  black’s 
third  row  (from  the  theorem  WhitoEnPassantThm2).  Since  GIVEN  is  a  board  of  px,  and  inspection 
reveals  neither  an  undefined  piece  on  the  third  row,  nor  a  white  pawn,  we  can  quickly  dismiss  en 
passant  capture  as  a  possibility  ( figure  33). 
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No  while  paunt  on  black's  third  row. 


figure  33 

»«**»VE  Uh i teEnPassantThm2  q«  px  GIVEN; 

18  ( SUCCESSOR ( qx , px )a( EN_PASSANT ( qx , px )a-WHITETURN  px) )p(Vdcx.-(Valueon( 
GIVEN,Makesquare(3,dcx)  )»PWvValueon(GIVEN,Makes(juare(3,dcx))»UD):>-BOARD(px, 
GIVEN)) 

•••••Simplify  t; 

19  ( SUCCESSOR ( qx , px )a( EN_PA5SANT (qx, px )a->VHITETURN  px)  ):>-BOARD(px, GIVEN) 
•••••label  NQTPXEP; 

•••••tautaq  -€N_PASSANT (qx.px)  CALL  PXiBLACK  GGES.PXSUC, t; 

20  -EN_PAS5ANT ( qx , px )  (1  9) 
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Section  4.2  2.1  The  Check  Mutt  Have  Been  Discovered 

2  3  Proving  that  the  piece  that  moved  last  generated  the  check  is  more  difficult  Knowing 
chess,  and  with  broad  pattern  recognition  abilities,  we  can  see  that  the  checking  white  rook  is 
blocked  on  ever  side  except  the  king's,  and  that  only  moves  that  started  with  the  king  in  check  could 
have  lead  him  to  that  square  ( figure  34) 


Th«  i chile  rook  ii  cornered. 


figurt  34 

We  have  a  theorem,  WhiteCornered.  with  that  effect:  if  a  checking  piece  is  trapped  on  all  sides,  then 
that  piece  did  not  make  the  last  move.  but.  rather,  the  check  was  a  discovered  check.  (This  is  only 
true  with  assumptions  which  eliminate  the  special  moves)  The  validity  of  this  condition  is  obvious 
on  the  problem  board  (GIVEN).  However,  some  deduction  is  needed  to  show  that  it  still  holds  on  the 
total  board  of  px  (which  is  not  undefined  on  UKR4,  the  x-ed  square.)  We  have  shoved  this  deduction 
to  the  background;  it  is  presented  in  the  lemma  BlockedGIvenThm  in  section  B.2.  That  derivation  is 
a  good  example  of  both  the  problems  accruing  to  different  representations  of  the  same  object,  and 
the  difficulties  involved  in  proving  predicates  true  on  similar  objects. 

We  invoke  our  theorem  about  cornered  checking  pieces 

««»«*VE  Ulh i  teCornered  qx  px  GIVEN  RU  BQ2  BQN2; 

21  ( SUCCESSOR qx , px )a(-EN_PAS5ANT( qx , px )A(-CASTLING(qx, px )a(--WLASTRANK  BQ2a( 

( BOARD  ( px , GIVEN )A(Valueon( GIVEN ,  BQ2  )®RWa( Val ueon ( GIVEN, BQN2  )=KBaMOVETO(  GIVEN 
, RW, BQ2 , BQN2 ) ) )  )a-VALUEP  RW) ) ) )  )o(Vsql . (M0VET0( Tboard  px,RW,BQ2 ,  sql  ):>(-( 

Va  lueon( Tboard  px , sql )*MT)vM0VET0( Tboard  px ,RW,BQN2, sql  ))):>(  (ORDINARY  Move 
pxASQUARE_BETWEEN(BQ2,From  hove  px,BQN2))A-(Mover  Move  px=Pos(px,BQ2)))) 

Some  of  the  antecedents  of  this  WFF  have  been  established  ;arlier  in  this  proof  (such  as  the 
successor  relationship  between  qx  and  px,  and  the  non  castling  nature  of  the  last  move).  Others  we 
can  see  by  observation.  We  need  here  observe  that  the  checking  piece  is  not  on  the  last  rank,  it  can 
capture  the  king,  and  pieces  on  that  board  are  where  we  claim  them  to  be. 

*****  s i mp I  i  fu  -44LASTRANK  BQ2AVa I ueon (GI VEN.BQ2) »RUAVa I ueon (G 1 VEN, BQN2) -KB 
*  aMOVE  TO  (GIVEN ,  RU ,  BQ2 ,  BQN2 )  a-VALUEP  RUi 

22  -WLASTRANK  B<J2A(Valueon(GIVEN,BQ2)«RWA(Valueon(GIVEN,BQN2)«KBA(MOVETO( 
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GIVEN , RW , BQ2 , BQN2 )a-VALUEP  RW))) 

The  quantified  part  of  the  conditional  is  obtained  through  the  use  of  our  lemma. 

*«***VE  B l ockedG i venThm  px; 

23  BOARD ( px,  GIVEN  ):>Vsql .  (M0VET0(Tboard  px,RV,BQ2,sql  )3(-(Valueon(Tboard  px, 
sql )*MT)vMOVETO(Tboard  px,RW,BQN2,sql))) 

2.4.  Hence,  the  check  was  a  discovered  check;  the  piece  that  made  the  last  move  moved  out 
from  between  the  king  and  rook 

*****  label  ORQPX : 

*****  tauteq  ttT: t,PXSUC.NOTPXEP,NOTPXCASTLE,CALL_PX; 

24  (ORDINARY  Move  pxaSQUARE_BE TWEEN (BQ2, From  Move  px,BQNZ))a-( Mover  Move  px= 
Pos(px,BQ2))  (1) 

Section  4.2.3  Which  Piece  Discovered  the  Check 
Section  4.2.3.1  Where  the  Last  Move  Originated 
3.  We  seek  the  identity  of  the  piece  that  moved  last. 

3.1.  We  observe  that  there  is  only  one  square  between  the  rook  and  the  king,  BQB2.  If  the 
piece  that  moved  last  moved  out  from  between  them,  if  must  have  come  from  this  square. 


The  FKOM  square  of  the  move. 


figure  33 

*****simpl i fy  Vsq. ( SQU ARE _BET WEEN (BQ2  sq  BQN2)psq»BQB2) s 

25  Vsq .  ( S0UARE_BE TWEEN ( BQ2 ,  sq ,  8QN2  )psa=BQB2 ) 

***«*VE  t  From  Move  pxt 

26  SQUARE.BETWEEN ( BQ2 .From  Move  px,BQN2)3From  Move  px:BQB2 
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•••••label  FROMPX ; 

•**•* tauteq  From  (love  px»BQB2  ttt.tj 
27  From  Move  px«BQ82  (1) 

Section  4.2  3.2  The  Last  Move  was  a  Pawn  Promotion 

3.2.  Perhaps  the  last  move  was  not  special.  We  have  already  eliminated  the  possibility  that  the 
move  was  a  capture  en  passant  or  a  castle.  Let  us  assume  that  the  last  move  was  not  a  pawn 
promotion. 

We  know  several  facts  about  all  moves  In  par::cular,  moves  are  either  castles,  captures  en  passant, 
or  satisfy  the  SIMPLELEGAIMOVE  predicate 

•••••label  nCONAPX: 

»  *  «  » • V£  MCONSEQA  qx  pxi 

ZB  SUCCE5S0R(qx,px)o((  •'WHITE  TURN  qx«WHITETURN  px)/\(Prevpos  pxeqxA(- 

FOSI riONINCHECK(px, Color  qx)A( (WHITEPIECE  Mover  Move  pxeWHITETURN  qx)A(Pos( 

qx.From  Move  px)«Mover  Move  pxa(Pos(px,To  Move  px)*Mover  Move  pxA(Pos(px, 

From  Move  px )«EMPTYa( (CAPTURE  Move  pxoPos(qx,To  Move  px)*Taken  Move  px)a( 

CAS TL ING( qx . px )v(EN_PASSANT( qx . px )vSIMPLELEGALMOVE( qx . px )))))))))) ) 

We  have  a  lemma  MovedValues  (section  A. 7.2. 1)  applicable  to  this  situation.  It  states  that  for  all 
ordinary,  non-pawn  promoting  moves,  the  moving  piece,  with  its  current  value,  could  MOVETO.  on  the 
total  board  of  the  previous  position,  from  the  From  square  of  that  move,  to  the  To  square. 
Additionally,  when  the  ensuing  position  has  black  on  move,  then  a  white  piece  occupies  the  To 
square  of  that  move  (and  similarly  for  white).  We  consider  each  of  the  white  and  undefined  pieces 
on  GIVEN  in  turn  (/igure  36). 


Jigurt  36 
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•***»VE  MovedValues  qx  px  GIVEN  BGB2  To  Hove  px; 

29  ( (SUCCESSOR(qx.px)A(-EN_PASSANT(qx,px)A(-CASTlING(qx,px)A(-PAVNPROM  Move 
pxABOARO(px .GIVEN) ))) )A(From  Move  px*BQB2aTo  Move  px*To  Move  px)  )d(MOVETO( 
Tboard  qx,Vat(px, Mover  Move  px), 8082, To  Move  px )a(  —  ( Va lueon(GIVEN, To  Move  px 
)«UD):>(MOVETO(Tboard  qx,Valuoon(GIVFN,To  Move  px),BQB2,To  Move  px)a(( 

WHITETURN  pxuBVALUES  Va lueon( GIVEN. To  Move  px)  )a(-UMITETURN  pxoVVALUES 
Valueon(GIVEN, To  Move  px)))))) 

3  3  There  are  ten  white  pieces  on  the  board  GIVEN  Could  any  of  them  have  made  the  last 
move,  out  from  between  the  rook  and  the  king? 

•*««* VE  G i venUV  To  Move  px; 

30  WVALUES  Va )ueon(GIVEN,  To  Move  px)p(To  Move  px*BkRlv(To  Move  px*BQlv(To 
Move  px«BQ2v(To  Move  px«WQR2v(To  Move  px*UQN3v(To  Move  px*VQB2v(To  Move  px» 
WQ3v( To  Move  px*WkB2v(To  Move  px«WkN3vTo  Move  px«WKR2 )))))))) ) 

3.3 .1  Obviously,  the  king  on  BkRl  could  not  have  made  that  jump. 

**«*«VE  MayMove  Tpoard  qx  Va I ueon tGI VEN, To  Move  px)  BGB2  BkRl; 

31  MOVETO( tboard  qx.ValueonfGIVEN.To  Movo  px),BQB2,BkRl ):>(Column  BQBZ*Column 
BKRlv(kNIGHTMOVE(BQB2,BkRl )v(Row  BQB2«Row  BkRlv(SAMEDIAG(BQB2 , BkRl )v( 

K INGMOVE ( BQB2 , BkRl )v( TW0T0UCHING( Column  BQB2, Column  BkRl )a( VSUC(Row  BQB2.Row 
BkRl  )vBSUC( Row  BQB2.Row  BkRl)))))))) 

•••••simplify  t; 

32  -MOVETO( Tboard  qx,Valueon(GlVEN,To  Move  px),BQB2,BkRl) 

3.3.2  We  check  each  of  the  white  pawns  on  GIVEN,  and  observe  (using  our  CMss  Eyt,  the 
simplification  mechanism)  that  none  of  them  could  have  just  moved  from  BGB2. 

***»«VE  MayMove  Tboard  qx  Va I ueon (GI VEN, To  Move  px)  8QB2  UkB2i 

33  MOVETO( Tboard  qx,Valucon(GIVEN,To  Movo  px),BQB2,WkB2):>(Column  BQB2«Co1umn 
WKB2v(kNIGHTMOVE(BQB2,VkB2)v(Row  B0B2«Row  VkB2v(SAME0IAG(B0B2 .VKBZ )v( 

K INGMOVE ( BQB2 , WKB2 )v( TW0T0UCHING( Column  BQ82, Column  WKB2)a(VSUC(Row  BQB2,Row 
WkB2)v8SUC(Row  BQB2,Row  VkB2 ) ))))))) 

»»*** s i mp I i f y  tj 

34  -MOVE TO( Tboard  qx,Valueon(GIVEN,To  Move  px) ,BQB2 ,WKB2 ) 

«****VE  MayMove  Tboard  qx  ValueonlGlVEN.To  Move  px)  BQB2  WQ3; 

35  MOVETO( tboard  qx,Va1uoon(GIVEN,To  Move  px )  ,8082 , WQ3 )o(Column  BQB2«Column 
WQ3v ( kNIGNTMOVE ( BQB2 , WQ3 )v( Row  BQB2«Row  W03v(SAMEDIAG(B0B2,V03)v(kINGMOVE( 

BQB2 , WQ3 )v( TWOTOUCHING( Column  BQB2, Column  WQ3)a(WSUC(Row  BQB2,Row  WQ3)vBSUC( 

Row  BQB2 ,Row  WQ3)))))))) 

*****  s i mp I i f y  t j 

36  -M0VET0( Tboard  qx, Va lueon(GIVEN, To  Move  px),BQB2,WQ3) 

•****VE  MayMove  Tboard  qx  ValueonlGlVEN.To  Move  px)  BQB2  UQN3i 

37  MOVETO( tboard  qx,Valuoon(GlVEN,To  Move  px),BQB2,WQN3)o(Column  BQB2*Column 
WQN3v ( K  N I GH  T MOVE ( BQB2 , WQN3 ) v ( Row  BQB2«Row  VQN3v(SAMEDIAG(BQB2.WQN3)v( 

k INGMOVE ( BQB2 ,WQN3)v( TW0T0UCHING( Column  BQB2, Column  WQN3)a(WSUC(Row  BQB2,Row 
WQN3 )vBSUC( Row  B(JB2,Row  WQN3) ))))))) 


simplify  t; 
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38  -MOVETO( Tboard  qx,Valueon(GIVEN, To  Move  px),BQB2,VQN3) 

***«*YE  MayMove  Tboard  qx  Valueon(GlVEN,To  Move  px)  BQB2  UQR2; 

39  MOVETO(Tboard  qx,Valuoon(GIVEN,To  Move  px),BQB2,VQR2)p(Column  B<JB2eColumn 
WQR2v ( KNIGHTMOVE ( BQB2 . WQR2 )v ( Row  BQB2«Row  WQR2v(SAME0IAG( BQB2 , WQR2 )v( 

K1NGM0VE( BQB2.WQR2 )v( TWOTOUCHING( Column  BQB2, Column  WQR2)a( VSUC(Row  B0B2,Row 
WQR2 )vBSUC( Row  BQB2 , Row  WQR2 )))))))) 

•  ****s)mpl  i fy  t; 

40  -MOVETO( Tboard  qx,Valueon(GIVEN,To  Move  px ) , BQB2 , VQR2 ) 

Note  that  we  are  invoking  two  different  lemmas  here.  MayMove  is  useful  for  showing  that,  between 
a  pair  of  squares,  no  piece  can  ever  move.  WhitePawnMovement  (white  pawn  monon)  is  more 
specific,  it  applies  only  to  white  pawns,  and  is  basically  a  telescoping  of  the  conditions  on  white  pawn 
movement  (as  defined  in  the  axioms  MOVING1  and  PAWNMOVING)  so  that  they  can  be  checked  in  a 
single  simplification. 

**»**VE  Uh i tePawnMovement  Tboard  qx  GIVEN  To  Move  px  BQB2  WKR2j 

41  To  Move  px*WKR2p(Va1uoon(GIVEN,WKR2)*PW:>(MOVETO(Tboard  qx,Valueon(GIVEN, 

To  Move  px),BQB2,WKR2)»( (Column  BQB2*Column  WKR2a(WSUC(Row  BQB2,Row  WKR2)a 
Valueon (Tboard  qx,WKR2)«MT) )v( (Column  BQB2«Column  WKR2a(Row  BQB2»7a( Valueon( 
Tboard  qx,Makesquare(6, Column  BQB2) )=MTaRow  WKR2«5) ) )v(Valueon( Tboard  qx, 

WKR2 )*MTa( TWOTOUCHING(Column  BQB2,Column  VKR2)a(WSUC(Row  BQB2,Row  WKR2)a 
BVALUES  1/a lueon( Tboard  qx,WKR2) )))>))) 

***** e i mp I i f y  t: 

42  To  Move  px«WKR2p-M0VET0( Tboard  qx,Valueon(GIVEN,To  Move  px),BQB2,WKR2) 

****»VE  Uhi  tePawnMovement  Tboard  qx  GIVEN  To  Move  px  BQB2  UKN3i 

43  To  Move  px*WKN3o(Valueon(GIVEN.WI(N3)sPWo(MO\/ETO(Tboard  qx,Valueon(GIVEN, 

To  Move  px ) , BQB2 , WKN3 ) ■ ( ( Co  1 umn  BQ82«Column  WKN3a(WSUC(Row  BQB2,Row  VKN3)a 
Valueon( Tboard  qx,WKN3)=MT))v((Column  BQB2sColumn  WKN3a(Row  BQB2s7A(Valueon( 
Tboard  qx,Makesquare(6, Column  BQB2) )=MTaRow  WKN3*5)))v(Valueon(Tboard  qx. 
WKN3)=MTa(TW0T0UCHING( Column  BQB2, Column  WKN3)a(VSUC(Row  BQB2.Row  WKN3)a 
BVALUES  Va1ueon( Tboard  qx,WKN3)))))))) 

*****6  imp  I i fy  t: 

44  To  Move  px=WKN3o-MOVETO( Tboard  qx,Valueon(GIVEN,To  Move  px),B0B2,WKN3) 

****«VE  Uhi tePaunMovement  Tboard  qx  GIVEN  To  Move  px  BQB2  UQB2i 

45  To  Move  px*WQB2:>(Valueon(GIVEN,W()B2)*PW:>(MOVETO(Tboard  qx,Va1ueon(GIVEN, 

To  Move  px ) , BQB2 , WQB2 )*  ( ( Co  1 umn  BQB2*Column  WQB2a(WSUC(Row  B0B2,Row  WQB2)a 
Va  1  ueon ( Tboard  qx,WQB2)=MT)M(Column  BQB2*Column  WQB2a(Row  BQB2=7A(Valueon( 
Tboard  qx,Makesquare(6, Column  BQB2))sMTaRow  WQB2*5) ) )v(Valueon( Tboard  qx, 

WQB2 )=MTa( TWOTOUCHING(Column  BQB2, Column  WQB2)a(WSUC(Row  BQB2,Row  WQB2)a 
BVALUES  Valueondboard  qx,WQB2>>)))))) 

*****simpl i fy  t; 

46  To  Move  pxsWQB2o-410VET0(  Tboard  qx,Valueon(GIVEN,To  Move  px),BQB2,WQB2) 

2JJ.  We  have  already  eliminated  the  checking  rook  as  the  moving  piece  in  the  last  move. 


*****assume  To  Move  px-BQ2; 
47  To  Move  pxsBQ2  (47) 
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•••••subst  t  IN  ORDPX : 

48  (ORDINARY  Move  pxaSQUARE_BETVEEN( To  Move  px.From  Move  px,BQN2))a-( Mover 
Move  px*Pos(px,To  Move  px))  (1  47) 

•••••ol  tfati 

49  To  Move  px*R0?o( (ORDINARY  Move  px/\SQUARE_BETWEEN( To  Move  px.From  Move  px, 

BQN2 )  )a-(Movi>»  r.ove  px*Pos(px,To  Move  px)))  (1) 

7  7  4  Nor  could  the  rook  on  BQ1,  if  it  was  a  rook  in  the  last  position,  have  moved  on  the 
diagonal 

**«**VE  MOV  1  NC>2  Tboard  q*  BQB2  BQ1 : 

50  OR THO( Tboard  qx.BQB2.BQl )■ ( -( BQB2=BQ1 )a( (Column  BQB2*Column  BQ1aVsq3.(( 
BETWEEN(Row  BQBZ.Row  sq3,Row  BQl)AColumn  sq3*Column  BQB2)oValueon( Tboard  qx, 
sq3 )*MT )  )v( Row  BQB2*Row  BQlAVsq3. ( (BE TWEEN (Column  BQB2, Column  sq3, Column  BQ1 
)aRow  sq3=Row  BQB2 )oVa lueon( Tboard  qx,sq3)*MT )))) 

*»**» s i mp I  i  f i|  -Column  BGB2»Column  BQln-Rou  BQB2*Rou  BQIa 

*  V a  I ueon (G I VEN . BQ 1 1 »RU  aV ALUER  RU^-VALUEB  RUa-VALUEN  RUa-VALUEK  RUa 

*  -VALUEP  RUa-VALUEQ  RU; 

51  -(Column  BQB2=Column  BQ1)a(-(Row  BQB2=Row  BQ1 >A(Va lueon( GIVEN , BQ1  )*RWa( 
VALUER  RWa(-VALUEB  RWa(-VALUEN  RWa(-VALUEK  RVa(-VALUEP  RWa-VALUEQ  RW )))))) ) 

*****  YE  MOVING1  Tboard  qx  Va I ueon (G1 VEN  BQ1 )  BQB2  BQlj 

5?  MOVE  10(  Tboard  qx  .Va  luoon(  GIVEN,  BQ1 )  ,BQB2 .  BQ1  )*(  (VALUER  Valueon(GIVEN.BQl ) 
aORTHO( Tboard  qx.BQB2.BQl ) )v( (VALUEB  Valueon(GIVEN,BQl )aDIAG( Tboard  qx,BQB2, 

BQ1 )  )v(  ( VALUEQ  Valueon( GIVEN. BQ1 )aORTHO( Tboard  qx,BQB2,BQl ) )v( ( VALUEQ 
Va  lu eon (GIVEN, BQ1 )aDIAG( Tboard  qx.BQB2.BQl ) )v( (VALUEK  Valueon(GIVEN.BQl  )a 
K INGMOVE ( BQB2 , BQ1 )  )v(  (VALUEN  Va  1  ueon ( GIVEN, BQ1  )aKNIGHTMOVE(BQB2,BQ1  )  )v( 

VALUEP  Val ueon ( GIVEN, BQ1 )aPAWNM0VE (Tboard  qx,Valueon(GIVEN,BQl),B0B2,BQl)))) 

)))) 


*****3ssuroe  To  Move  px-BQli 

53  To  Move  px«BQl  (53) 

*****eubst  T  IN  tt  OCC  1,2s 

54  MOVETO( Tboard  qx,Valueon(GIVEN,To  Move  px),BQB2,To  Move  px)»((VALUER 
Va1ueon( GIVEN, BQ1)a0RTH0( Tboard  qx,BQB2,BQl ) )v( (VALUEB  Va lueon( GIVEN, BQ1  )a 
0 1  AG  (  Tboard  qx,BQB2,BQl ) )v( (VALUEQ  Valueon(GIVEN,BQl )aORTHO( Tboard  qx,BQB2 , 
BQl))v( (VALUEQ  Va1ueon(GIVEN,BQl )aDIAG( Tboard  qx.BQB2.BQl ) )v( (VALUEK  Valueon 
( GIVEN,  BQ1  )aK INGMOVE (BQB2.BQ1 )  )v(  (VALUEN  Valueon(GIVEN,BQl  )aKNIGHTMOVE ( BQB2 . 
BQl))v( VALUEP  Valueon( GIVEN, BQ1)aPAWNM0VE( Tboard  qx, Valueon( GIVEN, BQ1  ),BQB2, 

B01 ))))))) )  (53) 

***«*3|  ttoti 

55  To  Movo  px*BQlo(M0VET0( Tboard  qx,Valueon(GIVEN,To  Move  px),BQB2,To  Move 
px  )■  ( (VALUER  Va lueon( GIVEN, BQ1 )aORTHO( Tboard  qx,BQB2.BQl ) )v( (VALUEB  Valueon( 
GIVEN, BQ1  )aDIAG(  Tboard  qx,BQB2,BQl))v( (VALUEQ  Valueon(GIVEN,BQl  )aORTHO( 

Tboard  qx .BQB2.BQ1 ) )v( (VALUEQ  Valueon(GIVEN,BQl )aDIAG(  Tboard  qx.BQB2.BQl )  )v( 
(VALUEK  Valucon(GIVEN,BQl  )aKINGMOVE(BQB2,BQ1  )  )v(  (VALUEN  Valueon(GIVEN,BQl  )a 
KN IGHTMOVE  ( BQB2 ,  BQl )  )v(  VALUEP  Valueon  (GIVEN ,  BQ  1 )  aPAWNMOVE  ( Tboard  qx ,  Ve  1  ueon  ( 
GIVEN, BQ1 ) ,BQB2,BQ1 ))))))))) 

7.7  5.  We  have  shown  that  (if  the  last  move  was  not  a  pawn  promotion),  none  of  the  white  pieces 
on  the  board  could  have  moved  out  from  between  the  rook  and  king,  discovering  the  check  We 
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must  also  consider  each  of  the  undefined  pieces  on  GIVEN  We  can  see  (simplify)  that  there  is  only 
one  such  piece,  and  can  show  that,  (if  it  was  white)  it  was  also  incapable  (no  matter  what  value  it 
might  have  had)  of  discovering  the  check.  Once  again  we  turn  to  the  lemma  MovodValues.  and 
observe  that  no  piece  can  make  that  giant  knight's  move. 


GivenUO  To  Move  px: 

56  Valueon(GIVEN,To  Move  px)«U0aTo  Move  px«WKR4 

*«*«*YE  MayMove  Tboard  qx  ValueontTboard  qx  Fro*  Move  px)  BQB2  UKR4: 

57  MOVETO( Tboard  qx,Valuoon( Tboard  qx.From  Move  px),B0B2,WKR4);>(  Column  BQB2« 
Column  WKR4v(KNlGHTMOVE(BQB2,VKR4)v(Row  BQB2»Row  VKR4v(SAMEDIAG(BQB2,WKR4  )v( 
K INGMOVE ( BQB2 , WKR4 )v( TW0T0UCHING( Column  BQB2, Column  WKR4)a(WSUC(Row  BQBZ.Row 

VKR4)vBSUC (Row  BQBZ.Row  VKR4)) )))))) 


•••••simpl i fy  t| 

58  -'MOVE TO( Tboard  qx,Valueon( Tboard  qx.From  Move  px),BQB2,WKR4) 


•****V£  MCONSEQK  qx  pxi 

59  SIMPLELEGALMOVE(qx,px)e(->(From  Move  px»To  Move  px)a(M0VET0( Tboard  qx, 
Valueon( Tboard  qx.From  Move  px),From  Move  px.To  Move  px)a((SIMPLE  Move  pxa 
Valueon( Tboard  qx.To  Move  px)«MT)v( CAPTURE  Move  pxa(PIECEVALUES  Valueon( 
Tboard  qx.To  Move  pxjA-f Valuecolor  Valueon( Tboard  qx.To  Move  px)«Color  qx))) 


^  4  It  therefore  tautologically  follows  (all  other  alternatives  having  been  disposed),  that  the  last 
move  must  have  been  a  pawn  promotion 

•  ••••label  PROHPX j 
•••••tauteq  PAUNPROM  Move  px 

•  PXSUC , NOTPXCASTLE . NGTPXEP , FROMPX , CALL  PX. BLACK _G0ES , B 1 NCHECK . 

•  MCONAPX,  29. 30. 32. 34, 36. 38. 40. 42.44. 46749. 90. SI. 55. 56. 58. 59: 

60  PAWNPROM  Move  px  (1) 

Section  4.2.4  How  the  Pawn  Promoted 


4.  The  promoting  pawn  could,  of  course,  have  moved  to  only  one  of  three  squares  In  any 

case,  the  square  he  moved  to  must  now  have  a  white  piece  on  it.  We  prove  a  lemma  (section  B  ?)  to 
condense  this  computation.  This  lemma  states  that,  for  any  position  just  reached  by  a  pawn 
promotion,  a  promoting  white  pawn  on  BQB2  could  have  moved  to  one  of  three  squares,  BQB1  by  a 
simple  move,  or  BQN1  or  BQ1  by  a  capture.  In  either  case,  there  is  now  a  white  piece  on  any  board 
of  that  position  (that  isn’t  undefined  on  those  squares).  In  the  latter  case,  there  must  have  been  a 
black  piece  on  the  capture  square  of  the  previous  position's  board. 

***»*VE  PXPaunTo  qx.px, GIVEN: 

61  (SUCCESSOR (qx.px )a( -CASTLING (qx.px )A(-«EN_PA5SANT(qx,px)A( PAWNPROM  Move  px 
a(-WHITETURN  pxA(From  Move  px=BQB2aB0AR0(px,GIVEN)))))))d((To  Move  px=BQNW 
(WVALUES  Va  1  ueon (GIVEN, BON  1  )vVa  1  ueon ( G IVEN , BQN1 ) «U0 )aB VALUES  Va1ueon( Tboard 
qx.To  Move  px)))v((To  Move  px«BQ1a( (WVALUES  Valueon(GIVEN,BQl )vValueon(GIVEN 
,BQ1 )»UD)aBVALUES  Valueon(Tboard  qx.To  Move  px)))v(To  Move  px*BQB1a( WVALUES 
Va)ueon(  GIVEN,  BQB1  )vVa  lueon(  GIVEN,  BOB  1  )«UD) )) ) 

4.1.  We  observe  that  only  one  of  these  three  squares  has  a  white  piece  on  it  on  the  board 
GIVEN. 
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•••••simplify  f; 

6 2  ( SUCCESSOR (qx,px)A<-C AS TLING(qx,px)/\(-EN_PASSANT(qx,px)A(PAWNPROM  Move  px 
a(-WMITETURN  pxA(Fron>  Move  px«BQB2aB0ARD(px, GIVEN) ) ) ) ) ) )d( To  Move  px«BQ1a 
BVALUES  Valueon( Tboard  qx.To  Move  px)) 

5  Hence,  the  destination  (To)  square  of  the  last  move  must  have  been  BQ1.  Additionally,  this 

pawn  promotion  resulted  in  the  capture  of  some  black  piece. 

*»***VE  ValueTranspoti t ionC  qx.To  Move  pxi 

63  Valueon( Tboard  qx.To  Move  px)*Val(qx,Pos(qx,To  Move  px)) 

***«*VE  ColorChoices  qx.Poslqx.To  Move  px)( 

64  (BVALUES  Val(qx,Pos(qx,To  Move  px ) )*BIACKPIECE  Pos(qx,To  Move  Px))a( 

WVALUES  Va 1 ( qx , Pos( qx , To  Move  px ) ).VHITEPIECE  Pos(qx,To  Move  px)) 

•••••tauteq  To  Move  px-BQl aBLACKPIECE  Poslqx.To  Move  px)  a 

*  BVALUES  Valueon(Tboard  qx  To  Move  px) 

•  C AL L  _PX  i  BL ACK  GOES .  PXSUC . NO  TPXC AS  TLE ,  NO TPXEP .  FROMPX .  PROMPX . ttt i t i 

65  To  Move  px»BQ1a(BIACKPIECE  Pos(qx,To  Hove  px)aBVALUES  Valueon( Tboard  qx, 

To  Move  px) )  (19) 

**»•• I abe I  TQPXi 
*•*«*  taut  t:01  t; 

66  To  Move  pxsBQl  ( 1 ) 

Let  us  call  that  black  piece  zb 

•••••tauteq  Poslqx  To  Move  px)-Pos(qx  To  Move  px)  i 

67  Pos(qx,To  Move  px)«Pos(qx,To  Move  px) 

**•*•31  t,  ti#2  *•  zb  OCC  2i 

68  BIACKPIECE  Pos(qx,To  Move  px)o3zb.Pos(qx,To  Move  px)«zb 

•••••taut  3zb. Poslqx  To  Move  px)»zb  t.tttti 

69  3zb.Pos(qx,To  Move  px)«zb  (1  9) 

*****  label  CALL  ZBi 
****«3E  t  zbi 

70  Pos(qx,To  Move  px)«zb  (70) 

We  proceed  to  seek  the  identity  of  the  captured  black  piece. 

5  /  Black's  king  is  on  BQN2  As  white  moved  last,  and  didn't  capture  this  king,  we  know  that 
he  was  on  BQN2  in  qx  A  black  king  that  just  castled  would  not  be  on  this  square.  Hence,  we  can 
conclude  that  black  has  not  just  finished  a  castling  move. 

*****  label  PX  BKi 

***«*VE  XinqValueTbm  px.GI VEN,BGN2i 

71  (BOARO(px,  GIVEN  )A-(Valueon(  GIVEN.  BON2)«UD))D((Pos(px,BON2)«WK»Valuaon( 

GIVEN,  BQN2  )*KW)a(  Pos(px,BQN2  )*BK*Va luton( GIVEN, BQN2  )*KB) ) 

***«*VE  OtherSideStays  qx,px,BQN2,BXi 

72  ( SUCCESSOR ( qx, px )a( (WHITEPIECE  BK-VNITETURN  px)APos(px,BQN2)*Bk))oPos(qx, 
BQN? )«8K 
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•••••VE  B I ackCaat I eThm  Prevpos  qx, qx,BQN2i 

73  (SUCCESSOR( Prevpos  qx,qx)A(CASTLING( Prevpos  qx,qx)/\WHITETURN  qx) )a(Pos(qx 
.  BQN2 ) «BK3( BQN2-BKN lvBQN2»BQB l ) ) 

•••••simplify  Va I ueon (GI VEN.BQN2) •KBa-KB»UOa-44H1 TEPIECE  BKa 

•  -BQN2-BICN1a-0QN2-BQB1i 

74  Val ueon ( GIVEN ,B0N2)*KBa(-(KB*U0)a(-'WHITEPIECE  BKa(-(BQN2«BKN1 )a-(BQN2» 
BQB1)))) 

•  ••••label  NOTQXCASTLE : 

•••••  tauteq  -CASTL I NG (Prevpos  qx  qx) 

•  PXSUC .  C  ALL_PX .  B  i  NCHECK .  BLACK_G0ES ,  HCONAPX  ,  QX  l  S.  tUt :  t  j 

75  -CASTLING( Prevpos  qx,qx)  (1  97 

Proving  that  black's  last  move  was  not  an  fn  passant  capture  Is  slightly  more  difficult.  More 
particularly,  we  must  account  for  either  each  of  his  pawns,  each  of  the  squares  that  a  black  pawn, 
capturing  tn  passant,  would  land  in,  or  demonstrate  the  existence  of  all  of  the  white  pawns. 
However,  it  is  sufficient  for  our  purposes  to  show  that  if  QBUO  is  a  board  of  qx,  then  a  capture  tn 
passant  was  not  just  completed. 

•****VE  B I ackEnPassantThm2  Prevpos  qx  qx  QBUQs 

76  (SUCCESSORf Prevpos  qx,qx)A(EN_PA5SANT( Prevpos  qx,qx)AWHITETURN  qx)):>(Vdcx 
Valueon(QBUD,Makesquare(6,dcx)  )aPBvValueon(QBU0,Makesquere(6,dcx) )aUD):>- 

BOARD (qx, QBUO)) 

••*«• s i mp I i f y  t  j 

77  (SUCCESSOR( Prevpos  qx,qx)A(EN_PASSANT(Prevpos  qx,qx)AWHITETURN  qx))o- 
BOARD(qx.QBUD) 

•••••label  NOTQBUDEP; 

•*•**  tauteq  BOARD (qx  QBUD)b-£N  PASSANT (Prevpos  qx  qx) 

•  t , PXSUC , QX I S , dCONAPX , BLACK  GOES. CALL  PX.BINCHECKt 

78  BOARD( qx ,QBU0 )d-EN_PASSANT( Prevpos  qx.qx)  (1  9) 

Section  4. 2.4.1  The  Pawn  Did  Not  Capture  a  Rook  or  Queen 

5.2.  We  proceed  by  assuming  the  promoting  white  pawn  captured  a  black  rook  or  queen 
(valued)  piece  on  BQ1.  This  part  of  the  proof  is  the  first  time  we  employ  any  of  the  move  undoing 

functions,  UNHK _ HOVE.  The  axiom  delimiting  their  use  requires  we  establish  the  sort  of  the  last 

move. 


We  know  that  all  pawn  promotions  are  ordinary  moves,  and  that  any  move  (by  white)  to  a  square 
occupied  by  a  black  piece  is  a  capture. 

•••••simplify  Vmpp.OROINARY  mpp; 

79  Vmpp.OROINARY  mpp 

•••••VE  t  Hove  pxj 

BO  PAWNPROM  Hove  pxbORDINARY  Move  px 

•••••VE  BlackCapturedThm  px  To  Move  pxi 

81  To  Move  px»To  Move  pxa( (ORDINARY  Move  pxaBVALUES  Ve1ueon(Tboerd  Prevpos 
px.To  Move  px))pCAPTURE  Move  px) 
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*»»«» label  CAPTURE  PXi 
*****substr  CALL_QX  IN  t; 

82  To  Move  px  =  To  Move  pxo( (ORDINARY  Move  pxaBVALUES  Valueon( Tboerd  qx.To 
Move  px))dCAPTURE  Move  px)  (9) 

We  can  therefore  conclude  that  the  last  move  was  a  capturing  pawn  promotion. 

**»**VE  CAPPPSortThm  Move  px; 

83  (PAWNPROM  Move  pxaCAPTURE  Move  px)dCAPPP  Move  px 
*****  label  CAPPPPXi 

*****  tauteq  CAPPP  Move  px  t, tt, tttt, TOPX-1 .PROMPX; 

84  CAPPP  Move  px  (1) 

If  the  last  move  (the  capturing  pawn  promotion)  captured  a  black  rook,  then  the  board  QBR  was  a 
board  of  that  position.  If  it  captured  a  queen,  then  QBQ. 

***»»VE  UN004  qx  px  GIVEN  BQB2  BQ1  RB: 

85  ( SUCCESSOR  ( qx ,  px  )a(  BOARD  ( px  .GIVEN  )a(  CAPPP  Move  pxA(Val(qx,  Taken  Move  px)  = 
RBn(From  Move  px*BQB2aTo  Move  px*BQl)))))3B0ARD(qx,Unmkcapppmove(  GIVEN,  BQB2, 

BQ1 , RB ) ) 

****»VE  UND04  qx  px  GIVEN  BQB2  BQ1  QB; 

86  ( SUCCESSOR! qx . px )a(BOARD(px .GIVEN )a( CAPPP  Move  pxA(Val(qx, Taken  Move  px)* 
QBa( From  Move  px*BQB2aTo  Move  px*BQl ) ) ) ) ABOARD  (qx,Unmkcapppmove(GIVEN,BQB2, 
B01.0B)) 

The  board  QBUO  is  a  sub-board  of  both. 

*****  s  i  mp  M  f  y  1 1 :  #2*2-QBRnt :  #2#2-QBQaSUB0ARD  (QBUO.  QBQ)  aSUBOARD  (QBUO .  QBR ) : 

8  7  Unmkcapppmo  ve(  GIVEN,  8QB2,  BQ 1  ,RB)*QBRa  (Unmkcapppmove(  GIVEN,  BQB2,BQ1,QB)* 

QBQa  ( SUBOARO ( QBUO , QBQ ) aSUBOARD ( QBUO . QBR ) ) ) 

***»*VE  Subboar dTrans i t i v i tyX  QBUO  QBQ  qx; 

88  ( SUBOARD(  QBUO . QBQ  )aBOARD(  qx , QBQ )  )dBOARO(  qx , QBUO ) 

**«**VE  SubboardTransi t i vi tyX  QBUD  QBR  qx; 

89  ( SUBOARO ( QBUO ,  QBR  )aB0ARD(  qx , QBR )  )sBOARO(  qx , QBUD ) 

Therefore,  if  the  captured  piece  (zb)  was  rook  valued,  QBR  is  a  board  of  qx;  if  queen  valued,  QBQ. 
In  either  case,  QBUO  is  a  board  of  qx. 

*****tauteq  (Val (qx  Taken  Move  px)«RB  d  B0ARD(qx  QBR))  a 

*  (Val (qx  Taken  Move  px)-QB  o  BOAROfqx  QBQ))  a 

*  ((Vallqx  Taken  Move  px)»RB  vVallqx  Taken  Move  px)-QB  )  3 

*  BOARD (qx  QBUO)) 

*  tmttit.PXSUC.CALLJ’X.FROMPX.TOPX; 

90  (Va1(qx, Taken  Move  px)*RB3BOARO(qx,QBR) )a( (Val(qx, Taken  Move  px)*QB3BOARO 
(qx,QBQ))A((Val(qx, Taken  Move  px)*RBvVal(qx, Taken  Move  px)*QB)3BOARD(qx,QBUD 
)))  (1  «) 

We  know  that  the  captured  piece  of  position  px  was  zb.  We  substitute  that  equivalence  into  the 
previous  conclusion. 
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•••••tauteq  Taken  Move  px  •  zb 

«  MCONAPX  PXSUC , CAPTURE_PX, CAPTURE _PX-2,  PROMPX. TOPX-1 ,CALL_ZBt 

91  Taken  Move  px»zb  (1  9  70) 

•••••label  QBUDLBLi 
•••••  eubstr  t  IN  ttj 

92  ( Va 1 ( qx , zb )  *RB:>B0ARD(  qx ,  QBR )  )a  ( ( Va  1  ( qx ,  zb )  *QBbB0ARD( qx , QBQ )  )a( ( Va 1 ( qx , zb ) 

■RBvVal (qx, zb)»QB )oB0AR0(qx,08u0) ) )  (  1  9  70) 

Section  4.2.4. 1.1  The  Cornered  Rook  or  Queen 

5.2.1.  Just  as  the  white  rook  on  BQ2  was  comtrtd,  unable  to  have  moved  into  its  check,  the 
(presumed)  black  rook  or  queen  on  BQ1  is  cornered.  We  use  the  same  theorem  to  show  its  last  move 
was  a  discovered  check. 
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*»***VE  Bl  ackCornered  Prevpos  qx  qx  QBQ  QB  BQ1  BKRli 

93  (SUCCESSOR Prevpos  qx,qx)/\(-EN_f>ASSANT( Prevpos  qx,qx)n(-CASTLING( Prevpos 
qx . qx )/\(-B LAS TRANK  BQ1a( (BOARD (qx. QBQ )n(Valueon (QBQ, BQ1 )*QBa( Valueon(QBQ, 
BKR1  )=KWnMOVETO(QBQ,QB ,BQl ,BKR1 ) ) )  )a-<VALUEP  QB) ) ) )  )b(Vsql . (MOVETO( Tboard  qx, 
QB.BQl , sql )p(-«(Va lueon( Tboard  qx, sql )«MT )vMOVETO( Tboard  qx,QB,BKRl,sql) )  )d(  ( 
ORDINARY  Move  qxASQUARE_BETWEEN(BQl .From  Move  qx.BKRl ) )A-«(Mover  Move  qx=Pos( 
qx.BQl)))) 

•  ••••YE  B I  ackCornered  Prevpos  qx  qx  QBR  RB  BQ1  BKRli 

94  (SUCCESSOR(Prevpos  qx,qx)A(-EN_PASSANT( Prevpos  qx,qx)A(-CASTLING( Prevpos 
qx, qx )a(-<BLASTRANK  BQ1a( (BOARO(qx,Q8R)A( Valueon(QBR,BQl )«RBa( Valueon(QBR, 
BKR1  )=KWaMOVETO(Q8R,RB,BQ1 ,BKR1 ) ) )  )a-VALUEP  RB) ) ) )  )o(Vsql . (MOVETO( Tboard  qx. 
RB.BQl , sql  )o(-( Va1ueon( Tboard  qx,sql)*MT)vMOVETO( Tboard  qx.RB.BKRl , sql ) )  )d(  ( 
ORDINARY  Move  qxASQUARE_BETWEEN(BQl .From  Move  qx.BKRl )  )aM  Mover  Move  qx*Pos( 
qx.BQl)))) 
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1  he  quantified  portion  of  the  premise  of  this  WFF  is  somewhat  more  complex.  We  need  to  prove 
theorems  about  the  movements  of  the  pieces  on  the  total  boards  of  qx,  when  we  have  only  partial 
boards  Once  again,  we  retreat  to  the  security  of  a  lemma.  The  theorem 
TRAP  PE  D_QX_BQ  1  _J  HM,  proven  in  section  B.4,  shows  that,  for  any  position  which  has  QBUD  as  a 
board,  a  rook  or  queen  valued  piece  is  comtud  on  BQ1,  in  just  the  form  we  need  for  steps  93  and  94 

ttttsVE  Trapped_QX_QBl_Thni  qx  QB; 

95  BOARD(qx,QBUD):>((QBxRBvQB=QB):>Vsql.(MOVETO(Tboard  qx,QB,BQl , sql  ):>(-*( 

Va  lueon( Tboard  qx, sql )sMT)vMOVETO( Tboard  qx.QB.BKRl , sql ) ) ) ) 

•••••VE  Trapped_QX  QB1  Thm  qx  R8; 

96  BOARD ( qx.QBUD ):>(  (R8=RBvRB=QB )oVsql .  (M0VET0(  Tboard  qx.RB ,BQ1 ,  sql  ):>(-( 

Valueon( Tboard  qx. sql )*MT)vM0VET0( Tboard  qx.RB.BKRl.sql)))) 

Other  conditions  for  this  theorem  are  more  easily  established.  For  example,  we  can  observe  that,  on 
both  BQR  and  BOB,  the  white  king  on  BKR1  is  checked  by  a  black  officer  on  BQ1.  We  imply  that  this 
officer  did  not  just  complete  a  promotion  move. 

•••••simpl i fy  -BLASTRANK  BQIa-VALUEP  QBa-VALUEP  RBaMOVETO (QBR,  RB, BQ1 . BKR1 ) 

•  aMOVE TO  (QBQ.QB.BQl . BKR1 )  aV3 I ueon  (QBQ , BQ1 )  -OBnVa  I ueon  (QBR . BQ1 )  -RB 
»  aV3 I ueon (QBQ.BKR1 ) .KUAVa I ueon (QBR, BKR1 ) -KU; 

97  -BLASTRANK  BQ1a(-VALUEP  OBa(-VALUEP  RBa(M0VET0(QBR,RB,BQ1 .BKR1 )a(MOVETO( 
QBQ.QB.BQl  ,BKR1  )a (Val ueon ( QBQ, BQ1 ) >QBa (Val ueon ( QBR, BQ1  )=RBA(Valueon(QBQ,BKRl 
) sKWAVa 1 ueon ( QBR, BKR1 )«KW) ) ) ) ) ) ) 

5  i.  It  therefore  tautologically  follows  that,  if  zb  was  a  black  rook  or  queen,  the  check  must 
have  been  a  discovered  check 

•♦•••label  DlSQXj 

•••••  tauteq  ( Va I (qx. zb) -RBvVa I (qx, zb) -QB) o ( (OROINARY  Move  qxA 

•  SQUARE_BE TUEEN (BQ1 .From  Move  qx.BKRl ) ) A-Mover  Move  qx-Pos (qx.BQl ) ) 

•  QX I S, NOTQXCASTLE . NOTQBUOEP, QBUDLBLi  t ; 

98  ( Va  1  ( qx, zb ) x RBvVa  1  (qx, zb )*QB)o(( ORDINARY  Move  qxASQUARE_BE TWEEN (BQ1  .From 
Move  qx.BKRl ))A-(Mover  Move  qx*Pos(qx,BQl)))  (  1  9  70) 

Section  4.2.4. 1.2  Which  Piece  Discovered  the  Check 

We  have  concluded  that  the  discovering  move  must  have  started  upon  a  square  between  the 
(presumed)  queen  (or  rook),  and  the  white  king.  We  consult  the  simplification  mechanism,  which 
informs  us  that  the  only  squares  between  these  two  are  BK1,  BKB1,  and  BKN1.  Hence,  (if  the  captured 
piece  had  rook  or  queen  value),  one  of  these  squares  must  have  been  the  From  square  of  the  last 
move  (figurt  SS). 


Page  124 


A  FOL  Solution  to  the  Chess  Puxile 


4.2-4. 1.2. 


If  a  black  piece  moved  to  diteover  check, 
then  it  moved  from  one  of  ihete  iquaret. 

figure  38 

•  ••••simplify  Vsq. (SQUARE  BETUEENIBQl , sq.BKRl loIsq-BKlvtsq-BKBlvsq-BKNl ) ) )  i 

99  Vsq.(SQUARE_BETWEEN(BQi,sq,BKRl)o(sq*BKlv(sq«BKBlvsq*BKNl))) 

•••••VE  t  From  Move  qx; 

100  SQUARE_BETWEEN(BQ1  .From  Move  qx.BK.Rl )o(From  Move  qx«BIUv{From  Move  qx* 
BKBlvFrom  Move  qx*BKNl)) 

5  3  1  So  we  must  consider  each  of  the  black  (possibly)  pieces,  to  determine  if  any  of  them  could 
have  moved  from  one  of  these  three  squares  on  the  last  move  The  theorem  NolBPFromlThm  is 
useful  in  this  respect  From  several  suitable  premises  (black’s  move,  the  source  square  of  the  move  is 
on  the  first  row,  and  this  isn’t  a  special  move)  it  permits  various  useful  conclusions.  Most  relevantly, 
it  asserts  that  the  destination  of  the  last  move  is  now  either  occupied  by  a  non-pawn,  black  value,  or 
by  the  undefined  value,  and  that  the  last  move  needed  to  satisfy  several  M0VET0  conditions. 

•••••VE  NotBPFroml Thm  qx.QBUD: 

101  ( -CASTL ING( Prevpos  qx,qx)/\(BOARD(qx,QBUD)/\(-EN_PASSANT(Prevpos  qx,qx)/\( 
WHI1ETURN  qx/\Row  From  Move  qx=l ) ) ) )d( (-(Valueon(QBUD, To  Move  qx )*UD )oMOVETO( 
Tboard  Prevpos  qx,Va1ueon(QB(J0,To  Move  qx),From  Move  qx.To  Move  qx))*(- 
PAWNPROM  Move  qxn(MOVETO( Tboard  Prevpos  qx, Va 1( Prevpos  qx, Mover  Move  qx), 

From  Move  qx.To  Move  qx)n(->(Valueon(QBUD,To  Move  qx)=U0)o(-VALUEP  Vnlueon( 
QBUD.To  Move  qx )/\BVALUES  Valueon(QBU0,To  Move  qx)))))) 

This  simplifies  our  task  enormously.  There  are  now  only  four  possible  destination  squares  for  the 
last  move,  BQN2,  occupied  by  the  black  king,  BQB1  and  UQN1,  occupied  by  black  knights,  and.  of 
course,  UKRA,  whose  occupant  is  still  unclear.  The  other  undefined  square  (of  the  partial  board  we 
compute  upon),  BQ1,  has  already  been  dismissed  as  a  possible  destination. 
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The  square i  that  need  checking. 


figure  39 

«***»simpl  i  fy  Vsq. ( (BVALUES  Va I ueon (Q8UD, sq) n-VALUEP  ValueonIQBUD,  sq)  ):> 

*  (sq*BQN2v(sq«BQBlvsq«UQNl) ) ) i 

102  Vsq . ( ( BVALUES  Valueon(QBUD,sq)A-VALUEP  Valueon(QBUD,  sq) )d( sq*BQN2v(  sq* 
BQBlvsq*WQNl ) ) ) 

« ****  s i mp  I  i  f y  Vsq. ( Va I ueon (QBUD, sq) -UD:>lsq-UKR4vsq«BQl ) ) ; 

103  Vsq.  ( Va  1  ueon  (QBUD,  sq)=UD:>(  sq*VKR4vsq=BQl ) ) 

»«***VE  ft  To  Move  qx; 

104  (BVALUES  Va lueon(QBUD , To  Move  qx)/s-VALUEP  Valueon(QBU0, To  Move  qx))D(To 
Move  qx*BQN2v(To  Move  qx*BQBlvTo  Move  qx*WQNl)) 

****»VE  ft  To  Move  qxj 

105  Va lueon(QBUD, To  Move  qx)*UD:>(To  Move  qx*WKR4vTo  Move  qx*BQl) 

We  consider  each  of  the  possible  pieces  (and  its  associated  square)  in  turn,  showing  how  a  piece  with 
that  value  (on  QBUD)  could  not  have  moved  to  any  of  the  possible  From  squares.  Note  that  six  steps 
are  required  for  each  piece:  three  to  instantiate  the  axiom,  and  three  for  simplification. 


The  knight  on  wmte's  first  row: 


•****VE  MayMove  Tboard  Prevpos  qx.NB.BKl.UQNli 

106  M0VET0( Tboard  Prevpos  qx.NB.BKl  ,WQN1  ):>(  Column  BKl*Column  WQNlv( 

KNIGHT MOVE ( BK 1 , WQN1  )v( Row  BKl=Row  WQN  lv(SAMEDIAG(BKi  ,WQN1  )v(KINGMOVE(BKl , 
WQN1  )v( TWOTOUCHING( Column  BK1, Column  WQN1)a(WSUC(Row  BKl.Row  W0Nl)vBSUC(Row 
BKl.Row  WQN1 )))))))) 

**»**VE  MayMove  Tboard  Prevpos  qx.NB.BKBl.UQNl; 

107  M0VET0( Tboard  Prevpos  qx,NB,BKBl,VQNl)o( Column  BKBl=Column  WQNlv( 
KNIGHTMOVE ( BKB 1  ,WQN1  )v(Row  BKBl«Row  WQNlv(SAME0IAG(BKBl , WQN1  )v(KINGMOVE( BKB1 
, WQN1  )v( TWOTOUCHING(Column  BKB1, Column  WQN1 )a(WSUC(Row  BKBl.Row  WQNl)vBSUC( 
Row  BKBl.Row  WQN1)))))))) 

***»*VE  MayMove  Tboard  Prevpos  qx.NB.BKNl.UQNlj 

108  MOVETO( Tboard  Prevpos  qx.NB.BKNl , WQN 1 )d( Column  BKNl«Column  WQNlv( 
KNIGHTM0VE(BKN1 , WQN1  )v( Row  BKNl»Row  WQNlv(SAMEDIAG(BKNl,WQNl)v(KINGMOVE(BKNl 
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, WQN1 )v( TWOTOUCHING(Colunn  BKN1 , Column  WQN1  )a(WSUC(Row  BKNl.Row  WQNl)vBSUC( 
Row  BKN 1 , Row  UQN 1 ))))))) ) 


»«*•• s i mp  I  i f y  TTT;  " 

109  -MOVETO( Tboard  Prevpos  qx,NB,BKl,VQNl) 

***** s i mp I i f y  tttj 

110  -MOVETO( Tboard  Prevpos  qx.NB.BKBl.WQNl) 

•  **•*  6 i mp 1  i fy  TTT; 

111  ->MOVETO( Tboard  Prevpos  qx.NB.BKNl ,WQN1 ) 

The  knight  on  black’s  first  row: 

**«**VE  MQVING1  Tooard  Prevpos  qx,,\B,BKl,BGBi; 

112  MOVETO( Tboard  Prevpos  qx.NB.BKl . BQB1 )■( (VALUER  NBaORTHO( Tboard  Prevpos 
qx.BKl, BOB  1 ) )v( ( VALUE B  NBaDIAG( Tboard  Prevpos  qx.BKl, BOB  1 ) )v( (VALUEQ  NBa 
ORTHO( Tboard  Prevpos  qx. 6K1 , BQB 1 ) )v( (VALUEQ  NBaDIAG( Tboard  Prevpos  qx.BKl, 
BOB  1 )  )v( (VALUEK  NBaKINGM0VE(BK1.BQB1))v(( VALUEN  NBaKNIGHTMOVE(BK1  , BQB  1 )  )v( 
VALUEP  NBaPAUNMOVE( Tboard  Prevpos  qx.N6.BKl, BQB 1 ) ))))))) 

****»VE  nOVINGl  Tpoarci  Prevpos  qx.NB, BKB1 , BQB1 ; 

113  MOVETO( Tboard  Prevpos  qx , NB , BKB1 , BQB 1 )■( (VALUER  NBaORTHO( Tboard  Prevpos 
qx ,  BKB1 , BQB 1 ) )v( (VALUES  NBaDIAG( Tboard  Prevpos  qx, BKB1 , BQ81 ) )v(  (VALUEQ  NBa 
ORTHO( Tboard  Prevpos  qx, BKB1 . BQB  1 )  )v(  (VALUEQ  NBaDIAG( Tboard  Prevpos  qx.BKBl, 
BQB  1 )  )v(  ( VALUEK  NBaKINGMOVE( BKB1 , BQB 1 ) )v( ( VALUEN  NBaKNIGHTM0VE(BKB1 ,BQB1 )  )v( 
VALUEP  NBaPAVNMOVE( Tboard  Prevpos  qx , NB , BkB 1 , BQB 1 ))))))) ) 

***»*VE  nOVINGl  Tooard  Prevpos  qx.NB, BKN1.BGB1: 

114  MOVETO( Tboard  Prevpos  qx , NB , BKN1 , BQB 1 )= (( VALUER  NBaORTHO( Tboard  Prevpos 
qx.BKNl ,B0B1 ) )v( (VALUEB  NBaDIAG( Tboard  Prevpos  qx , 8KN1 , BQB1 )  )v(  (VALUEQ  NBa 
ORTHO( Tboard  Prevpos  qx , BKN1 , BQB 1 ) )v( (VALUEQ  NBaDIAG( Tboard  Prevpos  qx.BKNl, 
BQB  1 )  )v(  (VALUEK  NBaKINGMOVE( BKN1 , BQB 1 ) )v( ( VALUEN  NBaKNIGHTMOVE(BKN1 ,BQB1 )  )v( 
VALUEP  NBaPAWNMOVE( Tboard  Prevpos  qx.NB.BKNl . BQB 1 ))>))))> 

***** s i mp I i f y  TTT ; 

115  ->MOVETO( Tboard  Prevpos  qx.NB, BK1.BQB1) 

*****simpl i fy  TTT ; 

116  -MOVETO( Tboard  Prevpos  qx.NB.BKBl ,BQB1 ) 

***** s i mp I i f y  TTT; 

117  -MOVETO( Tboard  Prevpos  qx.NB, BKN1.BQB1) 

And,  of  course,  the  black  king  is  too  far  away  to  have  discovered  the  check. 


***»*VE  M0V1NG1  Tboard  Prevpos  qx.KB.BKl , BQN2 : 

118  MOVETO( Tboard  Prevpos  qx , KB, BK 1 . BQN2 )■ ( (VALUER  KBa0RTH0( Tboard  Prevpos 
qx,BKl,BQN2))v(( VALUEB  KBaDIAG( Tboard  Prevpos  qx.BKl , BQN2 ) )v( (VALUEQ  KBa 
ORTHO( Tboard  Prevpos  qx.BKl ,BQN2 ) )v( (VALUEQ  KBaDIAG( Tboard  Prevpos  qx.BKl, 
BQN2))v(  (VALUEK  KBaK INGMOVE ( BK  1 , BQN2 )  )v ( ( VALUEN  KBaKNIGHTM0VE(BK1  ,BQN2 )  )v( 
VALUEP  KBaPAWNHOVE( Tboard  Prevpos  qx,KB,BKl,BQN2)))))))) 

**«**VE  nOVINGl  Tboard  Prevpos  qx.KB.BKBl ,BQN2; 

119  MOVETO( Tboard  Prevpos  qx,KB,BKBl,BQN2W(VALUER  KBaORTHO( Tboard  Prevpos 
qx, BKB l,BQN2))v(( VALUEB  KBaDIAG( Tboard  Prevpos  qx,BKBl.BQN2))v((VALUEQ  KBa 
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ORTHO(Tt>oard  Prevpos  qx.BKBl , BQN2 ) )v( (VALUEQ  KBaDIAG( Tboard  Prevpos  qx.BKBl, 
BQN2) )v( (VALUEK  KBaKINGM0VE(BKB1 ,BQN2 ) )v( (VALUEN  KBaKNIGHTM0VE(BKB1 , BQN2 ) )v( 
VALUEP  KBaPAWNMOVE( Tboard  Prevpos  qx , KB , 8KB 1 , BQN2 )))))))) 

*****VE  M0VJNG1  Tboard  Prevpos  qx.KB.BKNl ,BGN2j 

120  MOVETO( Tboard  Prevpos  qx ,KB , BKN1 , 8QN2 )e ( (VALUER  KBaORTHO( Tboard  Prevpos 
qx.BKNl, BQN2 ) )v( ( VALUEB  KBaOIAG( Tboard  Prevpos  qx.BKNl ,BQN2 ) )v( (VALUEO  KBa 
ORTHO( Tboard  Prevpos  qx.BKNl , B0N2 ) )v( (VALUEQ  KBaOIAG( Tboard  Prevpos  qx.BKNl, 
BQN2))v( (VALUEK  KBaKINGMOVE(BKN1  ,BQN2)  )v(  (VALUEN  KBaKNIGHTMOVE(BKN1 , BQN2 ) )v( 
VALUEP  KBaPAWNMOVE( Tboard  Prevpos  qx, KB, BKN1 ,BQN2 ))))))) ) 

***** s i mp I i f y  ttt; 

121  -MOVETO( Tboard  Prevpos  qx,KB,BKl,BQN2) 

***** s i mp I i f y  ttts 

122  ->MOVETO( Tboard  Prevpos  qx,KB,BKBl ,BQN2) 

*****6impl i fy  ttt; 

123  -'MOVETO( Tboard  Prevpos  qx,KB,BKNl,BQN2) 

A  little  substitution  for  the  tautology  decider. 

»****a>  Subs  t  i  tut  i  on  [0*-Xx.  Va  I  ueon  (QBUO,  x)  3 1 

124  Vj  k.(  j=k:>Valueon(QBUD,j)=Valueon(QBUD,k)) 

**»**VE  T  To  Move  qx,BQN2; 

125  To  Move  qx=BQN2oValueon(QBUD,To  Move  qx)*Valueon(QBUD,BQN2) 

*****VE  tt  To  Move  qx.BQBl: 

126  To  Move  qx=BQBl3Valueon(QBUD,To  Move  qx)eValueon(QBUD,BQ81 ) 

*t***VE  ttt  To  Move  qx.WQNl; 

127  To  Move  qx*WQNl3Valueon(QBUD,To  Move  qx)8Valueon(QBUD,WQNl ) 

And  we  appeal  to  the  chess  eye,  to  confirm  that  various  squares  of  QBUD  have  the  values  we  asserted: 

*****simpl i fy  Valueon(QBUD,BQN2)«KBAValueon(QBUD,BQBl)»NBA 
*  Valueon (QBUD, UQN1 ) «NB; 

128  Va  1  ueon  ( QBUD,  BQN2  )=KBA(Valu  eon  ( QBUD,  BQB 1  )*NBAValueon  (QBUD,  WQN1  )=NB) 

Our  attention  turns  to  proving  the  undefined  squares  of  QBUD  do  not  harbor  the  last  move  mover. 
This  piece  must,  of  course,  be  on  the  To  square  of  the  last  move.  And  we  have  already  determined 
(step  98)  that  this  is  not  the  square  BQ1. 

*****  label  MCONAQX; 

***»*VE  MCONSEQA  Prevpos  qx.qx; 

129  SUCCESSOR( Prevpos  qx,qx)b( (-WH1TETURN  Prevpos  qx*WHITETURN  qxMPrevpos 
qx=Prevpos  qxA(-POSITIONINCHECK(qx, Color  Prevpos  qx)A((WHITEPIECE  Mover  Move 

qxsWHITETURN  Prevpos  qx)A(Pos(Prevpos  qx.From  Move  qx)=Mover  Move  qxA(Pos( 
qx,To  Move  qx)=Mover  Move  qxA(Pos(qx,From  Move  qx)=EMPTYA( (CAPTURE  Move  qxD 
Pos(Prevpos  qx,To  Move  qx)sTaken  Move  qx)A(CASTLING(Prevpos  qx,qx)v(EN_ 

PASSANT( Prevpos  qx , qx )vSIMPLELEGALMOVE( Prevpos  qx , qx )))))))))) ) 

**»**a>  Subst  i  tut  ion [(3  »■  X  x.Posfqx  x)]j 

130  VJ  k.( JskoPos(qx, J)*Pos(qx,k)) 
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**«*«VE  t  To  Move  qx.BQlt 

131  To  Move  qx*BQl3Pos( qx ,  To  Move  qx)«Pos(qx,8Ql ) 

All  of  the  candidate  source  square*  fn>  this  move  are  in  the  first  row. 

***#*a1  Subs t  i  tut  ion  l<3  *■  X  x.Row  x)  i 

132  VJ  k.(j*k:>Row  j*Row  k) 

***»*VE  t  From  Move  qx.Bkl; 

133  From  Move  qx'BKl^Row  From  Move  qx»Row  Bkl 

***«*VE  tt  From  Move  qx.BKBli 

134  From  Move  qx*BkBl3Row  From  Move  qx»Row  BKB1 

»****VE  ttt  From  Move  qx.BKNl: 

135  From  Move  qx*BkNlDRow  From  Move  qx»Row  BkNl 

» *»*« s i mp I  i  f q  Rou  BK1»1aiHou  BKB1«1aRou  BKN1»1)| 

136  Row  Bk  1  =  1a(  Row  BkBlslnRow  BkNl»l) 

And.  the  fallen  piece,  no  matter  what  value  it  might  have  had  could  not  have  moved  to  one  of  these 
first  row  squates 

****»VE  MoyMove  Tboard  Prevpos  qx. Val tPrevpos  qx, Mover  Move  qx) ,Bkl ,UKR4} 

137  MOVE I0( Tboard  Prevpos  qx,Vnl(Prevpos  qx, Mover  Move  qx),BKl,WkR4):>(Column 
Bkl  =  Cohimn  WkR4v( kNIGHIMOVE ( BK 1 , WK.R4 )v( Row  Bkl«Row  WKR4v(5AMEDIAG(Bkl ,VkR4  ) 

v( k INGMOVE ( Bk 1 , WkR4 )v( TWOTOUCHING( Column  Bkl, Column  WKR4)a(WSUC(Row  Bkl.Row 
WkR4 )vBSUC( Row  Bkl, Row  WkR4 )))))))) 

*****  YE  MayMove  T  bo  or  cl  Prevpos  qx, ValiPrevpos  qx, Mover  Move  qx)  ,BkBl  ,UkR4j 

138  MOVETOi Tboard  Prevpos  qx,Val(Prevpos  qx, Mover  Move  qx),BkBl,WkR4):>( 

Column  BkBlsColumn  WkR4v(kNlGHTM0VE(BkBl ,WkR4 )v(Row  BkBl«Row  WKR4v(SAME0IAG( 

BkB l , VkR4  )v(KINGMOVE(BKB  l  ,WkR4  )v( TV0T0UCHING( Column  BKB1, Column  WKR4)a(WSUC( 

Row  BkB 1 , Row  WkR4 )vBSUC( Row  BkBl.Row  WKR4) ) )))))) 

*»***VE  MayMove  Tboard  Prevpos  qx,  Val  (Prevpos  qx, Mover  Move  qx)  ,BkNl  ,Uk'R4[ 

139  MOVE T0( Tboard  Prevpos  qx,Val(Prevpos  qx, Mover  Move  qx),BKNl ,WkR4):>( 

Column  BkNl=Column  VkR4v(kNIGHTMOVE(8kNl  ,VkR4  )v(Row  BKNl«Row  WKR4v(SAMEDIAG( 

BkN  1 ,  WkR4  )v(K INGMOVE ( BkNl ,  WkR4  )v(  TVOTOUCH I NG( Column  BKN1, Column  WKR4)a(WSUC( 

Row  BKN 1 , Row  WKR4  )vBSUC( Row  BkNl, Row  WkR4)))))))) 

*  *  * • *  s i mp I i f  y  tttj 

140  -MOVETO( Tboard  Prevpos  qx,Val(Prevpos  qx, Mover  Move  qx),Bkl ,WkR4) 

••••• e i mp I i fy  ttt| 

141  -MOVE T0( Tboard  Prevpos  qx,  Val  (Prevpos  qx, Mover  Move  qx),BkBl,WkR4) 

•  ****9  imp  I i fy  ttt; 

142  -MOVE TO( Tboard  Prevpos  qx,Val(Prevpos  qx, Mover  Move  qx),BKNl,WkR4) 

It  then  tautologically  follows  that  the  value  of  the  captured  piece  in  qx,  2b,  was  neither  a  rook  nor  a 
queen. 


I abe I  NOT  QB  OR  RBi 
t auteq  -<Va I tqx, zb) -RBvVa I iqx,  zb)  »QB) 
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*  CALL  PXiBLACKJiOES.QXIS.PXSUC.rtCONAPX.NOTQXCASTLE.NOTQBUDEP. 

*  QBUOLBL.DISQX.MCONAQX.lOOi  101,1041 105.1091  111.  1151117, 121 « 123, 

*  12Si 129, 131 , 133t 136. 140: 142i 

143  -(Val(qx,eb)*R8vVa)(qx,/b)*QB)  (  1  9  70) 

Section  4.2.4. 2  The  Pawn  Did  Not  Capture  a  King  or  Pawn 

There  ate  six  varieties  of  black  pieces  that  the  promoting  pawn  could  have  captured.  We  have 
already  eliminated  a  black  rook  or  queen  as  a  possible  victim  What  about  the  others? 

5.4  Perhaps  the  captured  piece  had  pawn  value? 

5 .4.1.  But  that  black  pawn  would  have  been  in  black's  first  row.  We  have  a  theorem  that 
prohibits  black  pawn  (valued)  pieces  from  black  first  row.  Hence,  the  captured  piece  (while  it  might 
have  been  a  pawn)  did  not  have  pawn  value 

**»**YE  NoB I ackPaunsOnlRou  qx.ib.BQli 

144  ( Va ) ( qx , zb  )  =  PBaPos( qx, BQ1 )*zb)o-(Row  BQ1*1) 

•••••label  ON  ZB i 
•****substr  10PX  IN  CALL_ZBi 

145  Pos(qx,BQl )*zb  (1  70) 

••♦•♦simplify  Row  BQli 

146  Row  BQ1*I 

*****  I  a he  I  NOT  ZP  PR s 

*****  taut  -(VaUqx.zhl-f’BI  ttttt; 

147  -(Val(qx,zb)*PB)  (1  70) 

5.5.  The  captured  piece  was  certainly  not  the  black  king.  We  have  already  shown  the  black 
king  to  be  on  BQN2  on  GIVEN  (steps  7|  through  74).  As  the  king  did  not  just  move,  he  must  still  be 
there 


»****VE  B I  ackK  i  nciThm  qx.BQl; 

148  Val (qx,Pos( qx.BQl ) )=kB»Pos( qx.BQl )*Bk 

•****VE  Unique  qx.BQN2.BQl.BKi 

149  Pos(qx,BQN2)*Blo(Pos(qx.BQl)«BUBQNZ«BQl) 

•  * • • • e  i  mp  I  i  fy  -’(Val ueon (GIVEN, BGN2) »U0) a  (Valueon(GI VEN.BQN2) -KBa 

•  l-UHl TEPIECE  BKa  -(BQN2-BQ1 ) ) )  i 

150  -( Va  luoon( GIVEN, BQN2 )*UD)a( Valuaonf GIVEN, BQN2 )«KBa( -WHITE PIECE  BKa-(BQN2 

=B01 ) ) ) 

*****tauteq  -Val (qx.Poslqx  BQ1))-KB 

•  tttit.PXSUC.CALL  PX , B 1 NCHECK , BL ACK_G0ES , PX_BK , PX_BK+1 1 

151  -(Va1(qx,Pos(qx,BQl))*KB)  (1  9) 

*****  label  NOT  ZB  KB: 

*****eubstr  DN  ZB  IN  t| 

152  -(Va1(qx,zb)*KB)  (1  9  70) 

Hence,  the  captured  piece  must  have  had,  Just  before  being  captured,  either  bishop  or  knight  value. 
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*****simpl  i  fy  Vvb.  ( vb»KBvvb»QBvvb»RBvvP»PBvvb«NBvvb*B8)  i 
153  V vb .  ( vb=KBv( vbsQBv( vb=RBv( vb=PBv( vb=NBvvb»BB ) ) ) ) ) 


«*«**VE  t  Val (qx  zb): 

154  BVAIUES  Val(qx.zb):>!Val(qx.zb)=KBv(Va1lqx,zb)*QBv(Val(qx,zb)«RBv(Val(qx, 
zb)=PBv(Val(qx.zb)=NBvVal(qx.zb)*BB))))) 

•****VE  ValueTransposi  t  ionA  qx  zb  To  Hove  p*i 

155  Pos(qx,To  Move  px)»zbpVa1ueon(Tboard  qx.To  Move  px)*Vel(qx,zb) 

*****label  NIB  OR  BB: 

*****tauteq  Valtqx  zb) «N8vVal (qx  zb)«BB 
*  tt:  t.  T0PX-1 .CALL  ZB,N0T_QB  0R_RB,N0T_ZB_PB.N0T_ZB_XBi 

156  Val(qx,zb)*NBvVal(qx,zb)*BB  (1  9  70) 

And  we  can  also  deduce,  from  this  limited  selection,  that  QBUD  was,  in  either  case,  a  board  of  the 
position  qx. 

*»***VE  Trans i  t i veUNHKCAPPP  qx.GIVEN.QBU0.BQB2.BQl.Val (qx.zb).BB: 

1 5  7  ( BOARD ( qx .  Unmkcapppmove ( G I VEN , 8QB2 ,  BQ1 , Va  1  ( qx .  zb ) )  )a( SUBOARD! QBUD , 
Unmkcapppmove(GIVEN,BQB2,BQl,BB))AVal(qx,zb)«BB)bB0ARD(qx,QBUD) 

**»**VE  Transit! veUNHKCAPPP  qx. GIVEN. QBU0.BQB2.BQl.Val (qx.zb).NB: 

1 58  ( BOARD ( qx ,  Unmkcapppmove!  GIVEN .  BQB2 ,  BQ1 , Va  1  ( qx ,  zb ) )  )a( SUB0ARD( QBUD , 
Unmkcapppmove!  GIVEN .  BQB2 .  BQ1 ,  NB )  )AVa  1  ( qx ,  zb  )*NB)  )oB0ARD(  qx ,  QBUD ) 

*****  s  i  mp  I  i  f  y  tt: 

159  ( BOARD!  qx .  Unmkcapppmove! GIVEN , BQB2 , BQ1 , Va  1  ( qx ,  zb ) )  )AVa  1  ( qx .  zb )«BB ABOARD 
(qx.QBUD) 


*****simpl i fy  tt; 

1 60  ( BOARD  ( qx ,  Unmkcapppmove  (GIVEN ,  BQB2 ,  BQ1 ,  Va  1  ( qx ,  zb ) )  )AVa  1  ( qx .  zb  )»NB  ABOARD 
(qx.QBUD) 


«****VE  UN004  qx. px, GIVEN. BQB2, BQ1 ,Val (qx. Taken  Hove  px) : 

161  ( SUCCESSOR! qx , px )a( BOARD! px , GIVEN ) a( CAPPP  Move  pxA(Val(qx, Taken  Move  px) 
=Val(qx,  Taken  Move  pxMFrom  Move  px«BQB2aTo  Move  px»BQl)))))pBOARD(qx, 
Unmkcapppmove(GIVEN,BQB2,BQl,Val(qx, Taken  Move  px))) 


*****substr  QBUDLBL-1  IN  t: 

162  ( SUCCESSOR!  qx .  px  )a(  BOARD  (px ,  GIVEN  )a(  CAPPP  Move  pxA(Val(qx,zb)«Val(qx.zb) 

A(From  Move  px*BQB2aTo  Move  px*BQl)))))3B0ARD(qx,Unmkcapppmove(6IVEN,BQB2, 
BQ1 , Val (qx, zb) ) )  (1  9  70) 

*****labei  QX  QBUD: 

*****tauteq  B0AR0 (qx.QBUO) 

*  C ALL_PX .  PXSUC . FR0HPX . T0PX . CAPPP PX . NB_0R_BB .tttt.ttt.t; 

163  BOARD! qx.QBUD)  (19) 


Section  4.2.4.S  The  Fate  of  the  Black  Bishops 


i.6.  We  have  already  determined  that  the  captured  piece  was  either  a  black  bishop,  or  a  black 
knight  valued.  However,  we  can  infer  other  results  from  this  fact. 
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5  6/  We  know  that  one  of  black’s  bishops,  the  BQB,  is  the  black  on  a Mu  bishop.  That  is.  that 
bishop  never  moves  to  a  black  square.  But  the  capture  square.  BQ1.  is  a  black  square.  Hence,  the 
captured  piece  could  not  have  been  the  BQB. 

'i6r<?Istp;?BQa1i*^l^ol(ax.eon“Q^1(w^ESOoAREs  WBI.WUTESOUUES  B01 ) 

*****  si mpl i fy  tj 

165  -( Pos(qx,BQl )«8QB) 

5  6  2  Nor  could  the  captured  piece  have  been  the  BKB.  The  black  pawns  on  B<1  and  BKN1  trap 
this  bishop,  preventing  his  moving  until  they  have  moved,  and  freed  one  of  his  exit  squares.  But 
we  can  see  that  these  pawns  are  still  on  their  original  squares.  Hence,  the  BkB  can  be  on  square 
except  Ms  original  square.  (He  is  not.  of  course,  on  that  square;  rather,  that  bishop  has  been 

captured  earlier  in  this  game.) 

*66*(B0ARD(qx!0BU0MVat1ueon^QBUD.BK2)»PB/\(Valu«on(0BU0.BKN2)»PBAPos(qx,B01) 

=  BKB))):>BQ1«BKB1 

*  *  *  *  *  s  i  n\p  I  i  fy  ft  , 

167  -«( BOARD (qx,Q8UD)APos(qx,BQl)*BKB) 

5  7.  However,  any  black  bishop  valued  piece  must  be  either  the  BQB.  the  BKB,  or  a  promoted 
black  pawn.  Hence,  if  the  captured  piece  was  a  black  bishop,  it  must  have  been  a  promoted  pawn. 

1 68* Val(qx?2b^*BBoUib»BKBv2b*B0B)v( SPAWNS  zb/\PR0M07EDPAVM(  qx , zb ) ) ) 

;;;i;  Zb)  -BBo (BPAUNS  zOaPROHOTEDPAUN (qx.  zb) ) 

•  ON  ZB.QX  QBUD.mt.tt.fi  ,  kll  .  7A. 

169  Va  1  ( qx , zb )*BBo( SPAWNS  zbAPROMOTEDPAWN(qx.zb) )  (1  9  70) 

5  $  We  know  that  QBUO  is  a  board  of  qx.  Hence,  there  must  be  black  knights  on  both  BQ1  and 

UQN1  on  the  total  board  of  qx  (or.  equivalently,  knight  valued  pieces  on  these  squares  in  the  position 
If  the  captured  p,ec«  was  a  black  kmghr.  then  black  had  three  kmght,  on  the  board  ,n  q«. 
Having  three  black  knight,  t,  proof  of  having  a  promoted  pawn  on  one  of  tho«  three > 
However  the  conditions  (and  conclusions)  of  the  lemma  we  really  invoke  are  stronger.  It  states  that 
"  aT  mosi  one  black  pawn  has  promoted,  and  the  three  black  knight  valued  squares  situation  ex i^ 
then  that  pawn  is  on  one  of  the  three  squares.  *nd  no  other  square  On  part  cular.  Us  no 
fallen  square.)  In  this  step,  we're  looking  toward  to  phrase  our  conclusion  in  the  form  that  will  be 

most  useful  in  the  future. 


Page  132. 


A  FOL  Solution  to  the  Chess  Puule 


4.24.3. 


If  the  raptured  piece  were  a  knight, 
then  black  had  three  knighn  in  QX. 


figure  40 

»****VE  ThreeNB  qx  QBUD  BKRP  BQ1  BGB1  UQNl  UKR4; 

I  70  Vt .  ( (SPAWNS  tAPROMOTEOPAVN(qx,  t)  ):>t«BKRP):>(  (  MBQ1»BQB1  )a(-(BQ1«WQN1  )a-( 
BQB1«WQN1 ) ) )a( ( Val (qx, Pos(qx,BQl ) )« NBv ( BOARD ( qx, QBUD )aVb1 ueon ( QBUD, BQ1  )*NB ) ) 
a(  ( Val  (qx, Pos(qx,BQBl ) )*NBv(BOARD(qx, QBUD )AValueon( QBUD, BQB1 )«NB)  )a(  Val(qx, 
Pos(qx,WQNl  1 )* NBv ( BOARD (qx, QBUD) a Val ueon (QBUD,  WQN1 )*NB) ) ) )  ):>(PROMOTEDPAWN(qx 
,  BKRP)a(M8Q1-WKR4)aMBQB1«VKR4)a-(WQN1-UKR4)  )):>(-(  Pos(qx,VKR4)«BKRP)A(-( 
Pos( qx,WKR4  )*BKN)a-«(  Pos( qx ,WKR4 )*BQN) ) ) ) ) ) 

We  consult  the  simplification  mechanism  for  several  useful  equalities  and  Inequalities. 


*****simpl  i  fy  -BQ1 -BQB1 a-BQ1 *UQN1 a-BQB1 “UQNl aVo 1 ueon (QBUO  BQB1 ) »NBa 
*  Val ueon (QBUD  UQN1)«NB; 

17]  -(BQ1»BQB1  )a(-<(BQ1«WQN1  )a(-«(  BQB1*WQN1  )a( Val ueon (QBUD, BQB1  )«NBAValueon( 
QBUD,WQN1 )«NB) ) ) 

A  little  renaming,  and  we  get  a  useful  result  from  our  tautology  decider. 


*****sub6tr  ON_ZB  IN  Ttj 

172  Vt .  ( ( BPAWNS  tAPROMOTEOPAWN(qx,t))3t«BKRP)p(((-'(BQl»BQ81)A(-(BQl*WQNl)A-( 
BQB1=WQN1 ) )  )a( (Val (qx, zb) =NBv(80ARD(qx, QBUD )AVal ueon (Q8UD.BQI  )=NB ) )a( ( Va 1 ( qx 
,Pos(qx,BQBl))=NBv(BOARD(qx, QBUD  )AValueon(QBUD,  BQB1)«NB))a(  Val  (qx,Pos(qx, 

WQNl )  )= NBv ( BOARO ( qx , QBUD  )AVa  1  ueon ( QBUD, WQNl )*NB) ) ) )  )p( PROMOTEDPAWN( qx ,  BKRP  )a 
( (-(BQl=WKR4)A(-(BQBl=WKR4)A-(WQNl=WKR4)))3(-.(Pos(qx,WKR4)  =  BKRP)A(-(Pos(qx, 
WKR4  )  =  BKN)a-«(  Pos(qx  ,WKR4  )=BQN ))))))  (1  70) 

***** label  PROn  KNIGHT; 

*****  tauteq  (Va I (qx, zb) »NBaV t . ( (BPAUNS  tAPROHOTEOPAUN (qx, t ) ) bt“BKRP) ) o 

*  ( PROHO  TEOPAWN  <  qx , BKRP ) a ( ( -801 -WKR4  a-BQ8  1 -UKR4a-WQN1  -WKR4 )  :> 

*  (-Pos  (qx, UKR4) -BKRPa-Pos  (qx.UKR4)  «BKNa-Pos  (qx,UKR4)  -BQN) ) )  QX_QBUD,  t.  Ttt 

173  ( Va  1  ( qx ,  zb ) «NBaV t .  ( ( BPAWNS  tApROMOTEDPAWN(qx , t )  )pt*BKRP )  )p( PROMOTEDPAVN ( 
qx.BKRP  )a(  (->(BQ1“WKR4  )a(-(8QB1*WKR4  )a-(WQN1«WKR4) )  )3(-(Pos(qx,WKR4)»BKRP)A(-' 

( Pos(qx,WKR4 )«BKN)a-"( Pos(qx,WKR4 )*8QN) ) ) ) )  (1  9  70) 

5.9.  From  the  fact  that  the  captured  piece  had  either  bishop  or  knight  value  (step  156),  we 
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could  now  conclude  that  black  has  promoted  one  of  his  pawns.  However,  we  defer  that  deduction 
for  a  few  steps,  until  we  can  prove  which  black  pawn  it  was  that  promoted.  To  do  this,  we  need  to 
examine  the  black  pawn  structure  of  QBUO. 

Section  4.2.5  The  Black  Pawns 

6  Our  attention  turns  towards  identifying  the  black  pawns  on  Q6U0.  We  will  be  (almost)  able 

to  identify  each  of  the  pawn  value  pieces  on  that  board 

6.1  We  consider  first  the  pawns  in  black's  second  row.  These  pawns  have  not  moved,  and  are 
obviously  the  pawns  that  started  on  those  squares.  Of  course,  we  have  a  lemma  for  this  situation.  It 
states  that  if  a  black  pawn  value  is  upon  some  square,  and  there  was  also  a  black  pawn  value  upon 
that  square  in  P0,  the  initial  position,  then  it  is  the  same  piece  is  on  (hat  square  as  was  upon  it  in  P0. 
More  concisely,  certain  black  pawns  have  obviously  not  moved. 

*»***VE  UnmovedB I ackPaunThm  qx,QBU0,BQRP,8QR2| 

1 74  ( Pos( PO , BOR 2 )«BQRPa( Va lueon(QBU0,BQR2 )«PBABOARD(qx,QBUD) ) )d( Pos( PO , BQR2 ) 

=  Pos(  qx ,  BQR2  )/\Pospcf  ( qx ,  BQRP  )=BQR2 ) 

****«VE  UnntovedB I ackPawoThm  qx,QBU0.BKP,BK2t 

175  ( Pos( P0,BK2)*BK Pa (Valu eon (0BU0,BK2)» PBaBOARO(qx, QBUO)) )d(Pos(P0,BK2)«Pos 
( qx , BK2 )APospcf ( qx , BKP )«BK2 ) 

***»*VE  UnwovedB I ackPaunThm  qx,QBUD,BKNP,3KN2: 

176  (  Pos(  PO , BKN2  )=BKNPa( Valueon(QBUD,BKN2 )* PB ABOARD ( qx.QBUD) )  )d(  Pos(  PO , BKN2 ) 

=  Pos( qx , BKN2 )APospcf ( qx , BKNP )=BKN2 ) 

We  consult  the  simplification  mechanism  to  verify  our  asserted  arrangement. 
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***** s  i  mp I  i  f y  Pos (P0. BQR2) -BQRPAVa I ueon (QBUO, BQR2I -PBaPos (P0.BK2) -BKPa 
*  Va  I  ueon (QBUO, BK2) -PBaPos  (P0.BKN2) -BKNPnVa I ueon (QBU0.BKN2) »PB; 

i^P™(?O,BQR2,=BORPA(Valueon(OBuo-0OR2)lPBA(Pos<PO*BK2)*BKPA(Varu«on(QBUD, 
BK2 )«  PBa  ( Pos ( PO, BKN2 )*8KNPAVal  ueon ( QBUO, BKN2 )* PB ) ) ) ) 

Hence,  the  black  pawns  on  the  second  row  squares  are  the  BQRP,  BKP  and  the  BKNP. 

***s*laoel  RQLI2  BP; 

*«**»  tauteq  tm : tf2Attts WaUi #2  QX_0BUD. I't'ttj T t 

I^»^os(P0tB0R2,sPos(qx’eQR2)APospc^clx'B<)Rp)sBQR2)A((Pos(p0.B^2)«Pos(qx, 

B^2)APosPcf(<3X*BKp)«BK2)A(pos(p0,BkN2)«pos(qx,BKN2)APospcf(qx,Bli;NP)«B»CN2)) 

6  2  The  remaining  deductions  on  the  pawn  structure  are  produced  with  the  lemma 
WhlchBlackPawn  This  lemma  employs  the  fact  that,  if  a  pawn  is  to  move  between  two  squares,  the 
f1AY_PAUN_CAPTURES  predicate  must  be  satisfied  between  those  squares.  Each  of  the  eight  black 
pawns  is  considered,  resulting  in  a  WFF  which,  when  simplified,  eliminates  from  consideration  those 
pawns  that  could  not  be  on  the  requested  square  There  are  only  two  black  pawns  which  can  reach 
BQR3.  We  have  shown  that  BQRP  is  on  BQR2  in  qx.  Hence,  the  pawn  on  BQR3  must  be  the  BQNP. 

»****VE  Uh i chB I ackPaun  qx, QBUO. BQR3; 

179  ( BOARD(  qx ,  QBUD  )aVs  lueon ( QBUD ,  BQR3 )=PB  )o(  ( Pos( qx .  BQR3  )=BQRPa( Pospcf ( qx , 

BQRP  )  =  BQR3nMAY_PAWN_CAPTURES(  BQR2,  BQR3, BLACK ) )  )v(  ( Pos ( qx, BQR3 )=BQNPa( Pospcf  ( 
qx ,  BQNP )  =BQR3aMAY_PAWN_CAPTURES( BQN2 ,  BQR3, BLACK ) )  )v(  ( Pos( qx ,  BQR3 )=BQBPa( 

Pospcf(  qx ,  BQBP ) =BQR3aMAY_PAWN_CAPTURES( BQB2  , BQR3 .BLACK )  >  )v(  ( Pos( qx , BQR3 )=BQP 
a(  Pospcf  (qx,  BQP)  =  BQR3aMA  Y_PAWN_CAPTURES  (8Q2.BQR3,  BLACK ) )  )v( ( Pos( qx, BQR3 )=BKP 
a (  Pospcf  ( qx,  BKP) =BQR3aMA Y_PAWN_CAP TURES(BK2 ,BQR3, BLACK ) )  )v(  ( Pos(qx,BQR3  )  = 

BKB Pa ( Pospcf  ( qx , BKBP )*BQR3aMAY_PAWN_CAPTURES(  BKB2 ,  BQR3 ,  BLACK ) )  )v( ( Pos(  qx 
BQR3  )  =  BKNPa(  Pospcf (qx, BKNP )«BQR3aMAY_PAWN_CAPTURES(BKN2, BQR3, BLACK ) )  )v(  Pos( 
qx,  BQR3 )*BKR Pa (Pospcf(qx,8KRP)eBQR3AMAY_PAWN_CAPTURES(BKR2,BQR3, BLACK ) ) ) ) )) ) 

*****  s i mp I  i  f y  t • 

180  BOARO(  qx  ,QBU0  )d(  ( Pos(qx ,BQR3)=BQRPAPospcf  ( qx ,BQRP)=BQR3)v(  Pos(  qx ,  BQR3  )  = 
BQNPAPospcf(qx,BQNP)=BQR3)) 

•  *«**eimpl  I  fy  ->(BQR2»BQR3)  i 

181  -*(BQR2  =  BQR3) 

*****label  R0U3R  BP; 

*****  tauteq  Pos (qx, BQR3) -BQNPAPospcf (qx. BQNP) -BQR3  QX  QBUD.R0U2  BP.ttits 

182  Pos ( qx , BQR3 )  =  BQNPAPospcf ( qx , BQNP )=BQR3  (19) 

6.i.  Of  the  remaining  pawns,  only  the  BQ8P  and  BQP  could  reach  BQB4  and  BQ3.  We  have  not 
established  which  of  these  pawns  is  on  which  square,  but  we  can  show  that,  between  them,  they  fill 
these  two  locations. 

****»VE  LlhichBlackPaun  qx, QBUD, BQB4; 

183  ( BOARD!  qx, QBUD)AValuoon(QBUD,  BQB4)  =  PB)3((  Pos(  qx,BQB4)=BQRPA(  Pospcf  (qx, 

BQRP )  *BQB4aMAY_PAWN_CAPTURES(  BQR2 ,  BQB4 ,  BLACK ) )  )v(  ( Pos( qx, BQB4 )*BQNPa( Pospcf ( 
qx , BQNP )*BQB4aMAY_PAWN_CAPTURES( BQN2 , BQB4 , BLACK ) )  )v(  ( Pos( qx ,  BQB4)*BQBPa( 

Pospcf  ( qx , BQBP )=BQB4aMAY_PAWN_CAPTURES( BQB2 , BQB4 , BLACK ) ) )v( ( Pos( qx , BQB4  )=BQP 
a(  Pospcf  ( qx,  BQP)  *BQB4aMAY_PAWN_CAPTURES(BQ2,BQB4,  BLACK ) )  )v( (Pos(qx,BQB4  )*BKP 
a(  Pospcf  ( qx .  BKP  )*BQB4aMAY_PAWN_CAPTURES(BK2  ,  BQB4 ,  BLACK ) )  )v(  ( Pos(  qx ,  BQB4  )s 
BKBPa  ( Pospcf  ( qx ,  BKBP ) *BQB4aMAY_PAWN_CAPTURES<  BKB2 ,  BQB4 ,  BLACK ) )  )v(  ( Pos(  qx , 
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BQB4  )  =  BKNPa(  Pospcf  ( qx ,  BKNP)sBQB4aMAY_PAWN_CAPTURES(BKN2  ,  BQB4 ,  BLACK ) )  )v(  Pos ( 
qx ,  BQB4)*BKRPa(  Pospcf  ( qx ,  BKRP )*BQB4aMAY_PAWN_CAPTURES(  BKR2 .  BQB4  .BLACK ))))))) 
))) 

*»***VE  Uhi chB I ackPaun  qx,Q8UD,BQ3: 

184  (BOAR0(qx.0BUD)AVa1ueon(0BUD.B03)«PB)3((Pos(qx.B03)=B0RPA( Pospcf (qx.BQRP 
)  »BQ3aMAY_PAWN_CAPTURES  ( BQRZ .  BQ3 ,  BLACK ))  )v(  ( Pos(  qx ,  BQ3 )  *BQNPa  ( Pospcf  ( qx ,  BQNP 
)«B03aMAY_PAWN_CAPTURES(BQN2.B03.  BLACK  )))v((Pos(qx,B03)«B0BPA(  Pospcf  (qx.BQBP 
)*BQ3aMAY_PAVIN_CAP7URES  ( BQ82 .  BQ3 .  BLACK ) )  )v(  (  Pos  ( qx .  BQ3 )  *BQPa(  Pospc  f (nx.BQP)* 
8Q3aMAY_PAWN_CAPTURES(BQ2 , BQ3, BLACK ) )  )v(  ( Pos( qx, BQ3)*BK Pa ( Pospcf ( q* ,  .  )^RQ3 
aMAY_PAWN_CAPTURES(BK2  ,  BQ3 .BLACK ) )  )v(  ( Pos ( qx,BQ3)=BKBPA( Pospcf (qx ,  Bkli.’  ^BQ3a 
MAY_PAWN_CAPTURES( BKB2 ,  BQ3,  BLACK ) )  )v(  ( Pos( qx, BQ3)*BKNPa( Pospcf (qx ,  BKNP  )  =  BQ3a 
MAY_PAWN_CAPTURES(  BKN2 .  BQ3  .BLACK ) )  )v(  Pos(  qx .  BQ3  )=BKRPa(  Pospcf  ( qx ,  BKRP )=BQ3a 
MAY_PAWN_CAPTURES( BKR2 . BQ3 , BLACK )))))))))) 

*****  s  I  nip  1 1  f  y  tt: 

185  BOARO(qx,OBUO)3((Pos(qx.BOB4)»BORPAPospcf(qx,BORP)=BQB4)v((Pos(qx,BQB4)  = 
BQNPAPospcf  ( qx , BQNP )«BQB4  )v(  ( Pos( qx . BQB4)«BQBPAPospcf (qx , BQBP)*BQB4 )v(  ( Pos( 
qx,B0B4)*B0PAPospcf(qx,BQP)*B0B4)v(Pos(qx,BQB4)*BKPAPospcf(qx,BKP)*BQB4))))) 

*****simpl i fy  ft; 

186  BOAR0(qx,0BUD)D((Pos(qx,B03)sBQBPAPospcf(qx,BQBP)  =  BQ3)v((Pos(qx,BQ3)*BQP 
APospcf(qx.B0P)  =  B03)v(Pos(qx,B03)  =  BKPAPospcf(qx.BKP)=B03))) 

*****simpl  i  fy  -8QR2-BQ84a->BQR3*BQB4a-8K2«8QB4a-BQ3-BK2a-'BQB4-8Q3; 

187  -•(  BQR2=BQB4  )a(--(BQR3=BQB4  )a(-(BK2=BQB4  )a(-(BQ3=BKZ  )a-(BQB4=BQ3 ) ) ) ) 

*****label  QB  BP; 

*****  tauteq  (Pos (qx, BQB4) -BQBPAPospcf (qx.BQBP) -BQB4a 

*  Pos(qx.BQ3).BQpApospcf (qx.BQP) -BQ3) v 

*  (Pos (qx,BQB4) -BQPAPospcf (qx.BQP) -BQB4a 

*  Pos (qx, BQ3) -BQBPAPospcf (qx.BQBP) -BQ3) 

*  QX_QBUD, R0U2_BP . R0U3R_BP . ttt: t; 

188  ( Pos(  qx ,  BQB4  )*BQBPa ( Pospcf ( qx ,  BQBP  )*BQB4a(  Pos(  qx ,  8Q3 ) *BQPAPospcf ( qx ,  BQP ) 

=BQ3) )  )v(Pos(qx,BQB4)«BQPA(Pospcf(qx,BQP)«BQB4A(Pos(qx,BQ3)*BQBPAPospcf(qx, 
BQBP )*BQ3 ) ) )  (1  9) 

6.4.  This  implies  that  the  black  pawn  on  BQB5  must  be  the  BKBP. 

*»***VE  Uhi chB I ackPaun  qx.QBUD.UQB4; 

189  ( BOARD  ( qx,  QBUD )  AVa  1  ueon  ( QBUD,  WQB4 )  *PB)d((  Pos  (qx,WQB4)*BQRPA(  Pospcf  (qx, 
BQRP  )=WQB4aMAY_PAWN_CAPTURES( BQR2  ,VQB4 ,  BLACK ))  )v(  ( Pos( qx ,  WQB4  )  =  BQNPa(  Pospcf  ( 
qx ,  BQNP )  *WQB4aMAY_PAWN_CAPTURES(  BQN2 ,  WQB4 ,  BLACK ) )  )v(  ( Pos  ( qx ,  WQB4  )*BQBPa  ( 
Pospcf  ( qx ,  BQBP )  *WQB4aMAY_PAWN_CAPTURE5( BQB2 ,  WQB4 ,  BLACK ) )  )v(  ( Pos(  qx ,  WQB4 )  *BQP 
a(  Pospcf  (qx,  BQP  )*WQB4aMAY_PAWN_CAPTURES(BQ2,WQB4,  BLACK)  ))v((Pos(qx,WQB4)*BKP 
A ( Pospcf  ( qx ,  8KP  )*WQB4aMAY_PAWN_CAPTURES(  BKZ ,  WQB4 ,  BLACK ) )  )v(  ( Pos(  qx ,  WQB4  )* 
BKBPa(  Pospcf  (qx,  BKBP  )*WQB4aMAY_PAWN_CAPTURES(BKB2,WQB4,  BLACK  )))v((Pos(qx, 
WQB4 ) =BKNPa( Pospcf  ( qx , BKNP ) *WQB4aMAY_PAWN_CAPTURES ( BKNZ , WQB4 .BLACK ) )  )v(  Pos( 
qx ,  WQB4 )  *  BKRPa  ( Pospcf  ( qx ,  BKRP )  *  VQB4aMAY_PAWN_CAPTURES  (BKR2,  WQB4  .BLACK ))))))) 
))) 

***** s i mp I i f y  t ; 

190  BOARD (qx,QBUD)p( ( Pos (qx,WQB4)*BQRPAPospcf(qx, BQRP )*WQB4 )v( ( Pos(qx,WQB4 )* 
BQNPAPospcf  ( qx ,  BQNP  )*WQB4  )v(  ( Pos(  qx ,  WQB4  )*BQBPAPospcf  ( qx ,  BQBP  )«WQB4  )v  ( ( Pos( 
qx,WQB4)*BQPAPospcf(qx,BQP)«WQB4)v((Pos(qx,WQB4)«8KPAPospcf(qx,BKP)*WQB4  )v( 
Pos(qx,WQB4)*BKBPAPospcf(qx,BKBP)»WQB4)))))) 
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»*»«*simpl  ify  -BQR2.UQB4n-BQR3-UQB4n-BK2-UQB4n-BQ3-UQB4A-BaB4-UQB4} 

191  -«(BQR2*WQB4  )a(-»(BQR3*WQB4)a(-<(BK2«WQB4)a(-'(BQ3«WQB4)a->(BQB4«WQB4)  ) ) ) 

**»*»lat3el  BS  BP; 

»****tauteq  Pos (qx, UIQB4) -BKBPnPospc f (qx.BKBP) ■UQB4 
*  QK_QBUD , R0W2_BP , R0U3R  BP.QB_BP.tt:ti 

192  Pos( qx , WQB4 )=BKBPaPospc? ( qx , BKBP )«WQB4  (1  9) 

Section  4.2.5. 1  Which  Pawn  Promoted 


6  5.  Which  pawn  was  the  promoting  pawn?  A  pawn  that  has  promoted,  no  longer  has  pawn 
value  on  a  board  of  that  position  (theorem  BlackPawnValueSquares)  We  consider  each  black  pawn 
in  turn  as  a  possible  candidate  for  having  promoted. 

The  BQRP  is,  unpromoted,  on  BQR2. 

*****label  UHEREPRQH: 

**«*«VE  BlackPaunValueSquares  qx,QBU0,BQRP.8QR2i 

193  -( PROMOTEDPAWN(qx,BQRP)A(BOARD(qx,QBUD)/\( Valu*on(QBUD,BQR2)»PBAPos( qx, 
BQR2)=BQRP) ) ) 

Similarly  the  BONP  is  on  BQR3. 

***«*VE  BlackPaunValueSquares  qx,QBUD,BQNP,BQR3i 

194  -( PROMOTEDPAWN(  qx,BQNP)n(  BOARO(qx,  QBUD  )n(Valueon  (QBUD,  BQR3)*PBAPos(qx, 
BQR3)*BQNP))) 

The  BQBP  and  BQP  split  the  squares  BQB4  and  BQ3  between  them. 

***»*VE  BlackPaunValueSquares  qx. QBUD, BQBP. 8Q84| 

195  -(PR0M0TEDPAWN(qx,BQBP)n(B0ARD(qx,QBUD)A(Valueon(QBUD,BQB4)*PBnPos(qx, 

8QB4 )*BQBP) ) ) 

*#***VE  BlackPaunValueSquares  qx, QBUD, BQBP, BQ3t 

196  -( PROMOTEDPAWN  (qx,  BQBP  )a(  BOARD  (qx,  QBUD  )A(Valueon(  QBUD,  BQ3)»PBAPos(qx,BQ3 
)=BQBP ) ) ) 

***«*VE  BlackPaunValueSquares  qx,QBUD,BQP.BQB4i 

197  -(PROMOTEDPAWN(qx,BQP)A(BOARD(qx,QBUD)A(Valueon(QBUD,BQB4)»PBnPos(qx, 

BQB4 )*BQP) ) ) 

**#**VE  BlackPaunValueSquares  qx,QBUD,BQP,BQ3i 

1 98  -  ( PROMOTEDPAWN  ( qx , BQP ) a ( BOARD  ( qx , QBUD ) a ( Va  1  uaon  ( QBUD , BQ3 ) »  PBaPos ( qx , BQ3 ) 
•BQP))) 

The  BKP  occupies  its  original  square,  unpromoted. 

****«VE  BlackPaunValueSquares  qx, QBUD, BKP, BK2i 

199  -’( PROMOTEOPAWN(qx, BKP) A(BOARO(qx,QBUD )A(Valu*on( QBUD, BK2 )»PBAPo»(qx,BK2 ) 
•BKP))) 

UQB4  is  occupied  by  a  pawn  valued  BKB. 

*«***VE  BlackPaunValueSquares  qx, QBUD, BKBP, UQB4| 
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200  -( PROMOTEOPAWN(qx (BKBP)/\( BOARD (qx,Q8UD)A(Va1ueon(Q6UD,WQB4)«PBAPos(qx, 

WQB4 )*BKBP ) ) ) 

And,  similarly,  the  BKNP  pawn  sits  on  its  original  squares. 

***»*VE  B I ackPaunVa l ueSquares  qx,QBU0,BKNP,BKN2; 

201  -'(PROMOTEDPAWN(qx,BKNP)A(BOARD(qx,QBUD)A(Valueon(QBUD,BKN2)>PBAPos(qx, 

BKN2  )*BKNP) ) ) 

We  confirm  our  expectations  about  the  value  of  the  occupants  of  these  squares. 

*****simpl i fy  Va I ueon (QBUD.BQR2) -PBa  ValueonlQBUD,BQR3)»PBA 

*  Va  I  ueon (QBUO, BQB4) -PBa  Valueon(QBl)0,BQ3) -PBa  Va I ueon (QBUO,  BQB4) -PBa 

*  Va I ueon (QBUD, BQ3) -PBa  Va I ueon (QBU0.BK2) -PBa  Va I ueon (QBUO, UQB4) -PBa 

*  Va l ueon (QBIIO,  BKN2) -PBnPos (P0  BQR2) -BQRPaPos (P0  BK2)-BKPa 

*  Pos(P0  BKN2I-BKNP; 

202  Va  1  ueon  ( QBUD,  BQR2  )ePBA(Valueon(QBUD, BQR3)* PBa  (Val ueon (QBUD, BQB4  )=PBa( 

Va  1  ueon  ( QBUD,  BQ3 )  =  PBa(  Va  1  ueon  ( QBUD,  BQB4  )*  PBAfVal  ueon  ( QBUD,  BQ3)*PBA(Val  ueon  ( 
QBUD.BK2  )*  PBa  (Val  ueon  (QBUD,  WQB4)*  PBa  (Va  I  ueon  (QBUD,  BKN2)«PBa(Pos(P0,BQR2)» 

BQRPa(  Pos( P0 , BK2  )»BKPaPos( PO . BKN2 )*BKNP ) ))))))))) 

Now,  there  are  eight  black  pawns. 

**»**VE  B I ackPaunsAre  t; 

203  ( t=BKPv( t=BQPv( t=BKNPv(  t=BKBPv(  t=BKRPv( t*BQBPv( t*BQNPvt«BQRP) )  )))))■ 

SPAWNS  t 

Hence,  if  one  of  them  has  promoted,  it  must  be  the  BKRP.  We  generalize  this  WFF  to  all  possible 
black  promotions  in  qx. 

*****tauteq (BPAUNS  tAPROHOTEDPAUN (qx  t))ot-BKRP 
*UHEREPR0H:1'.QX  QBU0.R0U2  BP.R0U3R  BP,QB_BP,B5_BP; 

204  (BPAWNS  tAPROMOTEDPAWN(qx,t))Dt«BKRP  (19) 

*****  label  THE  ONLY  ONE: 

*«***V] Ttj 

205  Vt.  ((SPAWNS  tAPROMOTEOPAWN(qx,t))Dt*BKRP)  (1  9) 

So  it  zb  was  a  promoted  pawn,  it  must  have  been  the  BKRP. 

**«**VE  THE.ONLY  ONE  zb; 

206  (BPAWNS  zbAPROMOTEDPAWN(qx,zb))DZb«BKRP  (1  9) 

But,  as  we  pointed  out  before,  we  have  established  sufficient  conditions  to  prove  that  a  black  pawn 
has  promoted.  Since  a  black  pawn  has  promoted,  and  the  only  black  pawn  that  could  have 
promoted  is  the  BKRP  (line  205).  then  BKRP  has  promoted. 


*****  label  PROH  BKRP; 
*****tauteq  PROHOTEOP 


auteq  PROHOTEOP AUIN  (qx  BKRP) 

NB_0R_BB .  I  F_B  I SH .  t .  PROH.KN  I GHT ,  TNE.ONL Y_0NE  i 


207  PROMOTEDPAWN( qx , BKRP )  (1  9) 
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Section  4.2.6  Did  a  Black  Piece  Fall? 


7.  Did  a  black  piece  fall  from  the  board?  We  consider  each  black  piece,  in  turn,  to  show  that 

it  could  not  have  been  the  fallen  piece  But  first,  we  pause  to  point  out  that,  as  the  square  UKR4  was 
not  involved  in  the  last  move,  its  occupant  was  identical  in  both  px  and  qx.  Axiomatically,  a  square 
not  source,  destination,  or  special  square  of  a  special  move,  retains  the  same  contents  from  position  to 
position. 

**«**YE  MCONSEQO  qx  px  UXR4; 

208  ( SUCCESSOR (qx,px)A(-(WXR4sFrom  Move  px)aMWKR4*To  Move  px)a(-( CASTLE 
Move  pxA(WKR4sAlsofrom  Move  pxvWXR4=Alsoto  Move  px) )a-»(ENPASSANT  Move  pxa 
WKR4  =  Takenon  Move  px ) ) ) ) )oPos(qx,WXR4)=Pos(px,WXR4) 

We  know  the  source  (From  square)  and  destination  (To  square)  of  the  Move  px.  Neither  of  them  is 
WXR4.  We  also  know  that  Move  px  was  neither  an  en  pauant  capture,  nor  a  castle. 

*****  s  i  mp  I  i  f  y  -'UKR4=8Q1  a  -  UXR4  •  BQB2; 

209  -(WKR4=BQ1)a-(WKR4=BQB2) 

***»*VE  MconseqmX  qx  pxj 

210  SUCCESSOR! qx,px):>(  (CASTLE  Move  px*CASTLING(qx,px))A((ENPASSANT  Move  px« 
EN_PASSANT ( qx , px ) )a( ORDINARY  Move  px-SIMPLElEGAlMOVE(qx.px) ) ) ) 

Hence,  the  fallen  piece  was  also  on  UXR4  in  qx. 

*****  label  SAME  ON  UXR4; 

*****  tauteq  Poslqx  UKR41»Pos(px  UKR4) 

*  TTT:  T.PXSUC, FROMPX .  TOPX . NOTPXCASTLE , NOTPXEPi 

211  Pos(qx,WKR4)rPos(px.WKR4)  (1  9) 

We  return  to  consideration  of  the  each  of  the  black  pieces  as  a  candidate  fallen  piece.  We 
established  that  the  promoted  pawn,  BXRP,  was  on  one  of  the  squares  BQ1,  BQB2  or  UQN2  in  qx. 
Hence,  the  fallen  piece  was  not  the  BXRP. 

*****  label  ON  BLACK  9QS: 

*****  s  i  mp  I  i  f  y  -'BQ1'WKR4a  ^BQB1*WXR4a  ->BQR2»UKR4a  -6QN2«WKR4a 

*  -8X2=UXR4n  -'BKN2«=UKR4a  -BQR3-UXR4a  -BQ3*UXR4a  -BQB4*UXR4n 

*  -UQB4-UXR4A  -4JQN1-UKR4; 

212  -'(BQ1=WXR4)a(-(BQB1=WKR4)a(-.(BQR2=WXR4)a(-(BQN2*WXR4)a(-’(BK2*VKR4)a(-.( 
BXN2=WKR4  )a(-( BQR3*WKR4  )a(-( BQ3*WKR4  )a(-(BQB4*WKR4  )a(-*(WQB4*VKR4)a-(VQN1* 

WKR4) ))))))))) 

*«***VE  Unique  qx.BQl .UXR4.BXRP: 

213  Pos(  qx ,  BQ1  )=BXRPo( Pos( qx . WKR4 )*BXRP*BQ1*WKR4 ) 

*****tauteq  - (Pos (qx,UKR4) -BXRP)  0N_ZB,NB_0R_BB, 

*  IF_BISH.PR0M_XN1GHT.THE  ONLY  ONE i 206. 0N_BLACK_SQSi 213s 

214  -•( Pos (qx,WKR4)* BXRP)  (1  9) 

We  know  squares  for  each  of  the  seven  unpromoted  black  pawns.  None  of  these  squares  is  UKR4. 

****«YE  Unique  qx,BQR2,UXR4,BQRP| 

215  Pos( qx , BQR2 )*B0RPd( Pos( qx , WKR4)«BQRP«BQR2*WKR4 ) 
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*«***VE  Unique  qx,BK2,UKR4,BKP; 

216  Post  qx,BK2)«BKP:>(  Post  qx.WKR4)«BKPeBK2«WKR4) 

•****VE  Unique  qx,BKN2,UKR4,BKNPi 

217  Pos( qx, BKN2)*BKNPs( Pos(qx,WKR4)*BKNP»BKN2*WKR4) 

**«**VE  Unique  qx,BQR3,UKR4,BQNP; 

218  Post  qx ,  BQR3 )*BQNPd( Post  qx .  WKR4  )«BQNP«8QR3sWKR4 ) 

****»VE  Unique  qx,BQB4,UKR4,BQ8P; 

219  Post qx,BQB4)*BQBP:>( Post qx,WKR4)*BQBP»BQB4*WKR4) 

***«*VE  Unique  qx,BQ3,UKR4,BQBPi 

220  Post qx,BQ3)*BQBP3( Post qx,WKR4)sBQBP»BQ3*WKR4) 

***$*VE  Unique  qx.BQB4,UKR4,BQP; 

221  Pos(qx,BQB4)*B0P3(Pos(qx,UKR4)sB0P«B0B4rWKR4)  -v 

'  ****«VE  Unique  qx,BQ3,UKR4,BQP; 

222  Pos( qx , BQ3)*BQPd( Pos( qx , WKR4 )*BQP"BQ3*WKR4 ) 

****»VE  Unique  qx,UQB4,UKR4,BKBP; 

223  Pos( qx, UQB4 )  =  BKBPo ( Pos( qx , WKR4 )*BKBP«WQB4»WKR4 ) 

7.1.  This  accounts  for  all  of  the  black  pawns.  Hence,  the  fallen  piece  was  not  a  black  pawn. 
*«***VE  BlackPaunsAre  Pos(qx  UKR4): 

224  (Pos(qx,WKR4)=BKPv{Pos(qx,WKR4)*BQPv(Pos(qx,WKR4)*BKNPv(Pos(qx,WKR4)= 

BKBPv(  Pos(  qx .  WKR4  )=BKRPv( Post  qx. WKR4  )=BQBPv(  Post  qx,WKR4  )*BQNPvPos(qx,  WKR4  )  = 
BQRP)))))))»BPAWNS  Pos(qx,WKR4) 

*****label  NOT  BP: 

*****  tauteq  -t:#2  212:t,R0U2  BP.R0W3R_BP.QB  BP,BS_BP,R0U2_BP-1; 

225  -BPAWNS  Pos(qx,WKR4)  (1  9) 

7.2.  If  the  fallen  piece  were  a  black  knight,  we  would  suffer  from  a  surfeit  of  black  knights. 
We  use  the  same  lemma  as  before,  ThreeNB  in  this  demonstration. 

****«VE  ThreeNB  qx.QBUD.BKRP.BQBl.U0Nl.UKR4.BQli 

226  Vt . ( ( B PAWNS  tApROMOTEDPAWN(qx.t) )3t*BKRP)3( ( (-(BQB1*WQN1  )a(-(BQB1*WKR4 )a 
-  ( WQN 1  ■  WKR4 ) ) )  a  ( ( Va  1  ( qx ,  Pos  ( qx ,  3QB 1 ) ) = NBv  t  BOARD  ( qx ,  QBUD  )aVb  1  ueon ( QBUD , BQB 1 ) » 
NB))A((Val(qx,Pos(qx,WONl))«NBv(BOARD(qx,OBUD)AValueon(QBUD,WQNl)«NB))A(Val( 
qx , Pos ( qx , WKR4 ) ) *NBv  ( BOARD  ( qx ,  QBUD  )AVa  1  ueon  ( QBUD .  WKR4  )*NB ))))):>( PROMOTEDPAWN 
(qx,BKRP)A<(-(BQBl«BQl)A(-(WQNl*BQl)A-(WKR4*BQl))):>(-(Pos(qx,BQl)«BKRP)A(-( 
Pos(qx,BQl)*BKN)A-(Pos(qx,BQl)«BQN)))))) 

If  a  black  knight  fell,  it  would  have  had  NB  value  (knights  do  not  promote). 

****«VE  Off icerValueThmX  qx,BKN,Pos(qx,UKR4) ; 

22  7  ( -.PAWNS  BKNaBKN* Pos ( qx , WKR4 ) )aVa 1 ( PO , BKN ) *Va 1 ( qx , Pos ( qx , WKR4 ) ) 

«****VE  Off IcerValueThmX  qx,BQN,Po8(qx,WKR4) j 

22 8  ( -PAWNS  BQNaBQN*  Post  qx . WKR4 ) )=Va  T ( P0 , BQN )«Val ( qx , Post  qx , WKR4 ) ) 

***«*ei mp I i fy  -PAUNS  BQNAtVal (P8.BQN) -NBa(-PAUNS  BKNAVal (PB.BKN)-NB) ) , 
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229  -P AWNS  BQNa( Val  ( PO,BQN)*NBa(->PAWNS  BKNaVs 1 ( P0 , BKN )*NB ) ) 

Hence,  the  fallen  piece  was  not  a  black  knight 

*****laoel  NOT  NB: 

*••*«  tauteq  - (Pos lqx,UKR4) -BKN ) a- (Pos (qx,UKR4) -BQNI 

•  ON  ZB.NB_0R  BB.QK  QBUO.IF  BISH.PROH  KN1GHT-2.PR0M  KNIGHT. 

•  THE_0NLY  ONE, THE  0NIY_0NE+1 .ON  BIACK_S0S.0N_BLACK_SQS*1 . tttti ti 

230  -«(Pos(qx,WKR4)*BKN)A-( Pos(qx.VKR4)*BQN)  (1  9) 

7.3  The  black  on  white  bishop  could  not  have  fallen  from  the  black  square  WKR4. 

****«YE  B i shopsl sOnSameCo I  or  qx  BQBI  UKR4  BQBi 

231  ( Pos(  PO ,  BQBI  )*BQBaPos( qx , WKR4  )*BQB )p(WHlTESQUARES  BQB1*WHITESQUARES  WKR4 

) 

NOT  BQB; 

*****  simplify  t ; 

232  -(Pos(qx,WKR4)=BQB) 

7.4.  The  blark  on  black  bishop,  as  we  have  already  asserted,  did  not  escape  from  his  starting 
square. 

*  *  *  *  * VE  Blocked_BKB  qx  QBUD  UKR4; 

233  ( BOARD  (qx,  QBUD  )A(Valueon(QBUD,BK2)sPBA(Valueon(Q8UD,BKN2)«PBAPos(qx.WKR4 

)»BKB ) )  )oWKR4»BKBl 

*****  I  abe  i  NOT  BKBi 

*****  simplify  t; 

234  -( BOARD( qx , QBUD JaPos ( qx , WKR4 )  =  BKB ) 

7.5.  The  black  king  is  on  BQN2,  not  UKR4. 

**»**VE  Unique  px  BQN2  UKR4  BK; 

235  Pos( px , BQN2  )«BK:>(  Pos(  px .  WKR4  )*BK»BQN2»WKR4 ) 

*****label  NOT  BK; 

*****  tauteq  -Postqx  UKR4)»B<  t, 212, 5, 1,211; 

236  -(Pos(qx,WKR4)»BK)  (1  9) 

7.6.  If  a  black  rook  or  black  queen  value  were  on  the  square  UKR4  (n  px  then  white  would  be 
in  check  in  px.  Note  the  employment  of  a  single  simplification  to  observe  this  check  on  the 
constructed  board. 

*****laoei  BQ  OR  BR: 

***** s i mp I  i  f y  UH1  TEINCHECK (Makeooard (GIVEN  UKR4  QB))a 

*  UHI TEINCHECK (HakeDoard (GIVEN  UKR4  RB) ) i 

237  WHITEINCHECK  Ma keboard( GIVEN, WKR4,Q8)aWHITEINCHECK  Nak#board( GIVEN, VKR4, 

RB) 

***«*VE  SUB  B0ARDS1  px  GIVEN  UKR4  Posipx  UKR4)  QB» 

238  ( Val (px.Pos(px,WKR4))«QBa(Pos(px,WKR4)»Pos(px,WKR4)aB0ARD(px, GIVEN) ))3 
BOARD ( px , Makeboard( GIVEN , WKR4 ,  QB ) ) 
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**»**YE  SUB  BOARDS  1  px  GIVEN  UKR4  Poslpx  UKR4)  RB'i 

239  (Val(px,Pos(px,VKR4))=RBA(Pos(px,WKR4)«Pos(px,WKR4)ABOARD(px, GIVEN)  ))o 
BOARD ( px ,Makeboard( GIVEN , WKR4 , RB ) ) 

And  if  white  were  in  check,  it  would  be  white’s  turn  in  px. 

»****YE  A I ternateUhi te  px  tt:#2#2; 

240  ( BOARD ( px,Makeboard(GIVEN,WKR4,QB) JaWHITE INCHECK  Makeboard(  GIVEN, WKR4,QB 
)):>(POSITIONINCHECK(px,WHITE)aWHITETURN  px) 

»****VE  A  I  ternateUhi  te  px  tt:#2#2; 

24 1  ( BOARD  ( px ,  Makeboardf  GIVEN ,  WKR4 ,  RB )  )aWH  I  TE  INCHECK  Makeboard(  GIVEN,  WKR4 ,  RB 
))d(POSITIONINCHECK(px,VHITE)aWHITETURN  px) 

If  the  fallen  piece  would  be  rook  or  queen  valued  if  a  rook  or  queen  had  fallen 

***«*YE  Of f icerVa lueThmX  px  BQ  Poslpx  UKR4); 

242  (-PAWNS  BQaBQ=Pos(px, WKR4 ) )oVal ( PO , BQ)«Va 1 (px, Pos(px,WKR4 ) ) 

*«***YE  Of f i cerVa I ueThmX  px  BQR  Poslpx  UKR4); 

243  ( -PAWNS  BQRaBQR= Pos ( px , WKR4 ) )oVa 1 ( PO , BQR )= Va 1  ( px , Pos( px , WKR4 ) ) 

*#***YE  Of f icerVal ueThmX  px  BKR  Poslpx  UKR4); 

244  (-PAWNS  BKRaBKR*  Pos( px , WKR4 ) )oVa 1 ( PO , BKR )«Va 1  ( px , Pos ( px , WKR4 ) ) 

*****  6 i  nip  I  i  f g  -PAUNS  BQa-PAUNS  BORa-PAUNS  BKRa 

*  Val (PB'BQI-QBAVal  (P0  BQR) -RBAVa I (P0  BKR) -RB j 

245  -PAWNS  BQa( -PAWNS  BQRa(-PAWNS  BKRa( Val ( PO, BQ)«QBa( Val ( P0,BQR)«RBaVb  1  ( PO , 
BKR)=RB) ) ) ) 

But  we  have  already  determined  (back  in  steps  1,  2  and  3),  that  black  is  in  check  in  px,  and  its  his 
turn  to  move.  If  white  were  also  in  check,  we  would  have  a  contradiction.  Hence,  the  fallen  piece 
could  not  have  been  a  black  rook  or  queen. 

*****tauteq  -Poslqx  UKR4) -BQa-Pos (qx  UKR4) -BQRa-Pos (qx  UKR4)«BKR 

*  BQ_0R  BR: f ,SAME_0N  UKR4,CALL_PX.B INCHECK. BLACK  GOES; 

246  -( Pos( qx, WKR4 )  =  BQ)a(-( Pos( qx, WKR4  )*BQR)a-(  Pos( qx,WKR4  )*BKR ) )  (1  9) 

S.  We  have  considered  each  of  the  black  pieces.  None  of  them  could  have  fallen  from  the 

board.  Hence,  the  fallen  piece  was  not  a  BLACKPIECE. 

***»*VE  BlackpieceArePaunsOr  Poslqx  UKR4); 

247  BLACKPIECE  Pos(qx,WKR4MBPAWNS  Pos( qx , WKR4 )v( Pos( qx , WKR4  )«BKv( Pos( qx , 

WKR4  )bBQv(  Pos(  qx ,  WKR4  )*BKNv(  Pos(  qx,WKR4  )*BKBv(  Pos(qx,  WKR4  )«BKRv(  Pos(qx,  WKR4 ) 

■  BQBv  ( Pos ( qx , WKR4 )«BQNvPos ( qx , WKR4 )»BQR )))))))) 

*****  I  abe I  NOT  B; 

***** tauteq  -ti#l  tTit.QX  QBUO,  NOT  BP, NOT  BK.NOT  NB , NOT  BQB,NOT_BKB; 

248  -BLACKPIECE  Pos(qx,WKR4)  (1  9)" 

But  all  chesspieces  are  either  black  or  white.  We  know  (from  our  original  assumption)  that  some 
chesspiece  did  fall.  Hence,  it  must  have  been  a  white  piece. 

*  ****VE  BorU_P I ece_  Poslqx, UKR4) ; 
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249  CHESSPIECES  Pos(qx,WRR4):>-(BlAClcPIECE  Pos(qx,WKR4)«WHITEPIECE  Pos(qx. 
WkR4 ) ) 

Let  us  call  that  piece  yyw. 

***•*31  SAME_0N  WKR4  Pos  (px,UKR*«)*-yyw; 

250  WHI TEPIECE  Pos( qx , URR4 )a3yyw. Pos( qx. VKR4 )*yyw 

*  *  *** tau teq  3yyu.Pos (qx, UKR* ) »yyu  CALL_PX, SAflE_ON_UKR4,NOT_B< t| 

251  3>yw.Pos(qx,UkR4)*yyvi  (1  9) 

*****  label  CALL  YYUi 
*****  3E  t  yyw; 

252  Pos ( qx, WKR4 )*yyw  {252) 

Section  4.2.7  The  Fallen  Piece  Wasn't  a  White  Pawn 


9  By  a  process  similar  to  that  employed  tot  the  black  pawns,  we  can  Identify  the  locations  of 

each  of  the  white  pawns 

There  are  four  white  pawns  on  white's  second  row 

»****VE  UnmovedUh i  tePjunl hm  qx.QBUD, WGRP.UQR2i 

253  ( Pos  ( P0.  WQR2  )*  WQRPa  ( Va  1  u  eon  (QBID,WQR2)»PWaBOARO(  qx.QBUD  ))):>(  Pos  (P0.WQR2) 

«  Pos(  qx ,  WQR2  )/\Pospcf  ( qx .  WQRP  )*WQR2 ) 

*»***VE  UrtmovedWhi  tePaunThm  qx,CBU0,U!QBP,UQ62: 

2  54  {  Pos(  P0 .  WQB2  )=WQBPa( Va luoon(QBUD,WQB2  )»PWaB0ARD( qx.QBUD) )  )p( Pos( PQ ,WQB2 ) 
«Pos(qx,W0B2 )APospcf (qx,WQBP)*WQ82) 

•  *  *  *  »  VE  UntnoveciUh  i  tePounThm  qx,  QBUD.  UxBP,  UKB2i 

255  (  Pos(  P0 .  WKB2  )=VLBPa(  Va  lueon(QBU0, WKB2  )*PWaB0ARD( qx.QBUD) )  )d( Pos( P0,  WKB2 ) 
■Pos(qx,WkB2 )APospcf{qx,WkBP)»Wk82 ) 

**»**VE  UnmoveciUhi  tePaunThm  qx,GBiiD,UKRP,WkR2: 

256  ( Pos(  P0 , WhR2  )*WKRPa(  Va Uieon(QBU0.  WkR2  )*PWABOARO(qx,QBUD) ) )o(  Pos(  P0, WKR2 ) 
*Pos( qx,WhR2 )APospcf (qx, WkRP)sWkR2 ) 

•••••simplify  iPosiPO. UQR2) •WQRPAVa I ueon(GBU0,UQR2) »PU) a 

•  (Poe(P0tUQ021-UQBPAValueoniQBUD.UQB2)-PU)A 

•  (Poe  (PO, UKB2 )  -Wk'BPAVa  I  ueon  (QBUO, UKB2)  »PW)  a 

•  (Poe  (P0.  UKR2I  -UKRPAVa  lueon (QBUD.UKR2)  -PU)  i 

257  ( Pos( P0 , WQR2 )  sWQRPaVa lueon ( Q8UD . WQR2 )* PW )a( ( Pos( P0 , WQB2 )»WQBPaVs  1  uoon ( 
OBUD,WOB2)*PW)A((Pos(PO,WKB2)«WKBPAValueon(OBUO,WKB2)»PW)A(Pos(PO,WKR2)»WKRP 
AVa lueon (QBUO, WLR2 )*PW) ) ) 

*****  label  RQU2  UP; 

*****  tauleq  iPostqx  WORE) 'UQRP.cPoepcf (qx  WGRP)«WQR2)a 

•  (Poe (qx  UQB2) •WQBPaPospc< (qx  UGBP)-UQB2)a 

•  (Poslqx  UkB2)-UKBPAPospcf (qx  UxBP)-UKB2)a 

•  (Poe (qx  UKR2).UKRPaPospc( (qx  U*RP)-UKR2)  ttttti t.QX_QBUDi 

256  (Pos(qx.WQR2)«WQRPAPospcf(qx.WQRP)*VQR2)A((Pos(qx,WQB2)«VQSPAPospcf(qx, 

WQBP)*W0B2)A((Pos(qx.WkB2)*WlcBPAPospcf(qx,WKBP)«WKBZ)A(Pos(qx,WKR2)»WKRPA 
Pospcf(qx.VKRP)*VKR2))V  (1  9) 
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The  white  pawns  on  UUN3  and  IANS  aic  theietoie  the  UQNP  and  WkNP,  respectively 


•****VE  Uh  i  chUh I  tePaun  qx  QBbD  UQN3t 

259  ( BOARD ( qx ,QUUD  )aVa 1  neon ( QBUD.W0N3 )*PW)o(  ( Pos( qx , WQN3 )*W0KPa(  Pospcf  ( qx , 

WQRP  )  »WQN3aMAY_PAWN  CAPTURES(WQR2  ,WQN3, WHITE  ))  M  (  Pos(qx,WQN3  ).WQNPa(  Pospcf  ( 
qx , WQNP )«WQN3aMAY_PAWN_CAPUIRES(  WQN2  ,  WQN3 , WHI TL ) ) )v( ( Pos( qx ,  WQN3 )«WQBPa( 

Pospc f ( qx , WQRP ) *WQN3aMA Y  PAWN  CAPTURE S(WQB2,WQN3,WH1 TE  ) ) )v( ( Pos(qx,WQN3 )»WQP 
a(  Pospcf  (qx,WQP).WQN3AMAY_PAWN_CAPTURES(WQ2,WQN3,WHIU ) ) )v( ( Pos( qx . WQN3 )-WkP 
a(  Pospcf  (qx  ,WKP)  »WQN3aM  A  Y_PAWN,  CAPTURES  (Wk2,WQN3,  WHITE  ) )  )v(  (  Pos(qx.WQNJ)- 
WKBPa(  Pospcf  ( qx , WkRP )»WQN3aMAY  PAWN,  CAPTURl  S(Wk82.WQN3.WHl 11  ))M(Pos(qx, 

WQN3  )»WXNPa(  Pospcf  (  qx .WkNP )*WQN3aMAY  PAWN_CAPTURE5(WkN2  .W0N3.WH1U  )))v(Pos( 
qx  ,WQN3  )»WKR  Pa  ( Pospcf  (qx  .WkRP  )«WQN3AMAY_PAWN_CAPTURES(WkR2  ,  WQN3,  WHI TL  ) ) ) ) )) ) 

))) 

*  *  *  *  »  YE  Uh  i  chUh  i  tePawn  qx  Ql'UD  WkN3; 

260  ( BOARD ( qx  ,Q8UD  )aV«  luoon(Q8UP,WkN3  )»PW)r>(  ( Pos( qx , WkN3 )*WQRPa(  Pospcf  ( qx  , 

WQRP  )  *WRN3aMAY  PAWN  CAPTURT  S(WQR2.WkN3.WHl U  ))  )v(  (  Pos(  qx .  WkN3  )«WQNPa(  Pospcf  ( 
qx,WQNP)«WkN3AMAY_PAWN_CAPTURES(WQN2,WkN3,WHlll ) )  )v(  (Pos(qx,WkN3)«WQBPA( 

Pospcf  ( qx , WQRP )«WkN3AMAY  PAWN  CAPTtiRf  S(WQB2 ,  WKN3, WHI TE ) ) )v( ( Pos(qx , WkN3 )  «WQP 
a ( Pospcf  ( qx, WQP ) «WkN3AM A Y_PAWN_CAP  HIRES (WQ2,WkN3, WHITE  ) )  )v( ( Pos( qx , WkN3 )»WkP 
a(  Pospcf  (qx,WkP)«WkN3AMAY_PAWN.  CAPTURE  S(Wk.\WkN3.  WHI  IE) )  )v( ( Pos( qx . WkN3 )■ 

WXBPa(  Pospcf  ( qx , WkRP  )«WkN3AMAY_PAWN_CAPTURl  S(WkB2  ,WkN3  , WHITT  ) )  )v(  (  Pos(qx . 

WkN3  )*WkNPA( Pospcf ( qx , WkNP  )*WkN3AMAY_PAWN_CAPl URESi WkN2 , WkN3, WHI 1 1  ) )  )v(Pos( 
qx,WkN3)»WkRPA( Pospcf (qx. WkRP )*WkN3AMAY  PAWN_CAPTURFS(WkR2 ,WkN3, WHITE  ))))))) 

))) 

*****  p i mp I i f  g  tf : 

261  BOARR(qx,QRllD)D((Pos(qx,UQN3)«VQRPAPospcf(qx,WQRP)«UQN3)v((Pos(q\,WQN3)» 
WQNPAPospcf ( qx . WQNP )«W0N3 )v( Pos( qx . W0N3 )*W0RPAPospcf ( qx , WQRP )«WQN3 ) ) ) 

*****  s  i  mp I i f g  1 1  j 

262  BOARD(qx.OBUO)3((Posiqx.WkN3)«WkBPAPospcf(qx.WkBP)»WkN3)v((Pos(qx.WkN3)» 
WXNPa Pospcf ( qx , WkNP )«WkN3  )v( Pos( qx ,WkN3 )«WkRPAPospcf ( qx , WkRP)»WkN3 ) ) ) 

•  ****simpl  i  fg  -44QRr*UQN3A-4JQBr»UQN3A-4JkR2«WkN3A-44kB3»UkN3i 

263  -(WQR2*W0N3)A(^W0B2*W0N3)A(-(WkR2*WkN3)A-(WkB2tWkN3))) 

*****lvUiol  ROUj  UP; 

***** touteq  mu»3oiAtt:#2#r#i  mit.RCiu:  up.qxjqbuoi 

264  (Pos(qx.W0N3)«W0NPAPospcf(qx>W0NP)*W0N3)A(Pos(qx,WkN3)»WkNPAPospcf(qv. 

WkNP)*WkN3)  (I  9) 

Therefore,  tire  white  pawns  on  BQD2  (in  qx)  and  UQ3  are  the  UkP  and  UlTP  (though  we  don’t  know 
which  is  which) 

**»**VE  UhichUhi  tePaun  qx  QBUO  UQ3: 

265  ( BOARD(  qx. QBUD  )aV*  lueon(QBU0.  WQ3)*PW):>((  Post  qx,WQ3)«WQRPA(  Pospcf  (qx.  WQRP 
)*WQ3aMAY_  PAWN  _CAPTURFS(  WQR2.  WQ3.  WHI  TE  )))v((Pos(q\.WQ3)»WCNPA(  Pospcf  (qx.  WQNP 
)»WQ3aMAY_PAWN_CAPTURES(  WQN2  ,WQ3,  WHITE ) )  )v(  (  Pos(qx,WQ3 )*WQBPa(  Pospcf  ( qx , WQRP 
)  =  WQ3aMAY  PAWN  CAPTURl S (. WQB2 .WQ3.WHI I E ) )  )v(  ( Pos( qx . WQ3 ) * WQPa ( Pospc f  ( qx .  WOP ) * 
WQ3aMAY_PAWN..CAPTURES(WQ2  .  WQ3,  WHI  TE  ) )  )v(  ( Pos(qx . WQ3 )»WkPA(  Pospcf  ( qx ,  WkP  )»WQ3 
aMAY_PAWN_CAPTURES(  Wk2  ,  W03,  WHI  TE  ) )  )v(  (  Pos( qx, WQ3 )«WkRPA(  Pospcf  ( qx ,  WkRP  )»WQ3a 
MAY_PAWN_CAPTURES(WkB2.W()3.  WHI  TE)))v((Pos(qx.W03)«WkNPA(  Pospcf  (qx,  WkNP  )*WQ3a 
MAY_PAWN_CAPTURES(WKN2,WQ3,WHITE) )  )v  ( Pos(qx,WQ3)»WkRPA(  Pospcf  (qx,  WkRP  )«WQ3a 
MAY_PAWN_CAPTURE5(WkR2,WQ3,WHI TE ))))))))) ) 
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***«*VE  Uh i chUh i tePaun  qx  QBUD  BGB2; 

266  (BOARD(qx ,QBU0)AVa  luoon(QBUD,BQB2 )  =  PW)o(  ( Pos(qx,BQB2 )*WQRPa( Pospcf  (qx, 

WQRP )«BQB2aMAY_PAVN_CAPTURES( WQR2 ,  BQB2  .WHITE ) )  )v(  ( Pos(qx, BQB2  )*WQNPa( Pospcf ( 
qx , WQNP )=BQB2aMAY_PAWN_CAPTURES( WQN2 , BQB2 ,  WHITE ))  )v(  ( Pos(qx, BQB2  )*WQBPa( 

Pospcf  ( qx  ,WQBP )  =  BQB2aMAY_PAWN_CAPTURES( WQB2, BQB2, WHITE ) )  )v(  ( Po$(qx ,BQB2  )*WQP 
a(  Pospcf  (qx,WQP)«BQB2AMAY_PAWN_CAPTURES(WQZ,BQB2, WHITE )))v((Pos(qx,BQB2)»WKP 
a(  Pospcf  ( qx,  WKP)sBQB2aMAY_PAWN_CAPTURES(WK2,8QB2 .WHITE) )  )v(  ( Pos(  qx,BQB2  )■ 

WKBPa(  Pospcf  ( qx, WKBP )  =  BQB2aMAY_PAWN_CAPTURES( WKBZ ,BQB2 .WHITE ) ) )v( (  Pos(  qx , 

BQB2  )=WKNPa(  Pospcf ( qx.WKNP )sBQB2aMAY_PAWN_CAPTURES(WKNZ ,BQB2 .WHITE ) )  )v(  Pos( 
qx ,  BQB2  )*WKR  Pa  ( Pospcf  (qx  ,WKRP  )  =  BQB2aMAY_PAWN_CAPTURES(WKR2  ,  BQB2,  WHITE ))))))) 

))) 

*****  s i mp I i f yt t; 

267  BOARO(qx,QBUD):>(  (Pos(qx,WQ3)=WQBPAPospcf(qx,WQBP)*WQ3)v((Pos(qxfWQ3)«WQP 
APospcf ( qx.WQP )»WQ3)v( Pos(qx, WQ3)*WKPAPospcf(qx,WKP)«WQ3) ) ) 

***** s i nip  1  i  f y  -UQB2«UQ3AVa  1  ueon iQBUO  BQB2)-PUa  -'UQR2-8QB2a  -UQB2«BQB2a 
*-4JKB2-BQB2a  -WKR2-BQB2a  -UGNI3.6Q92A  -UKN3-BGB2a  -UQ3-BQB2; 

268  -.(WQB2«W03)A(Valuaon(QBU0,B0B2)*PWA(-(WQR2«B0B2)A(-(WQB2*BQB2)A(-(WKB2» 
BQB2  )a(-(  WKR 2«BQB2  )a(-( WQN3*BQB2  )a(-(  WKN3«B()B2  )a~(WQ3*BQB2  )))))))) 

*****  label  ROYAL  UP'. 

*****  tauteq 

*  ((Pos(qx  UQ3) «WQP APospcf (qx  UQP)-UQ3)a 

*  (Pos (qx  BQB2) -UKPaPospc t (qx  UKP)-BQB2))v 

*  ((Pos(qx  WQ3) -UKPaPospc f (qx  UKP)-UQ3)a 

*  (Pos (qx  BQB2)-WQPAPospcf (qx  UQP) -BQB2) ) 

*  tft : t . R0U2.UP . R0W3JJP . QX  QBUO i 

269  ((Pos(qx,WQ3)«WQPAPospcf(qx,W0P)*WQ3)A(Pos(qx.BQB2)«WKPAPospcf(qx,WKP)» 

BQB2))v((Pos(qx,WQ3)»WKPAPospcf(qx.WKP)«W03)A(PosUx,BQB2)*W0PAPospcf  (qx.WQP 
)=BQB2 ) )  (1  9) 

Hence,  any  square  jn  qx  which  is  not  one  of  these  squares,  does  not  have  a  white  pawn  on  it. 
Similarly,  no  white  pawn  has  been  captured  in  the  game  that  reached  qx. 

****»VE  UhereUn i  tePauns  p  qx  x  sq  UQR2  UQN3  UQB2  UQ3  BQB2  UKB2  UKN3  UKR2i 
2  7 0  ( Pos ( qx ,  WQR2 )  =WQRPa (  Pos ( qx ,  WQN3  )*WQNPa(  Pos(  qx ,  WQB2 ) =WQBPa ( Pos ( qx ,  WQ3 ) * 
WQPA(Pos(qx,BOB2)=WKPA(Pos(qx,WKB2)=WKBPA(Pos(qx,WKN3)«WKNPAPos(qx,WKR2)« 

WKRP ) ) ) ) ) )  )d(  ( (-(sq=WQR2)A(-(sqiyON3)A(-(sq=WQB2)A(-(sq=WQ3)A(-(sq*BQB2)A(-( 
sq=WKB2 )a(->( sqsWKN3)A-( sq=WKR2 ))))))) )o-WPAWNS  Pos(qx.sq) )A((x«Teken  Move  pa 
(  PREDEGAME( p, qx)vp=qx) )o-WPAWNS  x)) 

**»**VE  UhereUhi  tePawns  p  qx  x  sq  UQR2  UQN3  UQB2  BQB2  UQ3  UKB2  UKN3  UKR2; 

271  (Pos(qx,WQR2)=WQRPA(Pos(qx,W0N3)=WQNPA(Pos(qx,W(}B2)=WQBPA(Pos(qx,BQB2)« 
WQPA(Pos(qx,W03)=WKpA(Pos(qx.WKB2)=WKBPA(Pos(qx,WKN3)eWKNPAPos(qx.WKR2)»WKRP 
)))))))(>((  (-( sq=WQR2  )a(->(  sq=WQN3  )a(-(  sq*W£)B2  )a(->(  sq*BQB2  )a(-»(  sq=WQ3  )a(-<(  sq« 
WKB2 )a(-'( sq=WKN3 )a-*( sq=WKR2 ))))))) )o->WPAWNS  Pos(qx,sq))A((x»Taken  Move  pa( 
PREOEGAME ( p .  qx  )vp=qx )  )z>-VPAWNS  x ) ) 

*****  taut  t:#2  T.tT.R0U2„UP.R0U3_UP.R0YAL_UP; 

272  ((-(sq=VQR2)A(-(sq=WQN3)A(-(sq=WQB2)A(-(sq=B(}B2)A(--(sq«WQ3)A(-.(sq«WKB2)A 

(-( sq*WKN3)A-’(sq*WKR2 )))))))  Jd-'WPAWNS  Pos(qx,sq))A((x*Teken  Move  pa( 
PREOEGAME(p,qx  )vp=qx) )d-WPAWNS  x)  (19) 


*****  label  QX  UPAUNS; 
*****Vlt  p  x  sq; 
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2 73  Vp  x  sq . ( ( (-( sq=WQR2  )a(-(  sqsWQN3  )a(->(  sq=WQB2  )A(-(sq=BQB2  )a(-(  sq=WQ3)A(-( 

sq*WKB2)A(-(sq=WKN3)A-(sq=WKR2))))))))o-WPAWNS  Pos(qx,sq))A( (x«Taken  Move  pa 
( PREOEGAME(p,qx)vp*qx) )o-UPAWNS  x) )  (19) 

9.1.  More  particularly,  the  fallen  piece,  on  UIKR4,  was  not  a  white  pawn. 

•****VE  QXJJPAUNS  p,x,UKR4j 

2 74  ((-(WKR4=WQR2)a(-(WKR4=UQN3)a(-(WKR4*UQB2)a(-(WKR4«BQB2)a(-'(WKR4*WQ3)a(-. 
(WKR4*WKB2  )a(-(UKR4*WKN3)a-(UKR4«UKR2) ) ) ) ) ) )  )p-WPAWNS  Pos(qx,VKR4) )a( (x* 

Taken  Move  pa( PREDEGAME(p,qx)vp»qx) )o-WPAWNS  x)  (19) 

***** 5 i mp I  1 f y  t; 

275  -WPAWNS  Pos(qx ,WKR4 )a( (x* Taken  Move  pA(PREDEGAME(p,qx)vp«qx) )o-WPAWNS  x) 

<1  9) 

Section  4.2.8  The  White  Rook  and  King 

9.2.  There  are  two  other  white  (valued)  pieces  on  the  board  QBUD.  There  is  a  rook  value  on 
BQ2.  This  is  either  one  of  the  two  original  white  rooks,  BQR  or  BKR,  or  a  promoted  white  pawn. 


****»VE  MightBeRU  qx, Pos (qx, BG2) ; 

276  Val (qx, Pos(qx, BQ2 )  )=RWp(  ( Pos(qx,BQ2)»WKRvPos(qx,BQ2 )«WQR)v(WPAWNS  Pos(Q' 
,  BQ2  )aPROMOTEDPAWN( qx , Pos( qx, BQ2 ) ) ) ) 

But  none  of  the  white  pawns  is  on  BQ2. 


*»***VE  QXJJPAUNS  p.x,BQ2; 

277  ((-(B02=WQR2)a(-(B02=W0N3)a(-(BQ2=W0B2)a(-(BQ2sBQB2)a(-(BQ2=WQ3)a(-(BQ2* 
WKB2 )a(-»(  BQ2*WKN3)a->(  BQ2=WKR2 )))))))  ):>-,VPAWNS  Pos(qx,BQ2)  )a(  (x*Taken  Move  pa 
( PREDEGAME ( p , qx )vp*qx ) )o-WPAWNS  x)  (19) 

***»*VE  ValueTransposi tionB  qx,BQ2,QBUD: 

2  78  BOARD ( qx ,  QBUD  ):>(  Va  1  ueon  ( QBUD .  BQ2 )  =Va  1  ( qx ,  Pos(  qx ,  BQ2 )  )vVa  1  uaon  ( QBUD ,  BQ2 ) ■ 

UD) 

*****simpl  i  fy  -'BQ2«UQR2a-’BQ2-UGN3a-BQ2-WQB2a-BQ2-BQB2a-BQ2-UQ3a-BQ2-UKB2a 

*  -BQ2-UKN3A-BQ2-UKR2AVa  I  ueon  (QBUD.  BQ2)  -RUa->RU-UDa 

*  UROOKS  UKRaUROOKS  UGRa-UKR-UQR; 

279  -(BQ2=WQR2)a(-(BQ2=WQN3)a(-(BQ2=WQB2)a(-(BQ2=BQB2)a(-(BQ2«WQ3)a(-(BQ2= 

WKB2  )a(--(  BQ2=WKN3  )a(--(  BQ2=WKR2  )a(  Val  ueon  (QBUD,  BQ2  )*RWa(-«(RW«UD)a(WR00K5  WKRa 
(WROOKS  WQRa^(WKR«WQR) ) )))))))))) 

Hence,  the  piece  on  BQ2  must  be  either  the  BQR  or  the  BKR. 

*****tauteq  Pos(qx,BQ2)«UQRvPos(qx,BQ2)»UKR  QXJ3BUD, tttti ft 

280  Pos(qx,BQ2)«VQRvPos(qx,BQ2)=WKR  (1  9) 

However,  this  is  not  the  most  useful  formulation  of  this  fact.  What  we  really  need  is  names  for  each 
of  the  white  rooks.  We  maneuver  to  obtain  a  more  pliable  WFF. 


*****  tauteq  Pos(qx  BQ2)-UQRo  (Pos(qx  BQ2)-UQRa  (UQR-UQRvUQR-UKR) a 
•  --Pos  ( qx , BQ2 1  «UKRa  (UKR-UQRvUKR-UKR) a  -UQR-UKR)  ttit; 

281  Pos(qx,BQ2)»WQR3(Pos(qx,BQ2)*WQRA((WQR»WQRvWQR»WKR)A(-(Po$(qx,BQ2)»WKR)A 
((WKR*WQRvWKR*WKR)a-'(WQR-WKR)))))  (1  9) 
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***** tauteq  Pos(qx  BQ2)-UKR:>  (Pos(qx  BQ2)«UKRa  (UKR.UQRvUKR.UKR)a 

*  -Poe(qK,BQ2)-UQRA  (UQR-UQRvUQR-UKR) a  -44KR-UQR)  tttittj 

2 82  Pos(qx,BQ2)tUKR3(Pos(qx,BQ2)«UKRA((WKR*WQRvUKR>WKR)A(-(Pos(qx,BQ2)«WQR)A 
(1WQR=WQRvWQR=WKR)a-(WKR=WQR)))))  (19) 

*****unify  Pos (qx  BQ2)«UQRp  3yur  yurl . ( (Pos {qx  BQ2)»yurA  (uur-UQRvyur-UKR) a 

*  ->Pos  (qx,BQ2)  «yurlA  (ywrl«UQRvyurl»UKR) a  -yur«yurl))  tt| 

283  Pos ( qx ,  BQ2 ) =WQRo3ywr  ywr  1 .  ( Pos ( qx ,  BQ2 ) *ywrA ( ( ywr »WQRvywr *WKR )a ( -( Pos ( qx , 

BQ2  )«ywr  1  )a(  (ywr  l«WQRvywr  lsWKR)A-'(ywr«ywrl ) ) ) ) )  (1  9) 

More  specifically,  we  want  to  rename  the  two  white  rooks  to  be  yur  and  yurl,  where  we  know  that 
ywr  is  on  the  square  BQ2,  and  that  ywrl  is  not  ywr.  With  the  proper  manipulations,  we  obtain: 

*****unify  Pos(qx  BQ2)-UKRo  3yur  ywrl ,( (Pos (qx  BQ2)-ywrA  (yur-UQRvyur-UKR) a 

*  -Poslqx  BQ2)*>ywrlA  (ywrl-UQRvyurl»UKR) a  -'yur-ywrl))  tt; 

284  Pos(qx,BQ2)=WKRo3ywr  ywrl  .(Pos  (qx,BQ2  )=ywrA((  ywr*WQRvywr«WKR  )a(-*(  Pos  (qx, 

BQ2  )=ywr  1  )a(  (ywr  l=WQRvywrl=WKR)A->(ywr*ywrl ) ) ) ) )  (1  9) 

*****taut  t:#2  t.tt.ttttt: 

285  3 ywr  ywrl . (Pos(qx,BQ2)=ywrA( (ywr«WQRvywr*WKR)A(-*(Pos(qx,BQ2)«ywrl  )a( ( 
ywrl*WQRvywrl*WKR)A-*(ywr*ywrl)))))  (1  9) 

permitting  the  renaming. 

*****label  CALL  YUIR: 

*****  3E  t  ywr  ywrl; 

286  Pos(qx,BQ2)=ywrA( (ywr*WQRvywr=WKR)A(-*(Pos(qx,BQ2)«ywrl)A((ywrl«WQRvywrl= 

WKR)A-(ywr*ywrl ) ) ) )  (286) 

which  implies  that  the  rook  ywr  was  not  the  fallen  piece  (though  the  rook  yurl  might  have  been). 

♦****VE  Unique  qx,BQ2,UKR4,yur; 

287  Pos ( qx , BQ2 ) *ywrD( Pos ( qx , WKR4 ) sywr s  BQ2=WKR4 ) 

The  white  king,  on  square  BKR1,  was  certainly  not  the  fallen  piece. 

****»VE  Unique  qx.BKRl.UKR4, UK i 

288  Pos(qx,BKRl )*WKo(Pos(qx,WKR4)=WK*BKRl*WKR4) 

*****  label  QX  UK: 

**«**VE  KingValueThm  qx.QBUD.BKRl •, 

289  (BOARD(qx,QBUD)A-(Valueon(QBUD,BKRl )«UD) )o( (Pos(qx,BKRl )»WK«Va1ueon(QBUD 
, BKR1  )«KW)a(  Pos(qx, BKR1 )=BK*Va1ueon(QBUD,BKRl )*KB) ) 

9.3.  The  whitepieces  include  the  white  pawns,  two  rooks,  knights,  and  bishops,  and  a  white 
king  and  queen.  But  we  have  eliminated  all  but  six  of  these  pieces  as  candidates  to  be  the  fallen 
piece.  Hence,  it  must  have  been  one  of  them. 

****«VE  Uhi tepieceArePawnsOr_  yywj 

290  WHITEPIECE  yyw«(WPAWNS  yywv ( yyw* WKv ( yyw«WQv ( yyw*WKNv ( yyw» WKBv ( yyw«WKRv ( 
yyw*WQBv ( yyw*WQNvyyw*WQR )))))))) 

*****simpl  i  fy  UH1TEPIECE  yywA-BQ2«UKR4A-'BKRl-UKR4A 

*  Va I ueon (QBUO, BKR1 ) -KUa-XU-UO; 

291  WHITEPIECE  yywA(-.(BQ2«WKR4)A(-(BKRl«WKR4)A(Valueon(Q8UD,BKRl)»KWA-.(KV*UD 

)))) 
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*****  label  UH1CH  VYU; 

**«**tauteq  yyu«lJQ  v  yyu-UGB  v  yyu-WKB  v  yyu-ywrl  v  yyw-WQN  v  yyu-UKN 

*  QX_QBUD, SAME_0N_UKR4 ,  C  ALL_Y  VU .  QX_UP  AUNS+2 ,  C ALl_YUR  1 1| 

292  yywaWQv(yyw*WQBv(yyw*WKBv(yywsywr  lv(yyw*WQNvyyw*WKN) ) ) )  (19  252  286) 

We  set  the  stage  for  further  deductions. 

Similarly,  only  these  six  white  pieces  were  ever  captured.  Furthermore,  If  the  capture  occurred  on  a 
white  square,  then  the  white  on  black  bishop  (UQB)  was  not  the  captured  piece- 

*  ****VE  MconseqfX  qx, p, BKR1  ,UK| 

293  ((p*qxvPREDEGAME(p,qx))ATaken  Move  p*VK)3-(Pos(qx,BKRl )*VK) 

****»VE  MconseqfX  qx,p,BQ2,yur: 

294  ( (p*qxvPREOEGAME(p,qx) )ATaken  Move  p*ywr )o-(Pos(qx,B02)*ywr ) 

•****VE  Uh i tep i eceArePawnsOr  x; 

295  WHITEPIECE  x-(WPAWNS  xv(x«WKv(x*WQv(x«WKNv(x«WKBv(x«VKRv(x«WQBv(x«WQNvx* 
WQR) ) )))))) 

**«**VE  UhereBi shopTaken  p, UQB, sq, UQB1 ; 

296  (To  Move  p*sqA(Pos(PO,VQBl)*VQBA-(WHITESQUAR£S  WQBlaWHITESQUARES  sq)))D- 
(Taken  Move  p*VQB) 

*****  simplify  -UHITESQUARES  UQBlAPoe(P0,UQBll -UQB» 

297  -WHITESQUARES  WQB1aPos(P0,WQB1)*VQB 

**t**VE  MconseqfX  qx  p  UKR4  yyu; 

298  ((p»qxvPREOEGAME(p,qx))ATaken  Move  p«yyw)p-(Pos(qx,WKR4)*yyw) 

*****tauteq  l (PREOEGAME  Ip  qx) vp»qx) ATaken  Dove  p«xaUH1 TEPIECE  x)d 

*  ( (x»UQvx«UQNvx«UKNvx*UGBvx»UKBvx»yurl)A(-'X-yyw)A 

*  ((To  Move  p-sqAUHl TESQUARES  sq)o-«x«UQB) ) 

*  i T,QX_UK,QX_UK+2,QX  QBUQ.CALL  YUR.QX  UPAUNS*2.CAlL_YYUj 

299  ((PREOEGAME(p.qx)vp«qx)A(Taken  Move  p«xaWHITEPIECE  x)  ):>(  (x«VQv(x*WQNv(x* 

WKNv(x*WOBv(x=WKBvx«ywrl)))))A(-(x*yyw)A((To  Move  p*sqAWHITESQUARES  sq)3-(x« 
WQB))))  (1  9  252  286) 

*****  label  UH1CH  QX  TAKEN; 

***** VI  t  p  x  sq: 

300  Vp  x  sq.(((PREDEGAME(p,qx)vp=qx)A(Taken  Move  p«xaWHITEPIECE  x))d((x*VIQv( 
x*WQNv( x*WKNv( x«WQBv(x=WKBvx*ywr  1 ) ) ) ) )A(-(x*yyw)A( (To  Move  p*sqAWHITESQUARES 

sq)o-(x«VQB)))))  (1  9  252  286) 

Section  4.2.9  Black  Pawn  Captures 

10.  We  see  that  the  BQNP  and  BKBP  have,  between  them,  captured  white  pieces  on  the  squares 
BQR3,  BIG,  BQ4,  and  UQB4. 

***«*VE  B I ackPawnCaptureThm  qx  ,  BQNP  ,  BQN2  ,  BQR3  ,  BQR3  ,  QBUO  ; 

301  ( Pos  ( P0 .  BQN2 )  *BQNPa  ( Pos  ( qx ,  BQR3 ) *BQNPa  ( MUST_PAVN_CAPTURES  ( BQN2 ,  BQR3 . 

P 1  ececol or  BQNP  )a(BOARD(  qx , QBUD  )aVb  1  ueon  ( QBUD ,  BQR3  )«PB ))))?(( BQR3*BQR3v( 

SAMEDIAG ( BQR3 , BQR3 )a ( SAME0IAG( BQR3 , BQN2 )aBE TWEEN ( Row  BQR3,Row  BQR3,Row  BQN2) 

) ) )o3q3  x3 . ( ( PREOEGAME ( q3 , qx )vq3*qx )a( ( TAKINGS  Move  q3A(Mover  Move  q3*BQNPA( 

To  Move  q3*BQR3ATaken  Move  q3*x3)))A(PRE0EGAME(Prevpos  q3,qx)A(To  Move  q3* 
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BQR3:>(Mover  Move  q3*BQNP:>( (Taken  Move  q3«x3A-WHITEPIECE  BQNP):>(WHITEPIECE  x3 
a(->(  Row  BQR3«6)dPos( Prevpos  q3 , BQR3 )«x3 ))))))))) 

***a*VE  B I ackPawnCaptureThm  qx  ,  BKBP  ,  BKB2  ,  UQB4  ,  BO  ,  QBUD  i 

302  (  Pos (  P0 ,  BKB2 ) »BKBPa(  Pos ( qx ,  WQB4  )*BKBPa(MUST_PAWN_CAPTURES(BKB2  ,  WQB4 , 
Piececolor  BKBP)A(BOARD(qx,Q8UD)AValueon(QBUD,WQB4)«PB))))o((BK3«WQB4v( 
SAMEDIAG( WQB4 ,  BK3  )a(SAMEDIAG(8K3,BKB2  )aBE TWEEN (Row  WQB4,Row  BK3,Row  BKB2 ) ) ) ) 
D3q3  x3 .(( PREDEGAMt(q3,qx)vq3sqx)A( (TAKINGS  Move  q3A(Mover  Move  q3*8KBPA(To 
Move  q3sBK3ATaken  Move  q3*x3)))A(PREDEGAME(Prevpos  q3,qx)A(To  Move  q3*BK33( 
Mover  Move  q3*BKBP:>(  ( Taken  Move  q3*x3A-WHITEPIECE  BKBP)d(WHITEPIECE  x3a(-( 

Row  BK3*6)oPos( Prevpos  q3,BK3)*x3) ))))))) ) 

****»VE  B I ackPawnCaptureThm  qx  ,  BKBP  ,  BKB2  ,  UQB4  ,  BQ4  ,  QBUD  5 

303  (  Pos(  P0 ,  BKB2  )*BKBPa(  Pos(qx , WQB4 )=BKBPa(MUST_PAWN_CAPTURES( BKB2 ,WQB4 , 
Piececolor  BKBP)A(B0ARD(qx,QBUD)AValueon(QBUD,VQB4)=PB) ) ) )p( (BQ4=WQB4v( 
SAMED1AG( WQB4 ,  BQ4  )a(SAMEDIAG(  BQ4 ,  BKB2  )aBE  TWEEN  (Row  WQB4,Row  BQ4,Row  BKB2 ) ) ) ) 
:>3q3  x3 .  ( ( PRE0EGAME( q3, qx )vq3=qx)A( ( TAKINGS  Move  q3A(Mover  Move  q3*BKBPA(To 
Move  q3=BQ4ATaken  Move  q3=x3) )  )a(PRE0EGAME( Prevpos  q3,qx)A(To  Move  q3=BQ4:>( 
Mover  Move  q3=BKBPo( ( Taken  Move  q3=x3A-WHITEPIECE  BKBP)p(WHITEPIECE  x3a(-( 

Row  BQ4=6)DPos(Prevpos  q3,BQ4)=x3))))))))) 

«**«*VE  8 1 ackPawnCaptureThm  qx  ,  BKBP  ,  BKB2  ,  UQB4  ,  UQB4  ,  QBUD  ; 

304  ( Pos(  P0 .  BKB2  )  =  BKBPa(  Pos(qx ,  VQB4  )=BKBPa(MUST_PAWN_CAPTURES(BKB2  ,WQB4 , 
Piececolor  BKBP)A(B0ARD(qx,QBUD)AValueon(QBUD,WQB4)«PB))))D((WQB4«WQB4v( 
SAMEDIAG(  WQ84 ,  WQB4  )a(SAME0IAG(UQB4  ,  BKB2  )aBE  TWEEN  (Row  WQB4,Row  WQB4,Row  BKB2) 

) )  ):>3q3  x3 . ( ( PRE0EGAME(q3 , qx )vq3=qx )a( ( TAKINGS  Move  q3A(Mover  Move  q3=BKBPA( 

To  Move  q3=WQB4ATaken  Move  q3=x3) ) )a(PRE0EGAME( Prevpos  q3,qx)A(To  Move  q3» 
WQB4d( Mover  Move  q3*BKBP:>(  ( Taken  Move  q3*x3A-VHITEPIECE  BKBP)d(WHITEPIECE  x3 
a(-«(Row  WQB4e6)DPos(Prevpos  q3,WQB4 )*x3) ))))))) ) 

»**#*label  PTSIMPi 

*«*•*  simplify  (Pos (P0, BQN2) *BQNPa 

*  MUST_PAUN  CAPTURES (BQN2.BQR3. Piececolor  BQNP)AValueon(QBU0,BQR3)-PBA 

*  BQR3-BQR3) a (Pos (P0. BKB2) -BKBPa 

e  MUST  PAUN_CAPTURES(BKB2.UQB4. Piececolor  BKBP)AValueon(QBUD,lJQB4)-PBA 

*  ( SAMED I  AG  ( UQB4 ,  BK3 )  aS AMEO 1  AG  ( BK3 .  BKB2 )  a 

*  BETUEEN (Row  UlQ84.Rou  BK3.Row  BKB2) ) ) a (Pos (P0, BKB2) -BKBP a 

*  MUST  PAUN  CAPTURES (BKB2.UQB4, Piececolor  BKBP>AValueon(QBUD.UQ84).PBA 

*  (SAME01  AGluQB4 .  BQ4)  aSAMEDI  AG  (BQ4.BKB2)  a 

*  BETUEEN (Rou  UQB4.Rou  BQ4,Row  BKB2)nA(Pos(P0.BKB2)-BKBPA 

*  MUST  PAUN_CAPTURES(BKB2.UGB4. Piececolor  BKBP) a 

*  Va 1 1  eon (QBUD. WQB4 ) -PBaUQB4.UQB4) : 

305  ( Pos( PO ,BQN2 )*BQNPa(MUST_PAWN_CAPTURES(BQN2,BQR3,  Piececolor  BQNP)a( 

Va  1  ueon ( QBUD .  BQR3)sPBaBQR3=.:>QR3  ) )  )a(  ( Pos(  PO . BKB2  )»BKBPa(MUST_PAWN_CAPTURES( 
BKB2.WQB4, Piececolor  BKBP)A(Valueon(QBU0,WQB4)«PBA(SAME0IAG(WQB4,BK3)A( 

SAME D I AG ( BK3 , BKB2 )aBETWEEN( Row  WQB4,Row  BK3,Row  BKB2) ) ) ) ) )a( ( Pos( PO , BKB2 )> 

BK B Pa ( MUST_PAWN_C AP TURES( BKB2 .WQB4, Piececolor  BKBP)A(Valueon(QBUD,VQB4)«PBA( 
SAMEDIAG(  WQB4 ,  BQ4  )a(SAMEDIAG(BQ4  ,BKB2  )aBE  TWEEN  (Row  VQB4.ROW  BQ4,Row  BKB2 ) ) ) ) 

)  )a(  Pos(  PO ,  BKB2  )*BKBPa(MUST_PAWN_CAPTURES(BKB2,WQB4,  Piececolor  BKBP)a( 

Va 1 u  eon ( QBUD , WQB4 ) « PBaWQB4*WQB4 ) ) ) ) ) 

Hence,  there  must  have  existed  four  positions  in  the  course  of  this  game  where  the  move  that 
reached  that  position  was  one  of  these  captures. 

**«**tauteq  nmt#2#2  nm.  PTSIMP.R0U3R  BP.QX  QBUOi 

306  3q3  x3.((PRE0EGAME(q3,qx)vq3«qx)A((TAKINGS  Mova  q3A(Mover  Move  q3«BQNPA( 

To  Move  q3«BQR3ATaken  Move  q3«x3)))A(PREDEGAME(Prevpos  q3,qx)A(To  Move  q3« 
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BQR3D(Mover  Move  q3*BQNP:>( ( Taken  Move  q3=x3A-WHITEPIECE  BQNP)d(WHITEPIECE  x3 
a(-(Row  BQR3«6)DPos(Prevpos  q3,BQR3)*x3) )))))) )  (1  9) 

*****  tauteq  ttttt:#2#2  ttttt.PTSinP.BS_BP.QX  QBUOt 

307  3q3  x3 .(( PRE0EGAME( q3 , qx )vq3=qx )a( ( TAKINGS  Move  q3A(Mover  Move  q3«BKBPA( 

To  Move  q3*BK3ATaken  Move  q3*x3) ) )a( PREDEGAME( Prevpos  q3,qx)A(To  Move  q3*BK3 
D(Mover  Move  q3=BKBPp( (Taken  Move  q3=x3A-*WHITEPIECE  BKBP):>(WHITEPIECE  x3a(-( 
Row  BK3=6)DPos(Prevpos  q3,BK3)*x3))))))))  (1  9) 

***** tauteq  tttft:#202  ttttt.PTSlMP.B5_8P.QX  QBUD; 

308  3q3  x3 .(( PREDEGAME ( q3, qx )vq3=qx )a( ( TAKINGS  Move  q3A(Mover  Move  q3=BKBPA( 

To  Move  q3*BQ4ATaken  Move  q3*x3) ) )a( PREDEGAME( Prevpos  q3,qx)A(To  Move  q3=BQ4 
D(Mover  Move  q3*BKBPb( ( Taken  Move  q3*x3A-WHITEPIECE  BKBP)p(WHITEPIECE  x3a(-( 
Row  BQ4»6)dPos( Prevpos  q3,BQ4)*x3))))))))  (1  9) 

*****  tauteq  ttttt:02#2  ttttt.PTSinP.B5  BP.QX  OBUD: 

309  3q3  x3 . ( ( PRE0EGAME( q3 ,qx)vq3= qx) a (^  TAKINGS  Move  q3A(Mover  Move  q3=BKBPA( 

To  Move  q3=W0B4ATaken  Move  q3=x3)))A(PRE0EGAME(Prevpos  q3,qx)A(To  Move  q3* 
W0B4p(Mover  Move  q3*BKBPp( ( Taken  Move  q3»x3A-*WHITEPIECE  BKBPMWHITEPIECE  x3 
a(-(Row  WQB4*6)DPos(Prevpos  q3,WQB4 )=x3) )))))) )  (1  9) 

Let  us  call  these  positions  pi,  p2,  p3,  and  pA,  respectively.  We  will  refer  to  the  white  pieces  captured 
as  xa.  xb,  xc,  and  xd. 


*****  label  CALL  PN: 

***»*3E  tttt  pi  xa: 

310  ( PREDEGAME( pi ,qx)vpl*qx)A( (TAKINGS  Move  plA(Mover  Move  p1*BQNPa(To  Move 

pl*BQR3ATaken  Move  pl*xa ) ) )a( PRE0EGAME( Prevpos  pl,qx)A(To  Move  p1*8QR3d( 
Mover  Move  pl*BQNPp( ( Taken  Move  pl«xaA-WHITEPIECE  BQNP)p(WHITEPIECE  x8a(-( 
Row  BQR3*6):>Pos(  Prevpos  pl,BQR3)*xa)))))))  (310) 

***«*3E  tttt  p2  xb: 

311  ( PREOEGAME ( p2 , qx )vp2*qx )a( ( TAKINGS  Move  p2A(Mover  Move  p2*BKBPa(To  Move 

p2*BK3ATaken  Move  p2*xb)))A(PREDEGAME(Prevpos  p2,qx)A(To  Move  p2*BK3p(Mover 
Move  p2»BKBPd( (Taken  Move  p2*xbA-WHITEPIECE  BKBP)d(WHITEPIECE  xbA(-(Row  BK3* 
6)3Pos( Prevpos  p2,BK3)=xb) ) ) ) ) ) )  (311) 

****»3E  tttt  p3  xc: 

312  ( PREDEGAME ( p3 , qx )vp3=qx )a( ( TAKINGS  Move  p3A(Mover  Move  p3=BKBPa(To  Move 

p3*BQ4ATaken  Move  p3*xc) ) )a( PREDEGAME( Prevpos  p3,qx)A(To  Move  p3*BQ4:>(  Mover 
Move  p3«BKBPp( (Taken  Move  p3*xCA-VHITEPIECE  BKBP)p(WHITEPIECE  xca(-(Row  BQ4« 
6)DPos(Prevpos  p3,BQ4)*xc)))))))  (312) 

***«*3E  tttt  pA  xd*. 

313  ( PREDEGAME ( p4 , qx )vp4=qx )a( ( TAKINGS  Move  p4A(Mover  Move  p4*BKBPa(To  Move 

p4*WQB4ATaken  Move  p4*xd) ) )a( PREDEGAME( Prevpos  p4,qx)A(To  Move  p4*WQB4:>( 
Mover  Move  p4*BKBPp( ( Taken  Move  p4*xdA-*WHITEPIECE  BKBP)3(WHITEPIECE  xdA(-*( 
Row  WQB4*6)dPos( Prevpos  p4,WQB4)*xd)))))))  (313) 

Clearly,  each  of  xa  through  xd  must  be  one  of  the  white  pieces  that  could  have  been  captured. 
***** labe I  SIMPUS: 

*****  simplify  (-4JHI TEPIECE  BQNPa-UH! TEPIECE  BKBPIa 

*  UH I TESQUARES  BQR3aUH I TESQUARES  BK3aUH1 TESQUARES  BQAaUHI TESQUARES  UQBAj 

314  (-WHITEPIECE  BQNPa-WHITEPIECE  BKBP)a(WHITESQUARES  BQR3a(VHITESQUARES  BK3 
a(WHITESQUARES  BQ4aWH I TESQUARES  WQB4 ) ) ) 
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****«VE  WHICH  QX_TAKEN  pl.Ka.BQR3: 

315  ( (PRE0EGAME(pl ,qx)vpl*qx)A( Taken  Move  pl=xaAWHITEPIECE  xa) )o( (xa*WQv(xa« 

WQNv(xa»WKNv(xa«WQBv(xa«WKBvxa*ywr 1 ) ) ) ) )A(-(xa«yyw)A( (To  Move  p1*BQR3a 
WHITESQUARES  BQR3  ):>-(xa*WQB) ) ) )  (1  9  252  286) 

**«**VE  UH1  CH_QX  TAKEN  p2.Kb.BK3: 

316  ( ( PRE0EGAME(p2,qx)vp2*qx)A( Taken  Move  p2»xbAWHITEPIECE  xb))3((xb»WQv(xb« 

WQNv(xb»WKNv(xb»WQBv(xb«WKBvxb«ywrl ) ) ) ) )A(-(xb«yyw)A( (To  Move  p2»BK3a 
WHITESQUARES  BK3)D-(xb«WQB) ) ) )  (1  9  252  286) 

****«VE  UHICH.QX  TAKEN  p3.kc.BQ4j 

317  ( ( PREDEGAME(p3 , qx )vp3=qx )a( Taken  Move  p3«xcaWHITEPIECE  xc) )d( (xc«WQu(xc« 

WQNv(xc=WKNv(xc=WQBv(xc=VKBvxc=ywrl ) ) ) ) )A(-(xc«yyw)A( (To  Move  p3*BQ4a 
WHITESQUARES  BQ4 )p-(xc«WQB) ) ) )  (  1  9  252  286) 

•****VE  UHICH_QX_TAKEN  p4.Kd.UQB4: 

318  ( ( PREDEGAME ( p4 , qx )vp4=qx )a( Taken  Move  p4xxdAWHITEPIECE  xd) ):>( (xd«WQv(xd« 

WQNv(  xd*WKNv(xd=WQBv(xd=VKBvxd*ywr  1 ) ) ) ) )A(~(xd«yyw)A( ( To  Move  p4»WQB4a 
WHITESQUARES  WQB4 )p-(xd»WQB) ) ) )  (1  9  252  286) 

Since  these  are  white  squares,  each  of  xa  through  xd  was  neither  the  UQB  (white  on  black  bishop), 
nor,  of  course  yyw  (the  piece  that  fell  from  the  board). 

*****label  WHO  XA; 

*****  tauteq  (xa-UQvxa-UQNvxa^UKNvxa-UKBvxa-ywrl ) A-xa»yyw 

*  CALL  PN  .  SIMPUS,  tttt: 

319  (xa=WQv(xa*WQNv(xa=WKNv(xa=WKBvxa*ywrl ) )  ))A-(xa«yyw)  (1  9  252  286  310) 

*****  tauteq  (xb»UQvxb»UQNvxb«UKNvxb-UKBvxb«ywrl ) A-xb-yyij 

*  CALL  PN+1  ,  SIMPUS  ,  TTTT; 

320  (xb=WQv(xb=WQNv(xb=wkNv(xb=WKBvxb=ywrl))))A-(xb«yyw)  (1  9  252  286  311) 

*****  tauteq  (xC"UQvxc«UQNvxC“UKNvxc»UKBvxcxyurl)A-"XC"yyw 

*  CALL_PN+2  .  SIMPUS.  TTTT: 

321  (xc*WQv(xc»WQNv(xc=WKNv(xc«WKBvxc*ywrl))))A-(xc«yyw)  (1  9  252  286  312) 

*****  tauteq  (xd«UQvxd»UQNvxd»UKNvxd»UKBvxd»ywrl I A-xd-yyw 

*  CALL  PN+3  ,  SIMPUS,  TTTT: 

322  (xd=WQv(xd*WQNv(xd=WKNv(x'd*WKBvxd»ywrl))))A-.(xd«yyw)  (1  9  252  286  313) 

We  need  also  establish  that  these  moves  all  captured  different  pieces.  A  lemma,  Dlf  ferentTaken. 
serves  us  well  here.  It  states  that  if  a  capture  took  place  on  differing  squares,  or  by  differing  pieces, 
or  any  other  way  of  proving  the  capturing  positions  different,  then  the  captured  pieces  were  not  the 
same  piece.  As  there  are  six  equalities  to  establish,  we  invoke  the  theorem  six  times. 

****»VE  Di  f  ferentTaken  pi  p2  qx  xa  xb: 

323  (((p2rqxvPREDEGAME(p2,qx))A(pl*qxvPRE0EGAME(pl,qx)))A((-(To  Move  pl«To 
Move  p2)v(-(Mover  Move  pl*Mover  Move  p2)v(PREDEGAME(pl,p2)v-(pl«p2))))A( 

Taken  Move  plexanTaken  Move  p2*xb)))p-(xa«xb) 

****«VE  Di  f ferentTaken  pi  p3  qx  xa  xc: 

324  <((p3sqxvPRE0EGAME(p3,qx))A(pl»qxvPREDEGAME(pl,qx)))A((-(To  Move  pl»To 
Move  p3)v(-(Mover  Move  pl»Mover  Move  p3)v(PREDEGAME(pl,p3)v-*(pl»p3))))A( 

Taken  Move  plaxanTaken  Move  p3«xc)))o-(xa«xc) 
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**»**VE  Di f ferentTaken  pi  p4  qx  xa  xd; 

325  ( ( (p4  =  qxvPREDEGAME(p4,qx) )A(pl*qxvPREDEGAME(pl  ,qx) ) )a( (-(To  Move  pl  =  To 
Move  p4 )v(->(Mover  Move  pl=Mover  Move  p4)v(PRED£GAME(pi,p4)v-*(plsp4))))A( 

Taken  Move  pl<xa/\Taken  Move  p4sxd) ) )o-(xa*xd) 

****»VE  Oi f ferentTaken  p2  p3  qx  xb  xc; 

326  (((p3=qxvPREDEGAME(p3,qx))/\(p2*qxvPRE0EGAME(p2,qx)))/\((-(To  Move  p2=To 
Move  p3)v(-'(Mover  Move  p2*Mover  Move  p3)v(PREDEGAME(p2,p3)v->(p2*p3) ) )  )a( 

Taken  Move  p2®xbATaken  Move  p3*xc) ) )o->(xb»xc) 

****»YE  Di f ferentTaken  p2  p4  qx  xb  xdi 

327  ( ( ( p4= qxvPRE DEGAME ( p4 ,qx) )A(p2=qxvPREDEGAME(p2 ,qx ) )  )a(  (-■(  To  Move  p2=To 
Move  p4  )v(->(Mover  Move  p2=Mover  Move  p4)v(PREDEGAME(p2,p4)v-(p2sp4) ) )  )a( 

Taken  Move  p2=xbnTaken  Move  p4*xd) ) )o->(xb*xd) 

****»VE  Di f ferentTaken  p3  p4  qx  xc  xd; 

328  ( ( ( o4=qxvPREDEGAME(p4,qx)  )A(p3«qxvPREDEGAME(p3,qx) ) )a(  (-«(To  Move  p3«To 
Move  p4)v(-(Mover  Move  p3=Mover  Move  p4)v(PREDEGAME(p3,p4)v-«(p3sp4))))A( 

Taken  Move  p3=xcATaken  Move  p4*xd) ) )o-(xc»xd) 

And  compact  its  result  to  a  single  step. 

*****simpl  i  fy  -BQNP*BKBP  a  -4JQB4  ■  BQ4  a  ->  UQB4  ■  BK3  a-<BQ4  ■  BK3; 

329  -.(B0NP*BKBP)a(-(W0B4=BQ4)a(-(WQB48BK3)a-(B04»BK3))) 

*****  label  NOT  XN  EQ; 

*****tauteq  -xa«xb a  --xa»xcn  ->xa»xdA  --xb-xcA  -•xb^xdA  -"xc-xd 
*  tttttttit  ,  CALl_PN ; CALL_PN+3 ; 

330  -(xasxb)A(-*(xasxc)A(-(xasxd)A(-’(xb=xc)A(-'(xb=xd)A-’(xcsxd)))))  (310  311 
312  313) 

Section  4.2.10  The  Black  Pawn’s  Path  to  Promotion 

11.  We  have  proven  (back  on  step  207)  that  the  black  king  rook’s  pawn  had  promoted. 
Therefore,  there  must  have  existed  some  position  (in  the  course  of  this  game)  where  he  moved  onto 
the  eighth  row.  Let  us  call  this  position  qy. 

*«***VE  B I ackPromtes0n8A  qx  BKRP; 

331  PROMOTEDPAWN ( qx , BKRP )o3p . ( ( PAWNPROM  Move  pA((PREDEGAME(p,qx)vp«qx)AMover 
Move  p=BKRP))aRow  To  Move  p=8) 

*****taut  T:#2  t,PR0f1_BKRP; 

332  3p.( (PAWNPROM  Move  pa( ( PREOEGAME(p,qx)vp*qx)AMover  Move  p«BKRP))aRow  To 

Move  p=8)  (19) 

*****  label  CALL  QY; 

*****  3E  t  qyt 

333  (PAWNPROM  Move  qyA((PREOEGAME(qy,qx)vqy*qx)AMover  Move  qy*BKRP) )aRow  To 
Move  qys8  (333) 

11.1.  Our  final  lemma  specifically  applicable  to  this  proof,  FarTakan  (section  B.4.2)  states  that  if 
the  BKRP  promoted  on  any  square  to  the  left  of  UKN1,  figure  42  then  this  pawn  must  have  captured 
two  white  pieces  on  the  way  to  his  elevation. 
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If  e  assume  that  the  UKKP  promoted  on  one  of  these  squares. 

figure  42 


**»**YE  FarTaken  qy; 

334  (PAWNPROM  Move  qyA(Mover  Move  qy*BKRPA(-( To  Move  qy=WKRl )a-( To  Move  qy* 
WKN1 ) ) ) ):>3ql  qZ  xl  x2  .  ( ( ( PREDEGAME ( ql ,qy)vql*qy)A(PREDEGAME(q2,ql )a( 
PRE0E6AME(P0,q2)A( TAKINGS  Move  qln( TAKINGS  Move  q2A(Mover  Move  ql«BKRPA( 

Mover  Move  q2*BKRPA( Taken  Move  qlsxlnTaken  Move  q2*x2))))))))A-(xl*x2)) 

Let  us  assume  that  the  promotion  was  on  one  of  these  squares 

*****  1 abe I  TAKE  2  ASSUMPTION! 

*****a9sume  -(To  Move  qy»WKNl)n  -(To  Move  qy-WKRl)j 

335  -(To  Move  qy=WKNl )a-( To  Move  qy=WKRl)  (335) 

We  call  the  positions  in  which  the  two  white  pieces  were  captured  ql  and  q2,  the  respective  captured 
pieces,  xl  and  x2. 

*****  taut  tf:#2  tttitj 

336  3ql  qZ  xl  x2 . ( ( ( PRE0EGAME(ql ,qy )vql*qy )A(PRE0EGAME(q2,ql )a( PRE0EGAME( P0 , 
q2)A( TAKINGS  Move  qlA( TAKINGS  Move  q2A(Mover  Move  ql«BKRPA( Mover  Move  q2» 

BKRPa( Taken  Move  ql«xlATaken  Move  q2*x2))))))))A-(xl«x2))  (333  335) 

*****  label  CALL  QN: 

337*  ( ( PREDEGAME ( q  1, qy )vq l  =  qy )a( PREOEGAME( q2. ql  )a(PREOEGAME( P0,q2)A( TAKINGS 
Move  qlA( TAKINGS  Move  q2A(Mover  Move  ql*BKRPA(Mover  Move  q2*BKRPA( Taken  Move 
ql«xlATaken  Move  q2*x2))))))))A-(xl*x2)  (337) 

As  ql  and  q2  occurred  in  the  game  that  led  to  qy.  and  qy  occurred  in  the  game  that  reach  qx,  both 
ql  and  q2  are  ancestors  of  qx. 

****«VE  Transi t i veGeneal ogq  ql.qy.qx; 

338  ( PRE0EGAME( ql , qy )aPREDEGAME ( qy , qx )  )dPREDEGAME( ql , qx ) 

**«**VE  Transi ti veGeneal ogy  q2,ql,qx: 
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339  (PRE0EGAME( q2 , ql  )/\PREDEGAME(ql  ,qx )  ):>PRE0EGAME(q2  ,qx ) 

•  l  aoe I  PREO  CN; 

•  •*•*  tauteq  iPREDEGAHE (ql  qx) vql-qxlAPREOEGAHE (q2  qx)  ttt t t , CALLJ2Y ; 

340  (  PREOEGAME ( q 1 , qx )vq  1  =  qx )APRED£GAME(q2,qx )  (333  337) 

And  x  1  and  x2  must  also  be  in  the  capture  set. 

•****VE  Wh  i  teCapturedOnThiu  Prevpos  ql . ql , BXRP.  xl ,  To  Hove  qlj 

341  Prevpos  ql*Prevpos  qla(To  Move  ql*To  Move  qlo(Mo\er  Move  ql*BKRP:>( ( Taken 
Move  qlsxlA-WHITEPIECE  BKRP)d(WHITEPIECE  x1a(-(Row  To  Move  ql*6):>Pos( 

Prevpos  ql.To  Move  ql)*xl))))) 

**«**VE  Wh i teCapturedOnThm  Prevpos  q2,q2,8XRP,x2,To  Hove  q2; 

342  Prevpos  q2*Prevpos  q2a(To  Move  q2i'iu  Move  q2p(Mover  Move  q2=BKRPb( ( Taken 
Move  q2*x2A-WHITEPI£CE  BKRP )o( WHITE PIECE  x2a(-(Row  To  Move  q2=6)pPos( 

Prevpos  q2,To  Move  q2)®x2)))j) 

*«***VE  WHICH_QX  TAKEN  ql.xl.To  Hove  ql ; 

343  ( ( PREDEGAME( ql , qx  )vql*qx )a( Taken  Move  ql=xlAWHITEPIECE  xl )  )d(  (x 1=WQv( x  1  = 

WQNv(xlsVKNv(xl*WQBv(xl=WKBvxl=ywrl)))))A(-(xl=yyw)n((To  Move  ql»To  Move  qlA 
WHITESQUARES  To  Move  ql)3-(xl«WQ8))))  (1  9  252  286) 

****»VE  WHICH  QX_TAKEN  q2.x2.To  Hove  q2 ; 

344  ( ( PREDEGAME( q2 , qx )vq2*qx )a( Taken  Move  q2»x2AWHITEPIECE  x2) )d( (x2*WQv(x2» 

WQNv(x2*WKNv(x2=WQBv(x2sWKBvx2*ywrl ) ) ) )  )A(-(x2*yyw)A( (To  Move  q2*To  Move  q2A 
WHITESQUARES  To  Move  q2):>-(x2=WQB))))  (1  9  252  286) 

***** s i mp I i f y  -WHITEPIECE  BKRP; 

345  -WHITEPIECE  BKRP 

*****  I abe I  WHO  XI ; 

***** tauteq  ttT:</2#lAtTt:#2#2»l  t. TtT, TTtTT, PREO_QN. CAll_QN,CALl_QY; 

346  (xl*WQv(xl«WQNv(xl*WKNv(xl*WQBv(xl*WKBvxl*ywrl)))))A-(xl*yyw)  (1  9  252 
286  333  337) 

*****taut  ftti #2#1 aT Tti #2#2#1  TT. ttt, mn. PREO  QN , CALL_QN , C ALL_QY ; 

347  (x2«WQv(x2*WQNv(x2«WKNv(x2*WQBv(x2*WKBvx2*ywrl)))))A-(x2=yyw)  (  1  9  252 
286  333  337) 

Since  xl  and  x2  were  captured  by  BKRP,  and  xa  through  xd,  by  BQNP  and  BKBP.  xl  and  x2  are  not 
equal  to  any  of  xa  through  xd.  DifterentTakenFour  is  merely  four  instantiations  of  DtfferentTaken, 
compressed  into  one  WFF.  This  is  a  good  illustration  of  the  inaccuracies  involved  in  measuring 
proof  size  merely  by  counting  steps. 

«****VE  D i f ferentTakenFour  qx  ql  pi  p2  p3  pA  xl  xa  xb  xc  xd; 

348  ( ( ql*qxvPREOEGAME(ql  ,qx )  )a(  (pl=qxvPREOEGAME(pl  ,qx )  )a(  (p2=qxvPRE0EGAME( p2 
,qx)  )a(  (p3*qxvPREDEGAME(p3,qx)  )a(  (p4*qxvPRE0EGAME(p4,qx)  )A(-(Mover  Move  pl= 
Mover  Move  ql)A(-(Mover  Move  p2=Mover  Move  ql)A(-(Mover  Move  p3*Mover  Move 
ql)A(-(Mover  Move  p4=Mover  Move  ql)A(Taken  Move  ql*xlA(Taken  Move  pl*xaA( 

Taken  Move  p2*xbA(Taken  Move  p3*xCATaken  Move  p4*xd)))))))))))))3(-(xa=xl)A( 

—  ( xb=x 1 )a(-(xc*x1 )A-(xd=xl ) ))) 

**«**VE  Oi  f ferentTakenFour  qx  q2  pi  p2  p3  p4  x2  xa  xb  xc  xdi 

349  ( (q2*qxvPRE0EGAME(q2,qx) )a( (pl*qxvPREOEGAME(pl ,qx) )a( (p2*qxvPRE0EGAME(p2 
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, qx )  )a( ( p3*qxvPREDEGAME(p3,qx) )a( (p4*qxvPREDEGAME(p4,qx) )a(-( Mover  Move  pl« 
Mover  Move  q2)A(-(Mover  Move  p2«Mover  Move  q2)A(-(Mover  Move  p3*Mover  Move 
q2)A(-(Mover  Move  p4*Mover  Move  q2)A(Taken  Move  q2*x2A(Taken  Move  p1*xba( 

Taken  Move  p2«xbA(Taken  Move  p3*xcATaken  Move  p4*xd))))))))))))):>(-(xa*x2)A( 
-(xI)«x2)a(-(xc«x2  )A-(xd«x2)) ) ) 

*«***label  OIFFHQVERS; 

*****  simplify  -BKRP«BKBPa-'BKRP-BQNP; 

350  -(BKRP=BKBP)a-(BKRP=BQNP) 

*****  tauteq  ttti«2  CALL_PN:CALL_PN+3,CALL_QY,CALL_QN,PRE0_QN, ttt, ti 

351  -(xa«xl )A(-(xb«xl )a7-(xc*x1 )A-'(xd*xl ) ) )  (310  311  312  313  333  337) 

*****  tauteq  ttt: U2  CALL_PN : CALL_PN+3 , CALL  J2Y , CALL_QN , PRED.QN , 1 1 1 , 1 1 1 

352  -(xa*x2)A(-(xb*x2)A(-(xc*x2)A-(xd*x2)))  (310  311  312  313  333  337) 

11.1.1.  We  have  presume  a  situation  that  is  clearly  impossible.  We  have  posited  the  existence  of 
six  captured  white  piece,  all  different,  and  a  fallen  piece,  all  to  be  selected  from  the  pool  of  six 
unaccounted  for  white  chessmen.  Our  pigeon  will  not  fit  into  this  hole.  We  can  tautologically 
produce  the  contradiction: 

***** tauteq  FALSE 

*  1 1 :  T ,  NO  T_XN_EQ ,  UH I  CH_Y YU ,  UHO  XA :  UH0_XA+3 ,  UH0_X1 :  UH0_X  1+1  ,CALL_QN: 

353  FALSE  ( 1  9  333  335) 

11.2.  This  permits  us  to  negate  one  of  our  assumptions.  We  of  course  choose  the  assumption 
that  the  BKRP  promoted  to  the  left  of  UKN1.  Hence,  we  get  something  equivalent  to  specifying  the 
promotion  square  of  BKRP  to  be  either  UKN1  or  UKR1. 

*****  label  N1  OR  Rl: 

*****-,1  t  TAKE_2_ASSUMPT10N: 

354  -(-(To  Move  qy*WKNl )a-( To  Move  qy=VKRl))  (1  9  333) 


BKRP  promoted  on  one  of  theie  tquarei. 
figure  43 
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Section  4.2.11  The  Source  of  the  Promoting  Move 

In  either  case,  theie  was  a  move  when  the  pawn  valued  BkRP  was  on  UkNl  or  WKRJ.  Notice  that  tor 
the  next  tew  steps,  we  ate  compelled  to  follow  two  parallel  proof  st lands,  one  for  each  of  (he  possible 
promotion  squares  We  will  incite  these  siiands  as  soon  as  possible 

*»*»»VI  0  I  iiekll  i  iiPconio  to  qg  BkRP  UkNli 

3SS  to  Movi'  qy.WkN 1 '( Mover  Move  qy.llkRP:>(  PAWNPROM  Movo  qy:>(Vfll(  Provpos  qy, 
BkRP)»PBAPos(qy,WkNl  )*DkRP) ) ) 

•  BlockDictPromoto  qy  BkRP  UkRli 

3t>6  To  Movo  qy«WkRl:>(Movor  Movo  qy«BkRP:>(  PAWNPROM  Movo  qjo(V«l ( Provpos  qy, 

BkRP )»PBaPos( qy , WkR 1 )*BkRP ) ) ) 

II  2  l  Properly  composed,  we  can  use  our  chess  eye  to  see  backwards  as  well  as  just  looking  about 
A  black  pawn  on  UkNl  came  from  one  of  UKB2,  UkN."\  or  UkR2i  on  UkRl,  from  either  URN.'  or  UkR.’. 

R  I  ,n  kP.ninNovo  1  tun  qx, qy , BkRP, UkNl  ; 

36/  ( Pos(qy,WkNI  )*HhRP/\(  •(  Posit  I’O , WkN  I  )«HRRP)a(  ( I’RI  Of  GAMf  (qy , qx  )vqy.qx  )aVu  1  ( 
Provpos  qy ,  BkRP  )»PB ) ) )  j  Jq .  ( ( PRI  01  GAMl  (q,qx)vq«qx)A(Movor  Movo  q.BkRI’A(lo 
Movo  q»WkN  1a(  VAl  III  P  Vo 1( Provpos  q,HkRP)A(  (-(Row  WkNl»G)A-(Row  WkN  1 .4  )  ):>(  ( 
from  Movo  q«Mi)kosqunro(Wsucf  Row  WkNl, Column  WkN  I  )aPos(  Provpos  q.WkNl  )  =  LMP1  Y 
)v((Tnkon  Movi’  q«Pos(  Provpos  q.WkNl  )aWIUTI  PIECE  Pos(Provpos  q,  WkNl )  )a(  From 
Movo  qzMiikosqunro(Wsucf  Row  WkNl ,L2touchf  Column  WkNl)vFrom  Movo  q. 

Makosqunro( Wsucf  Row  WkN 1 , R2 touch f  Column  WkNl))))))))) 

B I  cickPcJi-inNoveThm  q* , up, BkRP, IJkRl  j 

3bfl  ( Pos( qy , WkR 1 )»BkRpA( -( Pos(  P0 ,WkRl )«BkRP )a( ( PRf  IK  GAML  ( qy ,  qx  )vq.v«qx  )aV«  1  ( 
Provpos  qy ,  HkRP )  *  I’ll ) ) )  >  lq .  ( ( PRI  Df  CAN1  ( q,  qx  )vq=qx  )a(  Movor  Movo  q=llkRPA(  1  o 
Movo  qzWkR  1  a(  VAl  U1  P  V«  I  (Provpos  q,BkRP)A(  (-(Row  WkR  1  «C>  )a-(  Row  WkRl  «4  )).■>(  ( 
from  Movo  q»Mnkosqunro(Wsucf  Row  WkRl, Column  WkR 1 )aPos( Provpos  q.WkRl ) ■ L M P 1 Y 
)v((Tnkon  Movo  q»Pos( Provpos  q.WkRl )aWHI 1EPIECE  Pos( Provpos  q.WkRl ) )A(From 
Movo  qzM<ikosquaro(Wsucf  Row  WkR 1 , LZtouchf  Column  WkRl)vFrom  Movo  q« 
Mflkosquoro(Wsucf  Row  WkR 1 , R.’touchf  Column  WkRl))))))))) 

•  nip  I  i  f  g  -  (Poe  IPO.  Uk'Rl  1  -(tkRP)  a-  (Pop  IPO.  UkNl )  -BkRP)  i 
3b9  -(  Pos( P0, WkR 1 )«UkRP)A-( Pos( P0, WkNl). BkRP) 

In  either  case,  there  was  a  position  when  BkRP  was  or.  this  From  square. 

•  ••••lahel  fcjl_$?Sun'Ct 

•  ••••.lopunto  lo  hove  qu-UkNl  | 

360  lo  Movo  qy.WkNl  (360) 

•****lnhnl  pi_a«i«mmri 

•  * » «* .him  into  1"  Novo  qu-IJkRl; 

361  lo  Movo  qy  WkRl  (361) 

•  tauteq  ttttti ttttttt, ttfft,3B9, tf.CALL.  QY j 

362  !lq .(( PRI  01  GAMl  ( q , qx )vq«qx )a(Movoi-  Movo  q«BKRPA(To  Movo  q«WkNlA( VAIUF P 

Vo  1  (  Provpos  q.BkRPM  (-(Row  WkNl«6)A-(Row  WkN  1«4  )).->(  (From  Movo  q»Mflkosqu«ro( 
Usucf  Row  WkNl, Column  WkNl )aPos( Provpos  q, WkNl )»1  MP1 Y)v( ( lokon  Movo  q*Pos( 
Provpos  q.WkNl )aWH1 IEPIECE  Pos(Provpos  q.WkNl ) )a(F rom  Movo  q.Mflkosquoro( 

Wsucf  Row  WkNl .LPtouchf  Column  WkNl)vlrom  Movo  q.M«kosqu«ro(Wsucf  Row  WkNl, 
R2touchf  Column  WkNl)))))))))  (333  3i>0) 


l 
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•  ••♦•tauteq  Uttti#:  ttftttt.ttttt.359.tt,CALL_QYj 

363  3q . ( ( PREOEGAME (q,qx)vq*qx )A(Mover  Move  q*BKRP/\(To  Move  q*WKRlA( VALUEP 

Val(Prevpos  q,BkRP)A( (-(Row  WkRl*6)A-(Row  WKR1*4 ) )d( (From  Move  q>Makesquare( 
Wsucf  Row  WKR1, Column  WKR1 )APos(Prevpos  q,WKRl)«EMPTY)v((Taken  Move  q»Pos( 
Prevpos  q.WKRl )aWHITEPIECE  Pos(Prevpos  q.WKRl ) )A(From  Move  q«Makesquare( 
Wsucf  Row  WKR1 , L?touchf  Column  WKRIJvFrom  Move  q*Makesquare(Wsucf  Row  WKR1, 
R2touchf  Column  WKR1 )))))))) )  (333  361) 

We  call  that  position  ql.  We  use  the  chess  eye  to  simplify  the  defining  WFF  of  ql. 

•****3E  ft  ql; 

364  (PREDEGAME(ql,qx)vql=qx)A(Mover  Move  ql*BKRPn( To  Move  ql*WKNln(VALUEP 

Val(Prevpos  ql  ,BKRP)a( (-(Row  WKN1*6)a-(Row  WKNl»4)):>((From  Move  ql« 
Makesquare(Wsucf  Row  WKN1, Column  WKN1  )APos(Prevpos  ql ,WKN1 )»EMPTY)v( ( Taken 
Move  ql*Pos( Prevpos  ql  ,WkNl JaWHITEPIECE  Pos(Prevpos  ql ,WKN1 ) )A(From  Move  ql» 
Makesquare( Wsucf  Row  WKN1 , L2touchf  Column  WKNl)vFrom  Move  ql«Makesquare( 
Wsucf  Row  WKN1 , R2 touchf  Column  WKN1 ))))))))  (364) 

•••••3E  tt  ql: 

365  (PREDEGAME(ql.qx)vql»qx)n(Mover  Move  ql*BKRPA( To  Move  ql*WKRlA( VALUEP 

Val(Prevpos  ql ,BKRP)a( (-(Row  WKR1*6)a-(Row  WKR1*4)  ):j((From  Move  ql* 
Makesquare(Wsucf  Row  WKR1, Column  WKR1  )aPos( Prevpos  ql ,WKR1 )«EMPTY)v( ( Taken 
Move  ql*Pos(Prevpos  ql ,WkRl )aWHITEPIECE  Pos(Prevpos  ql ,WKR1 ) >A(From  Move  ql» 
Makesquare(Wsucf  Row  WkRl,L2touchf  Column  WKR1 )vFrom  Move  ql*Makesquare( 
Wsucf  Row  WKR1 ,R2touchf  Column  WKR1 ))))))))  (365) 

•  *••*  s i nip I  i f u  tt; 

366  (  PRLDEGAML(ql ,qx)vql  =  qx)A( Mover  Movo  ql*BKRPA( To  Move  ql«WKNlA( VALUEP 

Va 1 ( Prevpos  ql , BKRP)a( (From  Move  ql*WKN2APos( Prevpos  ql ,WKN1 )»EMPTY)v( ( Taken 
Movo  ql*Pos(Prevpos  ql  .VIKNl  )a\JH1TEP1ECE  PoslPrevpos  ql,WKNl))A(From  Move  ql 
*WkB2vF rom  Movo  ql*WKR2) ) ) ) ) )  (364) 


•  *•*•  5  I  nip  I  i  f  q  tt; 

367  ( PHEGEGAME(q  1 , qx )vql*qx )a(Movot  Movo  ql*BKRPA(To  Move  ql=WKRlA( VALUEP 
Val(Provpos  ql ,BKRP)a( (From  Movo  ql*WkR2APos( Prevpos  ql ,WkRl )*EMPTY)v( ( Taken 

Move  ql=Pos( Prevpos  ql ,WkRl JaWHITEPIECE  Pos(Prevpos  ql ,WkRl ) )A(From  Move  ql 
■WkN2vFrom  Move  ql«WkN2 ) ) ) ) ) )  (365) 

Hence,  the  from  square  of  either  ql  was  one  of  the  three  possibilities. 

•  ••••tauteq  (PREDEGAME  (ql  qx)vql-qx) AMover  Hove  ql«BKRPAVALLIEP  VallPrevpoe 

•  ql,  BKRPIa  (From  Move  ql »UKR2vFrom  Move  ql •UKBZVFrom  Move  ql»UKN2)  1 1 j 

368  ( PREDEGAME( ql , qx )vql*qx )a( Mover  Move  ql«BKRPA( VALUEP  Val(Prevpos  ql.BKRP 

)A(From  Move  ql»WKR2v(From  Move  ql«WkB2vFrom  Move  ql»WKN2))))  (364) 

•••••tauteq  (PREDEGAME (ql  qx) vql-qx) AMover  Move  ql -BKRPaVALUEP  Val(Prevpo6 
•ql,  BKRPIa  (From  Move  ql«UKR2vFrom  Move  ql*UKB2vFrom  Move  ql»UKN2)  tt| 

369  ( PREDEGAME (ql ,qx)vql  =  qx)A(Movor  Move  ql»BkRPA( VALUEP  Val(Prevpos  ql.BKRP 

)A(From  Move  ql»WKR2v(From  Move  ql«WKB2vFrom  Move  ql«WKN2))))  (365) 

By  existential  quantification,  we  obtain  the  same  WFF  as  a  consequence  of  either  (promotion  square) 
assumption 

****•31  tt  ql; 

370  3ql . ( (PREDEGAME (ql ,qx)vql*qx)A(Mover  Move  ql«BKRPA(VALUEP  Val(Prevpos  ql 

, BKRP )a( From  Move  ql»WKR2v(From  Move  ql«WKB2vFrom  Move  ql*WKN2)))))  (333 
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360) 

**«**3I  ft  ql; 

371  3ql.((PREDEGAME(ql,Qx)vql*qx)A(Mover  Move  ql=BKRPA( VALUEP  Val(Prevpos  ql 

, BKRP )a( From  Move  ql«WKR2v(From  Move  ql*VKB2vFrom  Move  ql*WKN2)))))  (333 

361) 

We  know  the  promotion  square  to  be  either  UKN1  or  UKR1. 

*****taut  To  Hove  qy-UKNl  v  To  Move  qy«UKRl  N1  OR  R1 ; 

372  To  Move  qy=WKNlvTo  Move  qy=VKRl  (1  9  333)“ 

Hence,  the  presumed  position  ql  certainly  exists,  regardless.  We  have  used  an  uncommon 
dependency  removing  inference  rule,  or  elimination  to  generate  this  step.  Without  vE,  we  would  have 
needed  an  addition  inference. 

**»**vE 

373  3ql.((PRE0EGAME(ql,qx)vql=qx)A(Mover  Move  ql*BKRPn( VALUEP  VaT(Prevpos  ql 

, BKRP )a( From  Move  ql*WKR2v(From  Move  ql*WKB2vFrom  Move  ql«VKN2)))))  (1  9) 

Let  us  call  the  position  from  which  black  promoted  his  pawn  qz.  We  know  that  the  From  square  of 
qz  must  be  one  of  UKB2,  UKN2  or  UKR2. 

*****label  CALL  QZ; 

****»3E  T  qz; 

374  (PREOEGAME(qz,qx)vqzsqx)A(Mover  Move  qz=BKRPA( VALUEP  Val(Prevpos  qz.BKRP 

)A(From  Move  qz=WKR2v(From  Move  qz=WKB2vFrom  Move  qz=WKN2))))  (374) 

11.2.2.  We  notice  that  the  UKBP  has  not  yet  moved.  Hence,  in  qz.  the  UKBP  was  on  UKB2. 

****«VE  ShortPaunPathThm  qz.qx.UKB2.UKB2.UKBP.QBU0: 

375  Vsq .  ( (MAY_PAWN_CAPTURES(WKB2, sq, Plececolor  WKBP  )aMAY_PAWN_CAPTURES( sq , 
WKB2,Piececolor  WKBP))o(sq=WKB2vsq=WKB2)):>((Pos(qx,WKB2)sWKBPA(Pos(PO,WKB2)= 
WKBPa( ( PREOEGAME(qz,qx)vqzsqx)A(VALUEP  Val(qx,WKBP)v(BOARD(qx,QBUD)A(Valueon 
(QBUD, WKB2  )=PWvVa lueon (QBUD, WK B2  )*PB ) ) ) ) )  )o(  Pos(qz, WK82 )*WKBPvPos( qz , WKB2 )= 
WKBP)) 

*****label  ON  UIKBP ; 

*****  s i mp  I  i  f  y  t ; 

376  ( Pos(qx,WKB2 )=WKBPa( (PREDEGAME (qz,qx)vqz=qx )a( VALUEP  Val(qx,WKBP)vBOARD( 
qx.QBUD) ) ) )o( Pos(qz,WKB2)«WKBPvPos(qz,WKB2)*WKBP) 

A  similar  statement  can  be  made  about  the  UKRP.  It,  too.  was  on  UKR2  in  qz. 

****»VE  Shor tPawnPathThm  qz, qx,UKR2,UKR2,WKRP,QBU0; 

377  Vsq. ((MAY_PAWN_CAPTURES(WKR2,sq, Plececolor  WKRP)aMAY_PAWN_CAPTURES( sq, 

WKR2, Plececolor  WKRP)):>(sq*WKR2vsq*WKR2)):>((Pos(qx,VKR2)«WKRPn(Pos(P0.WKR2)* 
WKRPA((PREOEGAME(qz,qx)vqz*qx)A(VALUEP  Val(qx,VKRP)v(BOARD(qx,QBUD)A(Valueon 
(QBUD,  WKR2)  *PWvValueon(  QBUD,  WKR2)  =  PB)))))):>(Pos(qz,WKR2)«WKRPvPos(qz,WKR2)« 

WKRP ) ) 

*****  label  ON  UKRP : 

***** s i mp I i f y  T; 

378  ( Pos(qx,WKR2 )*WKRPa( (PREDEGAME (qz,qx)vqz*qx) a( VALUEP  Val(qx,WKRP)vBOARD( 
qx.QBUD) ) )  )p(Pos(qz,WKR2)»WKRPvPos(qz,WKR2)«WKRP) 
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But  the  From  square  of  any  move  is  empty  immediately  subsequent  to  that  move.  Hence,  neither  of 
these  squares  was  the  source  square  of  (he  move  of  qz. 

**»**VE  EmptyFrom  qz  UKBP  UIKB2 ; 

379  Pos(qz,WKB2)*WKBPD-(WKB2«From  Move  qz) 

***»*VE  EmptyFrom  qz  UKRP  WKR2: 

380  Pos(qz,WKR2 )*WKRPo-(WKR2«From  Move  qz) 

11.3.  Hence,  the  From  square  ofqz  must  have  been  UKN2. 

*****  label  FROH  QZ: 

*****  tauteq  From  Move  qz-UKN2  CALL  QZ . ONJJKBP . ON.UKRP . tt 1 1 , R0U2  J4P . QX.QBUD i 

381  From  Move  qz*WKN2  (1  9  374) 

Section  4.2.12  The  Route  to  BKN7 

And.  as  the  From  square  of  qz  was  UKN2,  there  must  have  existed  yet  another  position,  (we  will  call 
it  py)  for  in  which  BKRP,  pawn  valued,  was  on  UKN2. 

****»VE  PannUasOnThm  qx, qz.BKRP,UKN2s 

382  ( ( PRE0EGAME( qz , qx )vqz*qx )a( VALUEP  Val(Prevpos  qz, BKRP )a( Mover  Move  qz* 
B<RPA(From  Move  qz*VKN2A-( Pos( P0 ,WKN2 )=BKRP) ) ) ) )o3p. ( ( Pos(p,WKN2 )*BKRPa( 
PREOEGAME ( p , qx )aVALUEP  Val(p,BKRP)))AVALUEP  Val(Prevpos  p.BKRP)) 

*****eimpl  i  fy  -IPos (P0.UKN2) -BKRP)  j 

383  -( Pos( P0.WKN2 )=BKRP) 

*****  taut  tt:«2  CALL  QZ.FROM  QZ:  t; 

384  3p .  ( ( Pos( p,WKN2 )*BKRPa( PREOEGAME (p.qx)AVALUEP  Val(p.BKRP) ) )aVALUEP  Val( 

Prevpos  p.BKRP) )  (1  9) 

*****  label  CALL  PY; 

****»3E  t  py; 

385  (Pos(py,WKN2)=BKRPA(PREDEGAME(py,qx)AVALUEP  Val(py,BKRP)))AVALUEP  Val( 
Prevpos  py.BKRP)  (385) 

And,  similarly,  a  move  that  got  him  there. 


»****VE  BlackPawnfloveThm  qx,py,BKRP,UKN2: 

386  (Pos(py,WKN2)  =  BKRPA(-(Pos(P0,VKN2)  =  BKRP)A((PREDEGAME(py,qx)vpysqx)AVal( 
Prevpos  py,BKRP)=PB) ) )o3q.( (PREOEGAME(q,qx)vq*qx)A( Mover  Move  q=BKRPA( To 
Move  q=WKN2A(VALUEP  Val(Prevpos  q.BKRPM  (-(Row  WKN2»6)a-(Row  WKN2*4)):>(( 
From  Move  q=Makesquare(Wsucf  Row  WKN2, Column  WKN2)aPos( Prevpos  q,WKN2)=EMPTY 
)v(  ( Taken  Move  q*Pos( Prevpos  q,WKN2)AWHITEPIECE  Pos(Prevpos  q,WKN2)  MFrom 
Move  q=Makesquare(Wsucf  Row  WKN2,L2touchf  Column  WKN2)vFrom  Move  q* 
Makesquare(Wsucf  Row  WKN2,R2touchf  Column  WKN2))))))))) 

****»VE  PawnVa luedB lackPieces  Prevpos  py.BKRP j 

387  VALUER  Val(Prevpos  py,  BKRP  ):>Val(  Prevpos  py,BKRP)*PB 

*****  tauteq  tt:# 2  CALL_PY-2,CALL_PYi  t» 

388  3q . ( ( PREOEGAME ( q , qx )vq=qx )a( Mover  Move  q*BKRPA(To  Move  q*WKN2A(VALUEP 
Val ( Prevpos  q,BKRP)A( (-(Row  WKN2»6)a-(Row  WKN2*4))p((From  Move  q*Makesquare( 
Wsucf  Row  WKN2, Column  WKN2)APos(Prevpos  q,VKN2)*EMPTY)v( (Taken  Move  q*Pos( 
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Prevpos  q,WKN2 )aWHITEPIECE  Pos(Prevpos  q,WKN2) )A(From  Move  q«Makesquare( 

Wsucf  Row  WKN2,L2touchf  Column  WKN2)vFrom  Move  q*Makesquare(W$ucf  Row  WKN2 , 
R2touchf  Column  WKN2) ))))))) )  (1  9) 

We  call  that  position,  pz. 

*****  label  CALL  PZ: 

*****  3E  t  pz; 

389  (PREDEGAME(pz,qx)vpz*qx)A(M over  Move  pz*BKRPa(To  Move  pz*WKN2a( VALUEP 
Val ( Prevpos  pz,BKRP)a( (-{Row  WKN2*6)a-(Row  WKN2*4))D((From  Move  pz= 
Mokesquare(Wsucf  Row  WKN2, Column  WKN2)aPos( Prevpos  pz,WKN2)=EMPTY)v( ( Taken 
Move  pz*Pos( Prevpos  pz,WKN2)aWHITEPIECE  Pos(Prevpos  pz,WKN2) )A(From  Move  pz« 
Makesquare(Wsucf  Row  WKN2,L2touchf  Column  WKN2)vFrom  Move  pz*Makesquare( 

Wsucf  Row  WKN2,R2touchf  Column  WKN2) )))))))  (389) 

Applying  the  theorem  that  sees  the  possible  sou  -  •-  ;uares  for  a  given  pawn  and  square,  we  get  that 
BKRP  reached  this  square  from  one  of  WKB3.  UKNJ  ui  WKR3. 

**t«*simpl i f  u  t; 

390  ( PREDEGAME ( pz , qx )vpz=qx )a( Mover  Move  pz=BKRPa(To  Move  pz=WKN2a( VALUEP 
Vnl(Prevpos  pz,BKRP)a( (From  Move  pz=WKN3aPos( Prevpos  pz,WKN2)=EMPTY)v((Taken 

Move  pz=Pos( Prevpos  pz. WKN2)aVHI7EPIECE  Pos(Prevpos  pz,VKN2))/\(From  Move  pz 
=WKB3vFrom  Move  pz=WKR3))))))  (389) 

11.4.  Now,  we  note  that  the  UKNP,  on  the  third  row,  has  spent  the  entire  game  on  the  squares 
UKN2  and  UKN3. 

*  *  *  *  *  VE  Shor  tPaunPathlhm  pz,qx,WKN3,UKN2,WKNP,QBUD; 

391  Vsq. ( (MAY_PAWfLCAPTURE5(WKN2, sq.Piececolor  WKNP)aMAY_PAWN_CAPTURES( sq, 

WKN3, Piececolor  WKNP)):>(sq=WKN2vsq=WKN3)):>((Pos(qx,WKN3)=WKNPA(Pos(P0,WKN2)  = 
WKNPa(  ( PREDEGAME(pz,qx)vpz*qx)A(VALUEP  Val(qx.WKNP)v(BOARD(qx,QBUD)A(Valueon 
( QBUD, WKN3 )*PWvValueon(QBUD,WKN3)«PB ) ) ) ) )  )o(  Pos(pz,WKN3)*WKNPvPos(pz, WKN2  )« 

WKNP ) ) 

*****  s  i  nip  I  i  fy  t; 

392  ( Pos(  qx  ,WKN3  )=WKNPa(  ( PREDEGAME ( pz , qx )vpz=qx  )a(  VALUE P  Val(qx,WKNP)vBOARD( 
qx,QBUD))))D(Pos(pz,WKN3)rWKNPvPos(pz,WKN2)*WICNP) 

11. 5.  In  the  move  that  brought  BKRP  to  UKN2  (pz)  he  was  certainly  on  the  latter. 

•****VE  HoverOnTO  p:,UKNP,UKN2; 

393  ( Pos( pz,WKN2 )«WKNPaTo  Move  pz*VKNri  .  .PrMover  Move  pz 

11.6.  And,  as  the  From  square  of  any  move  is  subsequently  (immediately)  empty,  and  UKNP  was 
on  UKN3,  then  the  from  square  of  the  move  qz  must  have  been  either  UKR3  or  UKB3. 

**«**VE  EmptyFrom  pz ,UKNP,UKN3; 

394  Pos(pz,WkN3)«WKNPo-(WKN3>From  Move  pz) 

12.  But  either  of  these  squares  implies  the  capture  of  a  white  piece  on  the  white  square,  UKN2. 
This  piece  must,  of  course,  have  been  one  of  the  whit**  ,*.res  eligible  for  capture. 

***«*VE  WHICH  QX  TAKEN  pz. Poe (Prevpos  pz,WKN2) .UKN2; 

395  CHESSPIECES  Pos(Prevpos  pz,WKN2)D(((PRE0EGAME(pz,qx)vpz«qx)A(Taken  Move 
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pz*Pos( Prevpos  pz, VKN2)aWHITEPIECE  PosfPrevpos  pz,VKN2)))p((Pos(Prevpos  pz, 
WKN2 )*WQv( Pos( Prevpos  pz,VKN2)*VQNv(Pos(Prevpos  pz,WKN2)«WKNv(Pos(Prevpos  pz 
, WKN2 )«WQBv( Pos( Prevpos  pz.WkN2)*VK8vPos(Prevpos  pz,VKN2)*ywrl)))))A(-(Pos( 
Prevpos  pz,UKN2)«yyw)A((To  Move  pz«VKN2aVHIT£SQUARES  WKN2)a-(Pos( Prevpos  p z, 
WKN2 )*WQ8 )))))  (1  9  252  286) 

*****  simp)  i  fy  UH1  TESQUARES  UKN2a-(UKNP-8KRP) i 

396  WHITESQUARES  WKN2a-(WKNP=BKRP ) 

Let  us  refer  to  the  white  piece  captured  on  UKN2  in  pz  as  PoelPrevpoe  pz,  UKN2).  This  was 
certainly  a  CHESSPJECE  (only  chesspieces  are  ever  captured). 

***** 5 i mp I i f y  Vp. CHESSPIECES  Taken  Move  pj 

397  Vp. CHESSPIECES  Taken  Move  p 

**»**VE  4  pz: 

398  CHESSPIECES  Taken  Move  pz 

12.1.  Hence,  it  must  have  been  one  of  the  white  traveling  white  officers,  and  not  the  fallen  piece. 

•****tauteq  CHESSPIECES  Pos(Prevpos  pz,WKN2)a 

*  Taken  Hove  pz  ■  PosiPrevpos  pz  UK N2)a 

*  (PosiPrevpos  pz,UKN2) «UQv  PosiPrevpos  pz, UKN2I «UQNv 

*  PosiPrevpos  pz,UKN2) -UKNv  PosiPrevpos  pz,UKN2) »WK8v 

*  PosiPrevpos  pz.UKNCI-yurDn 

*  -’PosiPrevpos  pz,UKN2)«yyu  CAlLJ>Z+hm,4,R0W3_UP.QX_QBU0t 

399  CHESSPIECES  PosiPrevpos  pz,WKN2)A(Taken  Move  pz*Pos( Prevpos  pz,WKN2)a(( 
PosiPrevpos  pz,WKN2)=W0v(Pos(Prevpos  pz,WKN2)sVQNv(Pos(Prevpos  pz,WKN2)=WKNv 
(PosiPrevpos  pz,WKN2 )*WKBvPos( Prevpos  pz,WKN2)=ywrl))))A-(Pos(Prevpos  pz, 

VKN2  )*yyw) ) )  (  1  9  252  286  389) 

We  need  also  point  out  that  these  are  five  different  pieces. 


Ifhite  officers  were  captured  on  these  squares, 
figure  44 
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•****VE  Di f ferentTakenFour  qx, pz, pi , p2, p3, p4,Po6 (Prevpos  pz,UKN2l ,  xa,  xb,  xc, 

•  xdt 

400  CHESSPIECES  Pos(Prevpos  pz,WKN2):>(((pz*qxvPREDEGAME(pz,qx))A((pl*qxv 
PREDEGAME ( p  1 ,  qx )  )a(  ( p2*qxvPREDEGAME( p2 , qx ) )a( ( p3*qxvPREDEGAME ( p3 , qx ) )a( ( p4* 
qxvPRE0EGAME( p4 ,qx ) >A(-(hover  hove  pUMover  Hove  pz)A(-(Mover  Move  p2*Mover 
Move  pz)A(-(Mover  Move  p3*Mover  Move  pz)A(-'(Mover  Move  p4=Mover  Move  pz)a( 

Taken  Move  pz*Pos( Prevpos  pz,WKN2)n(Taken  Move  pl*xaA(Taken  Move  p2*xbA( 

Taken  Move  p3*xcATaken  Move  p4=xd)))))))))))))b(-'(xa=Pos(Prevpos  pz,WKN2))a( 
->(xb*Pos(Prevpos  pz,WKN2))A(--(xcsPos(Prevpos  pz,WKN2))A--(xd=Pos(Prevpos  pz, 

WKN2 )))))) 

*****  tauteq  t: U2U2  tt: t . CALL_PZ+1 . CALL.PN: CALL_PN+3. DI FFMOVERSs 

401  -'(xa»Pos( Prevpos  pz,WKN27)A(-(xb«Pos(Prevpos  pz,WKN2))A(-(xc=Pos(Prevpos 

PZ.WKN2 ) )A-(xd=Pos( Prevpos  pz,WKN2))))  (1  9  310  311  312  313  309) 

1).  Hence,  by  the  usual  counting  argument,  the  only  piece  that  could  have  fallen  from  the 
board  was  the  white  queen’s  bishop. 

***** tauteq  yyu-UQB  t.ttt, WHICH  YYU.UHO_XA:UHO_XA+3.NOT_XN_EQ{ 

402  yyw=W0B  (1  9  252) 

*****  tauteq  Poslpx  UKR41.UQB  CALL_YYW.SAME_0N_UXR4.ti 

403  Pos( px , WKR4 )=WQB  (1) 

Removing  dependencies,  and  generalizing,  we  see  that,  as  a  consequence  of  our  chess  axioms,  if  a 
chesspiece  fell  from  UKR4  in  a  position  which  had  GIVEN  as  a  board,  that  chesspiece  must  have  been 
the  white  queen's  bishop,  quod  trat  demonstrandum. 

*«***dI  CALL  PXdTj 

404  (BOARO(px.GIVEN)aCHESSPIECES  Pos(px,WKR4 ) )dPos( px,WKR4 )=WQB 

*****  label  THE  THEOREM; 

***** VI  t  px ; 

405  Vpx . ( ( BOARO( px .GIVEN )aCHESSPIECES  Pos( px , WKR4 ) )dPos( px , VKR4 )*WQB ) 
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Chapter  5  Conclusions 

Section  5.1  Perspective 

We  have  here  a  mass  of  verbiage  and  proof.  It  is  certainly  important  to  step  back  and,  in 
perspective,  assess  just  what  we  have  learned  in  its  generation. 

Let  us  reiterate:  we  have  taken  a  difficult  problem  of  retrograde  analysis  chess,  detailed  a  set  of 
axioms  for  the  rules  of  chess,  and  have  proven  the  solution  to  that  puzzle  within  our  axiom  system 
While  not  modeling  the  human  process  of  proof  discovery,  we  have  modeled  the  human  ability  to 
accept  a  valid  proof  That  is.  our  FOL  proof  parallels  and  corresponds  to  the  human  proof, 
particularly  in  two  important  dimensions  We  have,  in  FOL.  been  able  to  model  both  the  ability  to 
accept  and  structure  inference  (the  basic  deduction  framework),  and  the  ability  to  jump  to  the 
immediate  conclusions  of  observation  (our  chess  tyt).  We  are  exploring  the  nature  of  (adequate) 
reasoning  sequences,  rather  than  finding  the  (appropriate)  heuristics  for  generating  such  sequences. 

We  also  need  to  stress  what  we  haven’t  done  We  have  not  presented  a  program  which  would,  in 
any  sense,  model  the  way  the  human  intelligence  arrives  at  the  proof.  Such  a  system  would  need 
elements  of  intuition  and  search,  in  addition  to  ability  to  correctly  perform  inference  steps  and 
computations.  Like  almost  all  proofs,  our  chess  proof  gives  little  explanation  as  to  why  some  step 
was  taken  (other  than  that  it  worked);  no  dead  ends  or  useless  inferences  litter  the  way. 

Adequately  modeling  the  human  ability  to  generate  a  proof  is  an  extremely  difficult  problem, 
essentially  equivalent  to  solving  (much  of)  the  A.l.  problem  Itself.  Presenting  a  solution  acceptable 
both  to  a  human  and  a  machine  was,  in  itself,  a  hard  problem.  In  a  strong  sense,  being  able  to 
accept  correct  reasoning  is  a  prerequisite  for  general  intelligence.  We  do  not  foresee  solution  of  the 
more  difficult  problem,  that  of  a  general  computer  intelligence,  in  the  near  future.  Rather,  we  view 
examinations  of  representational  systems  (such  as  this  paper)  to  be  part  of  the  (long)  process  of 
achieving  the  necessary  understanding  to  eventually  create  an  artificial  intelligence. 

Let  us  also  emphasize  that  we  are  not,  of  course,  asserting  that  the  solution  of  the  fallen  piece 
problem  reveals  all  aspects  of  knowledge  and  representation.  We  have  been  examining  in  this  proof 
only  several  issues,  particularly  the  interactions  and  interfacings  of  deduction  and  observational 
computation  This  is  by  no  means  adequate  for  a  thorough  representational  system  We  have  dealt 
in  a  highly  structured  and  complete  domain.  We  have  not  touched  upon  many  modalities 
(knowledge,  belief,  desire)  that  a  truly  intelligent  program  would  need  to  manipulate.  Our 
expression  of  events  (moves)  and  tine..  .V  relationship  between  positions  in  the  same  game)  while 
useful  and  revealing,  is  that  of  a  discrete  system,  not  a  general  continuum.  There  are  certainly  many 
properties  required  of  generally  intelligent  systems  that  we  are  not  even  aware  of,  and  will  not 
perceive  the  need  for  until  we  stumble  into  them. 

Section  5.2  Representation  and  this  Proof 

One  of  the  more  interesting  facets  of  this  investigation  is  the  comparison  and  selection  of  the 
various  representational  devices  employed  in  our  chess  axioms. 

Representational  choices  are  based  upon  two  primary  criteria.  We  want  that  our  representation 
should  be  convenient.  We  should  be  able  to  express  (as  easily  as  possible)  the  range  of  expected 
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problems  and  solutions  within  the  model.  Our  representation  must,  however,  retain  integrity  with 
respect  to  the  problem  domain.  We  are  not  Interested  in  seeing  how  we  can  pervert  the  original 
problem  into  another,  more  tractable  (though  equivalent)  domain.  Rather,  we  must  represent  the 
given  problem  58 

Perhaps,  while  we  are  discussing  natural  representations,  a  pair  of  examples  from  our  chess  world 
would  be  appropriate  When  chess  pieces  are  captured,  they  cease,  (in  some  strong  sense)  to  exist. 
There  is  no  square  which  we  can  point  to,  saying,  that  piece  is  on  that  square.  Captured  pieces 
vanish  without  a  trace  Most  theorems  about  pieces  and  squares  must  therefore  begin:  if  a  piece  x  is 
on  a  square  sq  in  a  position  p  then  ...  .  Imagine  instead  that  a  captured  piece  merely  changed  its 
value,  and  became  a  ghost,  nevertheless  retaining  reference  to  its  capture  square.  Our  axioms  and 
proof  would  then  be  much  simpler.  Every  piece  would  have  a  square  of  its  own.  Additionally,  a 
position  could  reference  those  pieces  captured  in  reaching  it  by  pointing  to  the  ghosts  on  various 
squares,  rather  than  creating  a  hypothetical  ancestor  position  in  which  they  had  been  captured,  and 
reasoning  about  that  position  (as  we  do  now).  Our  counting  arguments  (most  of  the  last  hundred 
steps  of  the  main  proof)  would  then  be  much  briefer. 

Consider  secondly,  the  notion  of  value  and  piece  (which  we  will  explore  in  greater  detail  further  on). 
Let  us  now  merely  point  out  that  the  king  pieces  and  the  empty  piece  have  unique  and  constant 
values  (we  have  several  theorems  to  this  effect:  see,  for  example,  KingValueThml  and  EmptylsMT). 
But  these  theorems  could  be  dispensed  with,  and  several  proofs  reduced  several  steps,  if  we  were  to 
blur  the  distinction  between  VALUE  and  PIECE,  and  assert,  for  example,  that  BK-KB59  and 
EMPTY-MT.60  What  would  result  would  be  (slightly)  smaller  but  less  natural  proofs.  It  is  not  that  it 
would  be  wrong  to  axiomatize  in  this  fashion,  so  much  as  unpleasing.61 

In  the  following  subsections,  we  will  examine  some  of  the  more  interesting  representational  decisions 
embodied  in  our  chess  axioms. 

Section  5.2.1  State  Variables  and  Computable  Objects 

The  major  representational  dichotomy  in  this  system  is  the  balance  between  POSITIONS,  a  state 
vector  containing  all  of  the  information  required  to  reconstruct  a  particular  game  (perhaps  a  list  or 
moves  or  boards),  and  BOAROS  which  is  a  (concrete)  representation  of  (most  of)  the  current  status  of 
a  game. 

A  passing  glance  at  chess  would  reveal  the  necessity  for  the  latter,  though,  presumably,  not  the 
former.  After  all,  chess  problems  are  (typically)  presented  in  terms  of  chess  boards,  not  as  the  entire 
game  played  to  reach  some  position.  Similarly,  (almost  all)  chess  moves  are  defined  in  terms  of  a 
chess  board;  this  rook  can  move  so,  regardless  of  what  line  he  used  to  reach  his  square,  or  which 


58  ll  got*  almoit  without  ttying,  of  court*,  that  th*  r*pr*t*ntation  mutt  bt  corrtct  (wt  mutt  rotlly  b*  tolving  th*  problem)  In 
moat  domaina,  gtnnrthly  it  t  doairtbl*  tttriOut*,  to  bo  totthotictlly  plotting,  th*  t*l*ct*d  tiiom  ayttam  thould  bo  *blo  to  otprot*  mor* 
than  th*  limited  ittu*  at  hand 

59  Th*  pioc*  BK  it  th*  tamo  at  th*  vtlu*  KB 

60  Aft*r  all,  a**th*tict  it  tn  ittu*  of  t*tt* 

61.  If  w*  wor*  ombody  thi*  notion  within  our  amomatuttion,  and  to  l*t*r  t**h  to  analya*  problom*  whor*  pawn*  could  promot* 

to  king*,  thit  amplification  would  got  m  our  way. 
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square  he  began  the  game  upon.62 

One  does  not  become  really  aware  of  the  necessity  for  the  state  variable,  (what  we  have  called  the 
position)  until  one  approaches  retrograde  analysis.  We  frequently  refer  to  (for  example)  the  identity 
of  a  particular  piece  (which  pawn  was  it  in  the  opening?),  to  captures  and  moves  of  the  game  that 
reached  some  arrangement,  and  to  the  path  some  piece  traveled.  These  notions  are  naturally  those 
of  the  position,  not  inherent  to  a  particular  board  Many  different  games  can  be  played  to  reach  a 
given  chess  board;  therefore,  these  are  not  aspects  of  the  board  per  se. 

The  importance  (in  retrograde  analysis)  of  this  sort  of  temporal  reasoning  is  reflected  in  the  axioms 
by  the  predominance  of  the  POSITIONS  over  the  BOARDS  (and  over  everything  else).  Rules  are 
typically  defined  in  terms  of  their  effect  on  the  state  of  the  world  (position),  rather  than  their  local 
effect  on  the  playing  board  Boards  are  employed  almost  exclusively  for  defining  and  computing  the 
local  moves  of  the  various  chess  values  Thus,  the  predominant  predicate  for  positions  becomes 
SUCCESSOR,  defining  the  (legal)  transitions  from  position  to  position;  for  boards,  MOVETO,  expressing 
the  local,  legal  paths  of  the  various  values.  The  basic  movement  consequence  axioms  begin  at  the 
positional  level,  only  to  descend  to  boards  when  considering  the  actual  move. 

The  concepts  of  board  and  position  are  tied  together  in  a  predicate  and  a  function.  The  function 
Tboard  (total-board)  extracts  the  board  that  would  result  from  playing  out  a  given  position  The 
predicate  BOARD  is  true  when  its  second  argument  is  either  the  Tboard  of  its  first,  or  a  less  defined 
board  (section  2  1.5). 

Within  the  concept  of  observation  and  inference,  this  position  and  board  dichotomy  has  further 
significance  Positions,  as  expressed  in  these  axioms,  are  an  elusive,  intangible  concept  There  is 
nothing  we  can  point  to  and  say:  "that  is  the  position  of  interest".  Rather,  positions  are  the  child  of 
the  inference  scheme;  we  never  (except  the  initial  position)  observed  something  to  be  true  of  a 
particular  position.  Boards,  on  the  other  hand,  are  concrete  objects.  The  observations 
(computations)  on  boards  are  more  important  than  the  deductions  applied  to  them.  Each  board  has 
a  distinct  LISP  model  representation;  they  are  the  primary  vision  of  the  chess  eye. 

In  retrospect,  this  separation  into  state  variables  and  computable  objects  seems  to  have  been  a  good 
decision.  The  problem  would  have  been  very  intractable  without  the  coherence  provided  by  the 
state  selectors.  Similarly,  Chess  induction  (Sections  A.2  and  2.2-11)  has  proven  to  be  a  very  useful 
and  unifying  concept,  alien  to  the  temporalities  of  a  pure-board  approach.  The  ability  to  compute 
on  board  representations  has  resulted  in  tremendous  reduction  in  the  total  inference  required 

Early  in  this  research,  there  existed  a  distinction  between  legal  positions  and  ordinary  positions. 
Legal  positions  were  those  that  (presumably)  could  be  reached  in  a  legal  chess  game.  After  the  first 
iteration  of  proof,  we  observed  that,  essentially,  we  never  proved  anything  about  the  illegal  positions. 
The  distinction  between  the  two  was  then  deleted  from  the  axioms.  On  reflection,  we  find  a  parallel 
between  those  "illegal"  positions,  and  several  of  the  other  unused  sorts  (such  as  EXSQUARES63).  If  we 
were  to  use  these  axioms  in  a  forward  direction  (as  opposed  to  this  retrograde  example)  to  create 
legal  successors  to  a  given  position,  we  would  probably  axiomatiie  the  "Nextpos"  function  (section 
2. 1.7.1),  which  would  take  a  position  and  a  move,  and  return  the  position  resulting  from  making  that 


62  Caatlaa,  an  paaaant  capturaa,  and  vaooua  draw  damand  ctrcumalancaa  aft  aaeapliona  lo  thia  rvia 

63  Thoaa  aquaraa  tha  capturad  piacaa  occupy  For  aiampla,  I  ha  function  Poapcf  raturna  an  alamant  in  tha  domain  of 
EXSQUARES 
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move  in  that  position.  This  general  function  would  not  be  obliged  to  return  a  legal  position  (and 
would  not,  if  not  referencing  a  legal  move).  Hence,  the  range  of  this  function  would  therefore  be 
declared  to  be  on  all  positions,  not  merely  the  legal  ones.  The  earlier  impulse  towards  legal  positions 
is  therefore  seen  as  an  anticipation  of  this  extension 

Positions,  as  described,  are  virtually  not  expressible  within  the  model  space;  representational  systems 
that  depend  to  heavily  upon  doing  model  computation  as  the  only  inference  mechanism  will  be 
unable  to  deduce  results  of  the  complexity  of  our  given  problem. 

Section  5.2.2  Incompletely  Defined  Objects 

Another  perspective  illuminated  by  the  distinction  between  positions  and  boards  is  that  of  partially 
defined  objects.  That  is,  we  need  a  mechanism  for  expressing  predicates  about  objects  not  all  of 
whose  features  are  known  to  us. 

There  are  two  different  kinds  of  partial  definition  which  we  consider  here.  The  first  is  illustrated  by 
the  positions  sort.  Positions  are  fully  defined,  in  that,  any  question  we  might  have  about  a  position 
can  be  answered  by  examining  that  position.  This  may  seem  paradoxical.  After  all,  we  never  know 
anything  about  any  position  until  we  infer  it.  We  resolve  this  paradox  by  never  having  any  "real" 
positions.64  Rather,  all  statements  about  positions  are  of  the  form  Assume  we  have  a  position  with  the 
following  properties ...  .  Notice  that  there  are  no  positional  constants;  only  positional  variables  (and 
parameters).  We  perform  no  observational  computations  upon  positions.  And  we  have  no  explicit 
partial  positions.  Rather,  an  entire  game  can  be  replayed  from  any  position. 

Boards,  on  the  other  hand,  are  concrete  objects.  We  want  our  LISP  functions  to  be  able  to 
manipulate  these  objects.  Within  the  current  structure  of  FOL,  this  is  possible  only  if  the  object  is  a 
constant.  But  we  are  confronted  immediately,  in  the  very  problem  statement,  with  a  variaNe  board, 
our  problem  being  to  complete  the  definition  of  the  given,  partially  defined  board. 

There  are  only  twelve  different  chess  values.  Clearly,  one  possible  stratagem  would  be  to  consider 
each  of  the  twelve  possible  totally  defined  boards,  and  prove  that  only  only  one  of  them  could  have 
arisen  in  a  legal  chess  game.  This  approach  fails,  however,  to  satisfy  both  esthetic  and  practical 
considerations.  Aesthetically,  we  are  examining  reasoning,  and  seek  to  handle  more  than  simple  case 
analysis.  We  certainly  do  enough  of  that  in  the  rest  of  the  proof.  Practically,  these  case 
considerations  can  grow  exponentially  with  the  depth  of  analysis.  If  each  possible  board  spawns  a 
board  with  two  more  unknown  squares,  we  soon  have  the  cube  of  twelve  cases  to  consider.  Each 
consideration  is  likely  to  be  a  fair  sized  proof  in  itself.  And  this  method  will  flounder  on  any 
consideration  of  unbounded  sets. 

Rather,  we  surmount  this  obstruction  by  the  introduction  of  an  undefined  constant,  to  be  inserted  in 
the  board  structure  whenever  the  value  of  a  particular  square  is  unknown.  While  this  is  a  clever 
and  transparent  solution  of  the  immediate  problem,  it  has  ramifications  throughout  the  entire  axiom 
structure.  Most  obviously,  values  on  boards  and  values  in  positions  are  no  longer  trivially  identical. 
Rather,  that  equality  is  conditional  on  the  board  being  defined  on  that  square.66  This  is  usually 
painfully  obvious,  but  demands  another  step.  Not,  however,  a  terrible  penalty.  Greater  confusion 


64  This  aubtaquant  d»*cu««ion  rightfully  ignoraa  PO,  tho  initial  position 

65  That  it,  VaKp  Poa(p  aq))«Valvoon(b  tq)  if  *Vak*on(b  aq>*U0  (and  BOAPD(p  b»  (this  ia  tho  axiom  VALUETPANSPOSITION) 
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anses,  however,  in  the  cases  of  more  complicated  predicates.  What  should  the  value  of  MOVE  TO  be, 
say,  if  an  undefined  square  blocks  the  way?  It  is  certainly  not  true,  but,  in  another  sense,  is  not  really 
false.  That  is,  we  would  (sometimes)  like  to  use  HOVETO  to  show  some  move  impossible;  other  times, 
to  demonstrate  (with  the  appropriate  assignation  of  values  to  the  undefined  squares)  that  such  a 
move  could  be  accomplished.  The  solution  adapted  in  this  axiomatization  is  to  make  MOVETO 
demand  a  fully  demonstrated  possible  move.  Various  theorems,  such  as 
TransitiveSubboardOrthogonallty  (section  A. 92.2)  and  DiagonalThm  (section  A. 9.3.1)  relate 
movement  on  partially  defined  boards  to  that  on  more  complete  boards. 

An  alternate  possibility  was  not  employed.  One  can  easily  imagine,  within  the  present  axiom 
structure,  predicates  such  as  MIGHTJ10VET0  and  MIGHTJDRTHO,  which  would  be  true  if,  say.  the 
squares  on  the  move’s  path  were  either  empty  or  undefined  (MT  or  UO)  instead  of  only  explicitly 
empty.  Such  predicates  might  simplify  the  definitions  of  several  of  the  movement  axioms,  but 
complicate  the  translation  to  the  more  precise  forms. 

Section  5.2.3  Representation  of  Aspects 

What  may  seem,  perhaps,  the  most  aberrant  distinction  embodied  in  these  axioms  is  that  between 
piece  and  value.  Pieces,  we  recall,  embody  the  identity  of  each  of  the  thirty  two  chessmen,  including, 
particularly,  their  initial  squares  Values,  on  the  other  hand,  are  a  reflection  of  the  rank  of  an 
individual  piece  at  a  given  point  in  the  game.  In  playing  chess,  the  names  of  the  particular  pieces 
are  never  invoked  Rather,  the  current  value  of  any  piece  is  adequate  for  determining  its  available 
moves.  For  the  naive  player,  experience  with  chess  comes  from  playing  chess  games,  not  from 
solving  chess  puzzles.  Additionally,  except  for  the  rare  occasion  when  a  pawn  has  promoted,  pieces 
do  not  change  their  value.  Only  in  concocted  retrograde  analysis  chess  problems,  is  the  path  a  piece 
followed  important.  Only  in  puzzles  does  one  see  such  a  bizarre  collection  of  promotions. 
Therefore,  perhaps,  only  to  experienced  puzzle  solvers  is  the  importance  of  this  distinction  obvious. 

Let  us  point  out  that  this  is  not  an  entirely  happy  arrangement,  even  though  it  is  a  necessary  one. 
We  need  shave  our  lemmas  and  theorems  to  a  tight  tolerance  of  their  intended  use,  matching  piece 
and  piece,  value  and  value,  unless  we  are  willing  to  expend  precious  steps  demonstrating  to  the 
machine  (again)  that  this  particular  bishop  does  in  fact  have  bishop  value.  Additionally,  this 
equivalence,  performed  so  naturally  and  immediately  by  the  human,  requires  theorem  invocation  in 
the  proof.  We  take  consolation,  however,  in  noting  that  the  human  tendency  to  jump  to  the 
conclusion  that  any  officer  (especially  a  non-queen  officer)  is  not  a  promoted  pawn  is  avoided  by  this 
deductive  approach.  Within  a  formal  logic  framework  such  as  FOL,  that  rook  valued  piece  is  as 
likely  to  be  a  promoted  pawn  as  one  of  the  original  rooks.  It  seems  that  any  system  wishing  to 
generate  a  solution  to  real  problems  must  rely  heavily  on  grabbing  the  immediate,  almost  obvious 
device  [McCarthy 79b] 

Some  of  the  trouble  associated  with  the  Val  function  could  have  been  avoided.  It  is  not  a  necessary 
operator,  the  same  result  being  indicated  for  pieces  still  uncaptured  by  the  corresponding  valueon 
the  appropriate  board.  That  is,  Val  (p  x)  -  Valueon  (Tboard  p,  Pospcf  (p  x)).  This  would 
result  in  a  clean  partition  between  piece  and  value,  along  the  same  line  that  divides  position  and 
board  It  would,  however,  result  in  a  larger  and  more  cumbersome  proof,  as  the  translation,  and  its 
preconditions,  would  need  frequent  justification.  Hence,  we  see  Val  to  be  a  simplifying  function,  a 
short  expression  of  a  common  notion. 
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Section  5.2.4  Expanding  the  Vision  of  the  Chess  Eye 

Along  with  the  mote  obvious  (or,  at  least,  having  selected  the  system  framework,  obvious)  functions 
and  predicates  of  our  system,  we  note  several  more  creative  and  intrusive  functions  and  predicates. 
These  functions  and  predicates  serve  two  functions.  In  some  cases  the  predicate  is  of  a  definitional 
nature  That  is,  it  is  a  short  expression  of  a  frequently  invoked  notion.  An  example  of  this 
definitional  form  is  the  predicate  PRCMOTEDPAWN.  This  predicate  could  be  dispensed  with  by 
substituting  its  definition  (axiom  MCONSEOI)  for  each  of  its  occurrences,  a  mechanical  process.  Its 
sole  value  lies  in  providing  economy  of  expression. 

This  use  of  definitional  predicates  is  a  common  device  in  first  order  logic,  and  deserves  no  further 
comment.  More  interesting  are  the  constructive  functions  of  this  axiomatization,  such  as  the 
Unmkmove  and  SQUARE_6ETL'EEN  operators.  They  different  from  the  simpler  definitional  axioms,  and 
from  all  conventional  logic  definitions,  in  that  they  have  associated  attachments  in  the  chess  eye. 

Consider  the  example  of  the  Unmkmove  functions,  which  take  a  board  and  a  move,  and  return  the 
board  of  the  previous  position.  We  are  performing  here  what  is  (for  a  human)  an  essentially 
mechanical  and  observational  task.  However,  to  do  the  same  work  in  a  purely  inferential  framework 
requires  both  the  declarations  of  another  individual  board,  and  a  quantification  check  of  the 
essential  identity  of  that  board,  and  the  original  board,  on  all  of  the  uninvolved  squares.  Much 
effort  is  saved  through  the  pure  computation.  Or,  in  the  local  colloquial,  it's  a  winner. 

What  we  must  catalogue  here  instead  is  a  pair  of  retrospective  regrets.  For  one  thing,  a  regret  at  not 
using  this  device  to  greater  advantage.  A  second  regret  at  the  limits  of  the  application  of  this  device 
in  our  present  FOL  system.  As  the  chess  eye  is  limited  to  computing  on  constants,  there  is  no 
mechanism  for  computing  on  the  known  properties  of  parametric  objects,  other  than  the  clumsy  use 
of  a  constant  undefined.  We  will  consider  this  regret  in  greater  detail  in  section  5.8.. 

Section  5.2.5  Other  Natural  and  Unnatural  Notions 

We  conclude  with  a  few  additional  comments  on  several  of  the  minor  sorts  mentioned  in  section 

2.1.1. 

Many  of  the  declarations  and  much  of  organization  of  this  proof  is  devoted  to  simplifying  the 
inference  process.  However,  we  must  report  that  such  simplification  has  not  been  pursued  at  the  cost 
of  sacrificing  aesthetic  values.  An  example  of  this  devotion  is  the  sort  MOVES.  It  is  a  very  common 
notion  to  speak  of,  for  example,  the  move  that  reached  this  position,  or  the  possible  moves  available 
in  this  position,  or  of  the  move  that  brought  some  piece  to  some  square.  Hence,  the  sort  of  MOVES, 
and  the  function  Move,  which  extracts  the  last  move  made  to  reach  its  argument  position. 

However,  careful  examination  of  the  entire  proof  reveals  that  never  is  a  move  referred  to,  except  to 
speak  of  the  move  of  a  position.66  Each  of  the  common  functions  on  a  move,  such  as  From  and 
Mover  is  invariably  invoked  on  the  Move  of  some  GAMEPOSITION.  The  proof  would  be  somewhat 
simplified  by  the  deletion  of  the  MOVES  predicate.  However,  the  aesthetic  criteria  (it  is.  after  all,  a 
natural  notion)  demand  its  retention. 

Perhaps  one  of  the  most  obvious  sorts  is  that  of  COLORS.  After  all,  the  combat  of  the  black  and 


66  A  •light  exception  occur*  har#  with  raapact  to  lemma*  aolaly  concarnad  with  the  atructure  of  th«  move  hierarchy  (each  •• 

MOVETYPES)  However,  like  tho  major  uaaa  of  movaa,  tha  ut*  of  •  "aort"  of  movaa  »a  not  required  htra,  either 
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white  armies  is  fundamental  metaphor  of  the  game  But  even  within  this  natural  division,  there 
remains  room  for  choice.  It  is  convenient  to  have  one’s  functions  always  evaluate  to  some  value. 
We  speak,  for  instance,  of  the  Piececolor  UKasUlHJTE.  What  then  should  the  Pi  ececo  I  or  EMPTY 
be?  We  considered  introducing  GREY,  the  color  of  the  piece  on  any  empty  square.  But,  once  again, 
this  can  hardly  be  defended  as  a  natural  notion.  Secondly,  and  perhaps  more  importantly,  it  is  not 
dear  that  having  a  GREY  would  serve  to  reduce  the  sue  of  proofs. 

Even  as  obvious  a  sort  as  the  squares  of  the  chessboard  requires  some  decisions  We  did  not 
originally  perceive  the  need  for  referencing  the  coordinates  of  squares  (rows  and  column)  at  all. 
Later,  as  we  needed  to  squeeze  proofs  where  simplification  could  not  carry  us.  these  sorts  became 
required  It  is  clear  that  we  do  not  want  to  depend  solely  on  coordinate  pairs,  however.  Most 
square  references  need  be  only  to  fixed  squares.  The  differences  between  rows  and  columns  in  the 
axioms  could  have  been  deleted,  at  the  cost  of  a  slight  increase  in  incomprehensibility,  and  a  slight 
decrease  in  length  of  proofs.  Of  course,  if  these  axioms  were  to  be  used  in  situations  requiring  more 
algebraic  manipulation  of  row  and  column  values,  the  definitions  of  these  sorts  would  require 
suitable  expansion. 

Section  5.3  Alternatives 

So  far,  we  have  been  examining  the  "micro"  decisions  involved  in  generating  these  axioms, 
considering  choices  from  within  our  selected  framework.  While  we  believe  that  the  representations 
chosen  have  been  generally  appropriate,  it  is  still  worthwhile  to  consider  the  consequences  of  various 
alternate  choices. 

Section  5.3.1  Levels  of  Axioniatization 

Elsewhere  in  this  paper  (chapter  2)  we  spoke  briefly  about  the  choice  of  level  of  the  axiomatization. 
Let  us  reiterate  on  that  notion. 

Almost  any  large  mathematical  proof  can  be  made  arbitrarily  easy  or  difficult  by  the  selection  of  the 
initial  axiom  structure  The  situation  in  the  chess  world  is  essentially  similar.  For  example,  if  we 
had  taken  all  of  the  lemmas  in  appendix  A  as  theorems  (all  of  them  are  "facts"  obvious  to  any 
experienced  puzzle  solver),  this  paper  would  be  considerably  smaller.  Even  beyond  merely 
presentation  of  multiple  lemmas,  it  should  be  possible  to  restructure  the  problem  so  that  it  is  no 
longer  a  formal  proof,  but,  rather,  the  sequential  application  of  various  "rules"  for  the  solution  of 
chess  puzzles.  But  certainly,  the  more  specific  and  useful  the  given  rules  to  this  particular  problem, 
the  less  capable  they  would  be  of  expressing  other  kinds  of  chess  puzzles. 

We  could,  of  course,  have  proceeded  in  the  opposite  direction,  defining,  for  example,  the  various 
piece  movements  as  mathematical  relationships,  and  entangled  ourselves  in  the  mathematical 
structure  when  proving  even  a  simple  move.  While  there  are  certainly  many  things  thereby 
expressible  that  are  difficult  to  state  in  the  present  axiomatization,  the  resulting  proofs  might  easily 
be  an  order  of  magnitude  larger. 

Perhaps  the  only  moral  to  this  section  is  that  one  can  make  any  problem  arbitrarily  difficult  (and 
most  problems  arbitrarily  easy)  by  selecting  a  suitable  starting  place,  the  given  conditions.  And  that 
the  size  of  this  paper,  and  the  complexity  of  the  proofs  is  a  reflection  of  our  opinion  of  the 
appropriate  generality  of  our  axioms.  Though  this  "moral"  may  seem  obvious,  it  is  an  important 
criterion  in  the  evaluation  of  any  intelligent  computer  system. 
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Section  5.3.2  Prior's  Modal  Tense  Logic  and  Positions 

We  have  not,  of  course,  presented  enough  evidence  to  conclude  that  first  order  logic,  even  augmented 
by  semantic  procedural  attachments,  is  a  general  enough  scheme  to  express  all  of  the  representation 
issues  our  intelligent  computer  will  ever  need.  It's  probably  not.  Even  within  the  context  of  first 
order  logic,  our  system  examines  only  a  minute  corner  of  the  universe  of  systems. 

One  notable  omission  is  the  lack,  in  our  system,  of  equivalents  of  the  various  modal  operators.  Our 
retrograde  chess  puzile  embodies  complete  knowledge;  there  is  no  issue  of  the  beliefs  of  individuals 
(in  fact,  no  individuals).  While  a  forward  (competitive)  analysis  might  include  operators  referring  to 
the  desires  and  goals  of  the  players,  our  backwards  attention  precludes  even  this.67 

Perhaps  the  one  parallel  to  modal  systems  we  can  draw  is  to  modal  tense  logics,  for  example,  the 
modal  tense  logic  of  Prior  ([Prior57],  [PriorGS]) 

Simply  stated,  Prior’s  system  employes  two  modal  operators,  V?  and  If.  which  signify  Past  and 
Future,  respectively.  Thus,  for  some  proposition  n,  V?  »  states  that  n  was  true  at  some  time  in  the 
past;  similarly,  If  n  asserts  n’s  occasioned  future  truth. 

Now,  as  we  deal  with  retrograde  analysis,  V*  is  certainly  the  interesting  operator.  Thus,  we  might  say, 
if  that  fawn  is  on  this  square,  then  it  is  true  that,  in  the  past,  that  pawn  captured  an  opposing  piece  on 
that  squaie.  This  may  be  contrasted  with  our  present  formulation  of,  if  that  pawn  is  on  this  square, 
then  there  existed  a  position  in  the  course  of  this  game,  for  which  the  move  of  that  position  was  a  capture 
by  that  pawn  on  that  square  of  an  opposing  chessman. 

Notice  that  our  present  notation  is  stating  more  than  this  modality.  The  hypothesis  asserts  not  only 
the  capture,  but  also  presents  us  with  the  occasion  (position)  in  which  the  capture  occurred.  More 
particularly,  we  can  easily  express  in  the  present  system  anything  asserted  m  the  modal  system. 
Thus,  if  there  is  to  be  any  advantage  to  employing  the  modal  Vj*  operator,  it  must  come  from 
permitting  the  deletion  of  some  part  of  our  present  system.  The  obvious  candidate  for  this 
elimination  is  our  state  vector,  the  position. 

Now,  by  explicitly  inventing  the  state  where  some  proposition  was  true,  we  easily  get  both 
quantifications,  there  existed  a  time  when  it  was  true,  and  it  was  always  true.  Expressed  in  a  modal 
form,  these  become  it  was  true  in  the  past  (if  a),  and  there  was  no  time  when  it  was  not  tn/e  (-V*-m). 
somewhat  clumsier,  but  still  useable.  Expressions  of  more  complicated  notion  compound  the 
complexity  produced  by  the  modal  operator,  on  the  other  hand,  there  are  a  few  situations  where  its 
employment  would  save  a  few  steps. 

Perhaps  the  major  contrast  between  the  current  positions  and  the  modal  V?  operator  is  that  the 
proposition  asserted  by  the  modal  operator  is  one  about  the  current  situation;  while  the  positional 
state  vector  makes  a  statement  about  a  similar  state  vector,  and  then  relates  the  two  This  would  be 
true  even  if  the  modal  operator  was  defined  upon  a  "board  like"  vector,  rather  than  our  present 
positions  As  the  axioms  necessarily  define  attributes  of  states,  they  can  easily  be  used  to  manipulate 
the  resulting  contrived  state.  Effectively,  the  current  system  gives  a  more  particular  individual  to 
manipulate.  A  general  moral  of  this  research,  echoed  elsewhere  (section  5.6. *1)  is  that  one  is  better  off 
with  a  function  that  returns  an  individual,  than  a  predicate  presumed  true  about  some  less  specified 
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thing  But  just  as  the  predicate  could  work,  our  system  could  probably  the  transformed  (kicking  and 
screaming)  into  the  modal  form. 

Section  5.3.3  Filling  in  the  Blanks 

A  naive  approach  to  this  representation  problem,  particularly  that  of  someone  used  to  programing 
computers,  and  not  considering  the  philosophical  representation  issues  of  artificial  intelligence,  would 
be  what  we  call  Me  fill  in  Me  Minis  approach.  This  approach  goes  somewhat  like  this 

WV  We  a  situation  (a  board)  as  a  problem.  This  board  consists  of  sixty  four  squares.  We  "write"  on  each 
square  whatever  we  know  about  that  square.  For  example,  in  the  given  problem,  we  might  state  that  the 
B02  square  has  some  white  rooked  value,  while  the  Wi>R4  square  is  unknown.  BV  might  have  another 
table,  that  of  the  location  of  each  piece  { the  white  king  is  on  BKRI),  and  so  forth  Eventually,  by 
manipulating  the  rules  relating  these  tables,  and  filling  in  entries  of  the  tables,  we  would  arrive  at  our 
answer. 

This  approach  bears  a  cursory  resemblance  to  formal  logic  The  information  contained  in  any  table 
entry  is  simply  expressible  as  a  WFF  of  the  predicate  calculus.  The  table  entry  form  is  probably 
more  convenient  for  heuristic  manipulation.  The  programming  table  entry  system  differs  from  the 
proof  approach  (and  resembles  the  planner-like  languages)  in  that  things  can  be  both  "true"  and 
"false"  at  different  points  in  the  proof. 

This  system  fails,  however,  in  two  important  respects  For  one.  lacking  the  development  and 
dependencies  of  the  formal  proof,  it  is  difficult  to  express  case  analysis,  a  very  important  technique 
While  it  is  true  that  case  selections  can  be  made  in  this  system  by  employing  a  recursive  branching 
scheme,  one  might  then  discover  that  one  is  proving  the  same  fact  repeatedly  for  each  of  the 
different  cases.68 

More  importantly,  this  simple  scheme  is  unable  to  express  first  order  facts  about  the  chess  world 
Thus,  while  we  could  tell  this  system  Bishops  always  stay  cm  the  same  color  square,  (and  have  it  use  that 
rule  its  derivations),  there  is  no  way  to  derive  or  expiess  that  notion  within  the  system. 

We  sec  that  what  we  have  here  a  confusion  of  a  possible  data  structure  (a  representation)  for  an 
epistemology  (another  kind  of  representation).69  We  have  inserted  this  straw  man  not  so  much  as  an 
example  of  a  competitive  system  we  wish  to  denigrate,  but,  rather,  in  the  hope  of  clarifying  the 
confusion  surrounding  the  word  representation  as  we  have  been  using  it  in  this  paper 

Section  5.4  Oui  K<  presentation  Applied  to  Other  Problems 

So  far,  our  attention  has  been  concentrated  on  one  specific  example.  It  is  worthwhile  to  examine 
how  other  problems  would  look  in  our  formalism,  without  having  to  detail  the  entire  proofs. 


68  Cat*  anatyaia  Kara  rafar*  lo  con*idtnn(  tacit  el  Ilia  potato)*  valuta  a  |ivan  unknown  might  Nava  Tltua,  in  our  onfinal 

proto  lam,  lltara  wa  twalva  poaatola  thaaa  vafua*  for  tha  faMan  prnca  In  aacto  of  lhaaa  ctaaa,  Ihara  ara  an  poaatola  valuta  for  Uta 
capturtd  black  piact,  and  to  forth  C marly,  an  unwialdy  athanta 


69 
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Section  5.4.1  Where  was  the  King 


Consider  the  following  problem  of  retrograde  analysis.  We  are  presented  with  the  board  in  figure 
45,  and  told  that  the  white  king  has  fallen  off;  our  problem  is  to  determine  his  falling  square.  70 


li'  here  uni  the  white  king ? 


figure  4  5 

This  problem,  while  of  similar  retrograde  form,  differs  in  a  very  important  respect  from  our  earlier 
problem.  Our  earlier  proof,  and  its  axiom  structure,  are  primarily  concerned  with  almost  completely 
defined  boards  Here,  too,  we  have  an  almost  completely  defined  board.  In  the  former  problem, 
however,  the  undefined  element  was  confined  to  a  single  square.  Here  we  must  contend  with  finding 
the  undefined  square. 

Note  that  our  earlier  proof  used,  essentially,  a  list  of  squares  and  the  pieces  occupying  them;  here,  we 
would  prefer  a  list  of  pieces  and  their  squares 

However,  despite  these  difficulties,  the  problem  is  still  tractable  within  our  notation.  We  outline  its 
solution. 

The  first  step  is,  of  course,  to  express  the  goal  WFF  in  our  formalism.  Let  the  board  of  figure  45  be 
called  UHEREJCING.  We  know  that  there  is  some  position,  px,  whose  total  board  is  the  same  as  the 
board  UHERE_KING,  except  that  on  some  square  sq.  px  is  not  empty,  but  rather  contains  the  white 
king.  We  must  therefore  assume  a  WFF  of  the  form: 

Vsql.  (Valueon(UHERE_KlNG, sql) -Va I ueon (Tboard  px,6ql)v 
ValueontTboard  px ,  sql )  -fCU ) 

That  is,  the  total  board  of  px  agrees  with  UHEREJCING,  except  in  those  squares  where  the  total  board 
of  px  has  a  white  king  value. 

We  will  be  able  to  conclude  a  WFF  of  the  form. 


70  This  problem  it  from  [Gtrdnor73] 
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Valueondboard  px,sq)«KU 

where  sq  is  the  name  of  some  individual  square.  (UQB3  in  this  case). 

The  proof  first  splits  into  three  cases.  Either  the  white  king  is  on  UQB2,  UQN3,  or  some  other 
square.  We  can  easily  prove  the  general  chess  theorem: 

Vpx.  3sq.  Pos(px  sq)-UK 

that  is,  the  white  king  is  on  some  square  in  every  (implicitly  legal)  position.  We  obtain  a  parameter 
for  this  square,  let  us  call  it  sqx.  Hence,  it  tautologically  follows  that. 

sqx-UQ82  v  sqx«WQN3  v  (-'sqx-UQB2A-'sqx-UQN3) 

It  is  a  simple  chess  theorem  to  show  that  the  two  kings  cannot  coexist  on  neighboring  squares. 
Hence,  sqx  is  not  UQ82. 

Vpx  0  sql  sq2.  ( (BOARO  (px  b)  aKINGMOVE  (sql  sq2)):> 

-’(Valueontb  sql)-KUAValueon(b  sq2)«KB)) 

If  the  white  king  were  on  UQN3,  then  would  be  checked  by  both  the  black  rook  and  bishop  Now, 
checks  can  occur  only  four  ways  (theorem  _CheckTyp0s_).  Black’s  last  move  was  certainly  not  a 
castle,  for  his  king  is  not  on  a  castling  square.  There  is  no  bi«c!  pawn  present  to  have  just  t  iptured 
en  passant.  Therefore,  for  each  check,  either  the  checking  piece  made  the  last  move  for  black,  or  the 
check  was  a  discovered  check.  Since  neither  the  bishop  nor  the  rook  could  have  move  out  of  the 
other’s  way  and  given  check,  the  situation  is  clearly  impossible.  Hence,  the  white  king  is  not  on 
either  of  these  squares. 

But  then  these  squares  must  be  empty,  and  the  white  bishop  checking  the  black  king. 

Valueondboard  px,  UQB2I-MT  a  Valueondboard  px,  UQN3)-f1T 
MOVETOdboard  px,  BU,  WQR4,  UQ1)  a  ValueonlTboard  px,  UQR4)«BU  a 
Valueondboard  px,  WQ1)-KB 

It  must  be  black's  move. 

Now,  this  bishop  is  cornered  (section  3.4.2),  unable  to  have  moved  to  have  created  this  check. 
Hence,  white's  last  move  must  have  taken  a  white  piece  out  from  between  the  bishop  and  the  king. 

SQUARE _BETUEEN (UQR4,  From  Move  px,  UQ1)  a  -■  Mover  Move  px  ■  Poe(px  UQR4) 

But  there  is  only  one  other  available  piece,  the  white  king,  to  have  made  this  discovery,  and  only 
two  squares,  (UQB2  and  UQN3,  again)  between  the  bishop  and  the  black  king.  The  white  king  was 
certainly  not  on  UQB2,  as  we  have  stated,  kings  are  never  in  mutual  check. 

Therefore,  the  white  king  much  be  on  WQN3  in  Prevpoa  px.  Now,  we  know  that  all  the  squares  in 
Prevpos  px  have  the  same  value  as  in  px,  except  the  To  and  From  squares  of  that  move.  The  From 
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square  had  the  white  king.  The  To  square  was  either  empty,  or  was  occupied  by  a  soon  to  be 
captured  black  piece. 

If  the  white  king  is  on  UQN3,  a  situation  similar  to  the  previous  one  arises.  Black  did  not  create  the 
check  by  castling,  nor  did  the  bishop  nor  the  rook  move  to  cause  that  double  check.  But  wait.  The 
board  in  this  position  is  not  the  same  as  the  given  board.  We  know  that  all  of  the  squares  have  the 
same  value,  except  the  square  to  which  the  white  king  moved  in  generating  the  position  px.  This 
square  could  have  contained  a  to  be  captured  black  piece,  or,  more  specifically,  the  black  pawn  that 
has  created  this  double  check  situation  through  an  tn  passant  capture.  That  pawn  must  have  been 
on  UQB3,  and  that  must  be  the  current  square  for  the  white  king. 

Valueondboard  px,  UIQB3 )  -  KU 
Section  5.4.2  Berliner's  problem 

Of  course,  the  problem  we  argued  in  the  last  section  is  basically  similar  to  sort  of  retrograde  analysis 
for  which  these  axioms  were  composed.  Let  us  briefly  consider  then,  how  an  entirely  different  sort  of 
problem  might  be  expressed  in  a  suitable  extension  of  this  notation. 

We  consider  board  1.7  from  Berliner's  thesis  [Bcrliner74],  the  position  diagrammed  injure  46. 


figure  46 


Here  the  problem  is  of  a  different  nature;  rather  than  analyzing  the  ingredients  that  composed  this 
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position,  we  instead  have  a  more  familiar  task:71  proving  a  strategy  to  lead  white  to  victory. 

What  is  essential  here  is  expressing  the  notion  that  white  can  move  his  king  around  the  pawn 
formation,  and  then  to  either  capture  the  diagonal  of  black  pawns,  or  promote  his  own.  We  expect 
some  evaluation  function  to  recognize  that  both  of  these  are  won  positions. 

Our  current  axiomatization  obviously  requires  some  extension  before  tackling  this  task.  Our  axioms 
look  backwards;  there  is  no  expression  that  defines  the  legal  successors  of  a  position.  Rather,  we  only 
restrict  these  successions.  We  hypothesize  that  suitable  conditions  from  the  appropriate  MCONSEQ 
axioms  (section  2.2. I  I)  have  been  assembled  into  this  definition,  and  that  our  simplifier  easily 
recognizes  the  trivial  cases  of  succession.  We  also  hypothesize  the  simplification  predicate 
UHI TE_HAS_U0N  on  some  board  or  positional  object,  and  a  predicate  on  two  positions, 
UH I TE_CAN_ ACCOMPLISH.  UHI  TE_CAN_ACCOMPllSH(pl ,p2)  will  be  true  if  white  can  force  a  position 
with  the  properties  of  position  p2,  starting  at  position  pi.  We  might  have  an  axiom  schema  of  the 
form: 


Vpl  p2.  ( (UHlTE_CAN_ACCOMPLISHlpl  P2)a  -UHI  IE  TURN  p2  a 

Vp3.  (SUCCESSOR (p2  p3)o  3p4  . ( (SUCESS0R(p3  p4)  a  a  p4  111)  d 

3p.  (a  pa  UHI TE_CAN_ACCOMPLISH(pl  p)A  -44HI TETURN  pA  Prevpos  Prevpos  p-p2) ) 

That  is,  we  assume  that  p2  could  be  accomplished  from  a  position  pi,  and  p2  has  black  on  move. 
For  each  of  black's  legal  replies,  p3,  white  has  an  answer,  p4,  for  which  some  predicate  a  holds.  It  is 
therefore  the  case  that  there  then  exists72  a  p  which  white  can  reach  from  pi,  is  black’s  turn,  and 
can  be  accomplished  by  white,  is  two  moves  after  p2,  and  in  which  the  predicate  a  is  still  true.73 

It  is  fundamentally  true  that: 

Vp.  UH 1 TE_CAN_ACCOMPL 1 SH ( p , p) 

that  is,  white  can  always  accomplish  the  current  state  from  the  current  state. 


7  I  Or,  it  !••*<  to  tho«o  whoae  experience  with  chni  corn**  from  playing  it,  familiar  Ink. 

72  Thi*  It,  admittedly,  a  rathar  fanciful  eaiate.  What  eniata  here  la  not  ao  much  a  poaition,  ae  a  poeition  for  each  poeeible 

reeponee,  all  of  which  ahare  aome  common  proportion  (thoae  indicated  by  the  predicate  parameter).  However,  ee  nothing  con  be  proven 
about  the  ebetroct  poaitione  beeidee  the  information  in  the  parameter,  and  the  knowledge  implicit  in  their  opecific  common  grandfother 
(p2),  thio  device  will  eucceed 


73 


A  eimilar  axiom  for  whito'e  turn  may  be  formed  by  revere ing  the  eecond  clauae'a  quantifier* 
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We  first  establish  that  for  any  position  with  the  given  pawn  structure,  if  the  black  king  is  not  on  one 
of  the  boxed  squares  in  figurt  47,  then  UHITE_HAS_UION. 


Jigurt  47 


Let  us  call  the  given  position  px. 

Now,  by  the  hypothesized  rules  of  WH1  TE_CAN_ACCOMPLISH,  the  successive  predicates 

3pj.  (UHITE_HAS_UON  p;  v  (PREDEGAME (px.  Pi)AUHITE_CAN_ACCOnPLlSH(px,  Pi)A 
(Poe(p|  ,BQ1)-Bkv. . .  (through  each  of  the  boxed  squares) )  a 
Po8(pj , sq ; ) -UK  )) 

(where  the  eq  ,  range  through  the  sequence  UQB2,  UQN2,  UQR3,  UQN4,  BQB4)  are  all  derivable. 

Having  brought  the  white  king  around  to  black's  side,  we  could  complete  our  proof  by  describing 
the  little  dance  the  monarchs  engage  as  the  white  king  pushes  the  black  king  away  from  the  pawn 
on  BK3.  When  the  white  king  arrives  at  BQB4,  either  the  black  king  is  on  BQ2,  or  some  other  of  the 
boxed  squares  (or  white  has  a  won  position).  The  case  analysis  continues  for  a  few  more  ply,  and  is 
not  very  instructive. 

We  hope  with  these  two  examples  that  we  have  indicated  that  our  axiomatization  structure  is 
general  enough  to  express  more  that  the  single  problem  whose  detailed  solution  we  have  presented. 

Section  5.5  The  Limitations  of  this  Axiomatization 

Of  course,  any  statement  about  epistemological  or  heuristic  approaches  to  A.I.  ought  to  include  a 
disclaimer  cataloguing  what  that  formalization  is  unable  to  solve  or  express. 

We  have  are  listing  two  different  sorts  of  limitations;  first,  those  places  where  our  proof,  as  presented 
in  chapter  4,  fails  to  adequately  model  the  human  solution,  and  secondly,  a  consideration  of  our 
axiomatization's  ability  to  handle  various  other  sorts  of  chess  problems. 


M  - vw.' ..  -  -jy-  I-  ...... MMfcUtl 
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Section  5.5.1  Difficulties  Encountered  in  Generating  this  Proof 

A  comparison  of  the  informal  proof  of  section  1.6.2  and  the  FOL  proof  of  chapter  4  shows  the  FOL 
proof  to  be  substantially  longer  in  handling  two  particular  kinds  of  reasoning.  A  human  puzzle 
solver  can  quickly  check  if  a  condition  is  satisfied  by  all  pieces  on  the  board.  For  example,  the  single 
human  step  5.3.1,  a  check  that  none  of  the  black  pieces  could  have  moved  to  discover  check  (if  the 
captured  piece,  ZO.  had  been  rook  or  queen),  is  transformed  Into  steps  101- M3  in  the  FOL  proof.  In 
simple  cases,  the  quantification  checking  ability  of  FOL  simplification  mechanism  can  handle  this 
situation.  However,  in  the  case  of  complicated  predicates  such  as  those  used  in  steps  101-143,  the 
preparation  required  to  satisfy  the  proof  checker  about  the  appropriate  simplifications  was  much 
greater  than  even  the  forty  steps  expended.  More  concisely,  FOL  is  not  as  capable  of  checking 
predicates  true  of  several  objects  on  the  board  (for  different  reasons)  as  is  a  human. 

Nor  have  we  approached  the  human  capacity  for  set  maiiipu.  ">  For  example,  in  observing  pawn 
captures,  such  as  step  1 1,  the  human  quickly  and  naturally  perceives  the  mutual  exclusion 
(inequality)  of  the  members  of  the  capture  set.  That  is,  the  human  can  say,  "Black  captured  four  (or 
five,  or  six)  white  pieces  on  white  squares."  He  understands  quickly  and  easily  the  essential 
inequality  of  these  captured  pieces,  and  the  various  restrictions  on  their  values  (for  example,  none  of 
the  pieces  currently  on  the  board  was  captured).  Our  axiomatization,  reluctant  to  do  either 
arithmetic  or  set  theory,  and  bound,  as  it  is,  to  the  heavy  quantifier  manipulations  of  natural 
deduction,  cannot  express  this  notion  as  easily.  Rather,  we  must,  for  each  capture,  hypothesize  the 
move  that  the  capture  was  made  on,  and  the  captured  piece,  and  prove  the  pairwise  inequality  of 
the  various  captured  chesspieces.  Thus,  for  example,  the  information  quickly  apparent  to  the 
human  puzzle  solver,  after  he  notices  the  four  piece  captures,  requires  steps  301-330  of  the  main 
proof. 

This  problem  is  not,  we  feel,  due  to  the  clumsiness  of  the  position  (state  vector)  approach.  Rather, 
our  restriction  to  first  order  formalism,  and  our  refusal  to  enmesh  ourselves  in  a  generalized  set 
theory,  has  created  a  situation  which  requires  dealing  with  each  individual,  individually.  Our 
problem  is  still  small  enough  that  this  is  a  reasonable  activity;  however,  a  system  that  would  need  to 
deduce  truths  about  many  objects  would  certainly  need  a  more  universal  mechanism  (set  operators, 
for  example)  for  manipulating  sets  of  objects. 

Section  5.5.2  Epistemological  Axiomatic  Limitations 

There  are  more  thing!  in  heaven  and  earth,  Horatio, 

than  are  dreamt  of  in  your  philoiophy. 

Hamlet,  /let  I,  Scene  S 

One  of  the  nice  things  about  a  formal  logic  systems  is  the  ability  to  easily  extend  the  formalism,  by 
the  addition  of  new  constants,  axioms  and  attachments,  to  handle  unforeseen  or  incompletely  covered 
situations.  Thus,  while  we  have  interpretted  our  task  to  be  axiomatization  of  retrograde  chess,  it  is  a 
simple  extension  to  include  a  definition  of  the  SUCCESSOR  relation,  appropriate  and  useful  Makemove 
functions  (with  attachments)  and  thereon  to  do  forward  analysis  for  chess.  We  have  briefly  touched 
upon  these  notions  in  considering  Berliner's  problem,  section  5.4.2.  However,  as  currently 
constituted,  our  axioms  of  chapter  2  are  not  capable  of  handling  problems  requiring  this  kind  of 
forward  analysis. 
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In  any  case,  the  purpose  of  this  section  is  to  detail  which  kinds  of  chess  puzzles  this  axiomatization, 
in  its  current  form,  has  trouble  expressing. 

Certainly  the  most  common  of  all  chess  puzzles  are  the  white  to  play  and  mate  in  n  moves  variety. 
For  n  sufficiently  small,  we  really  must  confess  lack  of  interest  in  most  examples  of  this  type  of 
puzzle.  Given  the  definitions  of  forward  movement,  and  appropriate  attachments,  such  puzzles  are 
easy  single  step  simplifications  in  FOL.  A  few  of  these  puzzles  rely  on  the  ability  to  castle  or  capture 
en  passant,  and  the  justifications  for  en  passant  capture  are  occasionally  quite  complex,  involving  the 
sort  of  retrograde  analysis  we  have  been  doing  in  this  paper.  These  axioms  are,  of  course,  quite 
suited  for  that  kind  of  analysis.  Castling  in  mate  in  n  puzzles  has  a  more  complex  position;  one  can 
almost  never  prove  that  castling  is  legal,  though  often  there  is  no  reason  to  presume  it  illegal.  These 
axioms  can  be  used  to  prove,  in  the  usual  retrograde  way,  castling  illegal,  or  the  problem  statement 
appended  to  include  the  appropriate  restrictions  on  the  position  to  imply  its  legality. 74  A  minor  fillip 
can  be  provided  to  these  mate  in  n  problems  by  the  addition  of  fairy  chess  pieces  [Dawson73].75  Of 
course,  our  axioms  would  need  the  natural  extensions  to  handle  fairy  chess  pieces. 

A  more  complex  situation  is  presented  by  the  problems  of  the  form  white  to  play  and  win  (draw). 
What  we  have  here  is  an  extension  described  by  the  UHJTE_CAN_ACCOflPLISH  predicate  of  section 
5.4.2.  Additionally,  there  is  the  necessity  of  defining  the  predicates  UHI TEJHASJJON  and 
TH1  S_1  S_A_DRAU.  Clearly,  they  are  non-trivial  predicates,  though  they  can  be  well  defined  in  certain 
circumstances  (particularly  if  white  has  a  forced  mate  in  n,  an  overwhelming  material  advantage  of 
certain  kinds  (king  and  queen  against  king,  for  example)  or  insufficient  material  exists  to  force  a  win 
(king  and  bishop  against  king  and  knight).  What  might  be  a  trivial  win  for  a  chess  master  can  be 
completely  opaque  to  average  player.  We  imagine  the  attachments  to  such  predicates  would  rely 
heavily  on  the  I_D0NT_KN0U  response  available  in  the  attachment  mechanism  (section  2. 1.7.2). 
Similarly,  self  mates  and  help  mates  require  different  definitions  of  the  CAN_ACCOMP I SH  predicates. 

In  some  sense,  these  are  examples  of  construction  problems:  the  problem  solver  is  to  present  a 
sequence  satisfying  some  property.  Another  type  of  construction  problem,  for  which  these  axioms 
are  very  ill-equipped,  and  which  lies  on  the  periphery  of  chess  problems,  are  problems  of  the  form, 
construct  the  board  with  the  most  (fewest)  legal  moves  (captures,  promotions,  ...).  Solutions  to  these  sorts 
of  problems  are  usually  presented  as  "this  is  the  best  known  solution",  rather  than  "here  is  the 
solution,  and  this  is  why  one  can’t  do  any  better."  As  our  system  is  directed  towards  proof  and 
confirmation,  it  is  naturally  incapable  of  commenting  on  such  results. 

But,  needless  to  say,  these  are  not  the  tasks  this  axiomatization  has  been  directed  towards.  Rather, 
we  were  considering  retrograde  analysis  in  our  definitions,  and  it  is  more  reasonable  to  inquire 
where,  our  retrograde  failures  would  lie. 

It  should  be  clear  by  now  that  the  mathematical  knowledge  represented  by  these  axioms  is  very 
minuscule.  All  mathematical  manipulations  have  been  accomplished  by  considering  each  case  on 
our  finite  board  separately,  or  by  actually  performing  the  implicit  calculations  in  the  simplification 


74  One  re»der  of  a  dr»ft  of  this  paper  inquired  how  the  question  "Assume  castling  is  legal  unless  you  can  prove  otherwise" 
might  be  handled.  In  general,  this  is  an  undeCidable  question;  any  axiom  ayatem  as  powerful  as  ours  is  incapable  to  proving  whether  or 
not  certain  statements  ere  theorems.  This  fallows  from  the  G^del  undecidability  result. 

75  Fairy  chess  pieces  are  fancifu.1' chess  pieces  with  usual  moves.  Consider,  for  example,  Dawson's  Grasshopper  and  Nightrider 

A  Nightrider  may  make  consecutive  knigffl's  moves,  in  a  straight  line;  the  Grasshopper  moves  along  the  orthogonala  end  diagonals,  but 
only  by  hopping  over  one  man  of  either  color  to  the  next  square  beyond  The  reader  interested  in  this  mythology  is  invited  to  consult 
Dawson’s  book.  / 
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mechanism.  This  is  dearly  impractical  for  problems  that  rely  on  more  complicated  mathematical 
deductions.  Similarly,  those  inferences  promoted  by  set  theoretic  and  counting  arguments  are  painful 
tautology  decisions  in  the  current  system;  it  is  easy  to  construct  examples  of  sets  too  large  to  be 
handled  this  way. 

The  current  axiomatization  is  orient*'  owards  unknowns  centered  around  particular  squares. 
Unknowns  centered  around  unknown  squaies  would  cause  greater  difficulty  for  the  simplification 
oriented  system,  though  ought  not  to  be  impossible  (section  5.4.1). 

Another  difficulty  with  this  axiomatization  is  its  insistence  upon  centering  the  problem  around  a 
specific  squares  and  boards.  For  example,  the  question  h  white  in  check  on  the  piece  of  a  board  in 
figure  48: 


1 1  white  in  check  on  chit  fragment? 
figure  4S 

is  obviously  observationally  true,  but  its  phrasing  in  this  axiomatization  would  appear  as: 

(Valueon(b,Makesquare(drx,dcx))=KWAl/alueon(b,Makesquare(Bsucf  drx, 
dcx))=MT  a  Valueon(b,  Makesquare(Bsucf  Bsucf  drx,  dcx))sRB)  o 
WHITEINCHECK  b 

Hardly  the  natural  interpretation.  It  is  perhaps  true  that  a  notion  of  board  fragment  should  have 
been  included  in  the  axiomatization.  This  points  to  a  greater  difficulty  in  this  axiomatization;  that 
the  functions  and  objects  of  the  chess  model  are  not  robust  enough  to  handle  perversions  of  their 
original  sense.  These  attachments  were  the  obvious  simple  direct  functions  to  compute  the  obvious 
values;  they  were  adequate  (with  some  pushing  and  pulling)  to  function  as  the  chess  eye  for  this 
problem.  However,  it  is  now  clear  that  a  more  flexible  eye  would  be  appropriate  to  handling  a 
larger  variety  of  problems.  This  more  flexible  eye  would  probably  involve  much  more  complicated 
functions. 

A  more  germane  example  is  provided  by  the  following  problem  [Gardner59]: 
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figuif 

The  puzzle  here  is  to  recognize  that  (as  the  black  king  and  queen  are  on  the  wrong  color  squares) 
that  black  and  white  have  switched  sides,  with  the  black  pawns  advancing  to  the  seventh  rank. 
While  the  current  axiomatization  could  be  used  to  prove  that  the  given  board,  supposing  the  black 
pawns  on  the  second  rank,  is  not  the  board  of  any  legal  position,  the  "trick"  of  the  problem  cannot 
be  expressed  in  this  fixed  board  form. 

There  are  also  some  chess  puzzle  concepts,  such  as  "blocking  structure"  and  "path"  which  lack  the 
necessary  counterparts  in  our  axiomatization.  These  have  their  fumbling  expression  in  our  system 
(see,  for  example,  much  of  the  last  seventy  steps  of  the  main  proof),  but  this  expression  is  not 
entirely  satisfactory. 

Section  5.6  General  Representation  Issues 

Most  of  this  paper  has  been  dealing  with  representation  issues  of  the  chess  world.  If  we  did  not 
think  that  these  examinations  were  relevant  to  epistemological  issues  in  general,  we  could  not  justify 
the  attention  we  have  given  them.  It  is  worthwhile,  therefore,  to  turn  our  consideration  to  general 
representations  issues,  considering  the  light  shed  upon  them  by  our  example. 

Section  5.6.1  Multiple  Representations 

/I  description  mutl  ba  abla  lo  rrprrsanl  partial 
knowledge  about  an  entity  and  accommodate 
multiple  descriptor i  which  can  describe  the 
associated  entity  from  different  viewpoints. 

llobrow  and  Ifinograd 76 

One  of  the  more  complicated  prohlrr.x. .  generally  intelligent  computer  will  have  to  face  is  the 
difficulty  of  manipulating  the  various  aspects  and  forms  of  particular  objects.  Any  real  world  object 
(or  class  of  objects)  has  a  set  of  properties.  For  example,  the  book  In  front  of  me  is  red,  weighs 
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about  four  pounds,  is  made  of  paper,  occupies  a  certain  position  (particularly,  its  near  the  phone  and 
my  drinking  glass),  not  to  mention  the  diversity  of  the  information  recorded  within  it. 

Let  us  consider  merely  the  problem  of  manipulating  and  examining  the  book  in  space.  In  general, 
the  color,  content,  and  composition  of  the  object  are  not  relevant  to  this  task,  and  can  be  ignored.77 
They  serve  merely  to  confuse  the  heuristic  portion  of  the  program. 

Even  within  the  narrow  domain  concerned  with  the  locus  of  the  book,  there  exist  many  formats  for 
storing  locational  information.  The  bulk  and  location  of  the  book  might  be  represented  by  marking 
the  occupied  squares  on  a  visual  grid  [1].  We  might  encode  much  of  the  same  information  at  a 
higher  level,  as  a  series  of  coordinates  for  the  vertices  of  that  rectangular  parallelepiped  [2].  If  we’ve 
analyzed  the  scene,  a  linguistic  description,  such  as  tAt  book  is  to  tAt  rigAt  of  tAt  glass,  and  in  front  of 
tAt  telepAont  [3],  or  as  a  WFf  or  network,  with  explicit  links  or  predicates,  such  as 
RIGHT  OF( Book,  Class),  and  IN  .FRONT.  OF(Book,  T tit  phone)  [4]  might  be  the  appropriate 
structure.  Notice  that  we  have  here  four  different  ways  of  representing  what  is  essentially  similar 
information. 

It  is  not  the  case  that  one  of  these  forms  is  the  comet  one.  Rather,  each  is  heuristically  appropriate 
to  uses  at  some  time.  The  grid  is  both  a  typical  input  expression,  and  a  possibly  useful  form  for  an 
algorithm  seeking  to  quickly  comparing  scenes.  The  coordinate  structure  could  be  used  to  easily 
locate  the  desired  object.  A  program  whose  primary  task  was  human  interaction  might  find  storing 
sentences  such  as  [3]  a  useful  facility,  while  inference  might  require  [4].  A  program  that  needed  to 
do  all  of  these  might  very  well  keep  several  or  even  all  four  representations.  Nor  is  it  the  case  that 
these  are  equivalent  representations.  They  represent  different  combinations  of  inference  and 
deletion,  and  are  not  mutually  rederivable. 

We  fee  I  the  pain  of  this  problem  very  acutely,  even  within  our  limited  set  of  chess  problems. 
Particularly  the  dichotomies  of  board/position  and  value/piece  reveal  an  aspect  of  this  problem.  As 
we  have  already  devoted  a  section  to  their  comparison  (section  5.2),  we  shall  restrict  ourselves  to  a 
few  brief  conclusions  here. 

It  is  clear  from  this  experience  that  representing  information  in  canonical  form  (every  fact  has  a 
particular,  highly  structured  format  to  which  it  must  fit)  is  a  losing  proposition.  Such  structuring 
must,  of  course,  be  to  the  most  general  form;  however,  most  frequently,  it  is  the  particular  form,  with 
its  implicit  information,  that  is  the  most  pliable  for  heuristic  manipulation.  Thus,  while  the 
positional  notation  is  the  most  general  form  of  representing  a  chess  situation,  actual  computation  is 
easiest  when  dealing  with  concrete  boards.  The  same  constraint  applies,  of  course,  to  dealing  with 
pieces  and  values. 

Multiple  representations  require  the  ability  to  translate  between  forms.  In  the  case  of  the 
board/position  dichotomy,  this  translation  is  explicitly  related  in  the  TRANSPOS  axiom  and  theorems 
(sections  2. 1.9.2  and  A.6).  It  is  considerable  trouble  to  interchange  representational  forms  in  mid¬ 
proof;  unfortunately,  unless  great  care  is  taken  in  matching  proof  segments  and  lemmas,  it  is  a 
frequent  occurrence. 

An  alternate  facet  of  the  multiple  representation  problem  is  the  difficulty  of  transferring  properties 
between  different,  but  similar  states  of  the  world.  The  book  is  on  the  table.  If  1  walk  out  of  the 
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room,  around  the  building,  and  back  in,  will  the  book  still  be  on  the  table  in  this  new  state?  The 
entire  issue  transferring  properties  between  similar  states  is  a  very  complex  "can  of  worms."  This 
problem  is  visible  in  our  chess  system;  while  any  move  changes  only  a  few  of  the  pieces  on  the 
board,  it  creates  an  entirely  new  state,  with  unexplained  properties.  We  have,  however,  one 
prominent  success  to  report  on  this  matter,  that  our  the  chess  induction  schema.  We  have  found  this 
schema  to  be  very  useful  in  tying  together  the  properties  of  not  only  “close”  states,  but  also  relating 
states  separated  by  many  moves.78 

In  many  respects,  this  requirement  of  transferring  between  different  representations  can  be  viewed  as 
a  metaphor  for  the  heuristic  portion  of  the  A. I.  problem  itself.  In  that  view,  intelligent  action 
consists  of  transversing  some  search  space;  multiple  representations  merely  pervert  that  space  (like 
other  operators),  adding  short  cuts  and  cul-de-sacs. 

Section  5.6.2  Abstract  and  Concrete  Representations 

The  previous  section  discussed  the  varieties  of  representations.  Our  experience  with  this  chess  proof 
leads  us  to  an  important  conclusion  about  these  formats,  a  system  requiring  complex  and  detailed 
deductions  must  frequently  retain  both  abstract  and  concrete  representations  of  its  input. 

Let  us  consider  this  vision  example.  The  program  knows  that  it  is  viewing  some  "scene".  In  some 
general  sense,  this  is  the  abstract  form  for  this  hypothetical  vision  understanding  system.  As  it 
manipulates  the  raster  input,  abstracting  and  specifying  features,  the  abstract  form  becomes  qualified, 
just  as  the  abstract  form  of  the  position  px  is  qualified  in  the  course  of  our  proof.  Practically,  the 
vision  system  might  extract  features,  manipulate  the  resulting  data  structures,  and  return  to  the 
concrete  input  format  only  for  clarification.  Rarely,  an  inconsistency  might  force  another  analysis  of 
the  input. 

The  chess  example  has  a  parallel  structure.  Any  problem  is  explicitly  an  element  of  the  set  of 
positions.  Various  features,  such  as  the  values  on  a  given  square,  are  concrete  facets  of  the  input 
analysis.  In  forward  analysis  (as,  for  example,  outlined  in  section  5.4.2)  we  would  use  less  of  the 
abstract  form,  preferring  to  live  in  the  secure  computation  of  specific  boards.  Retrograde  analysis,  on 
the  other  hand,  deals  with  a  more  "unsure"  situation,  and  demands  a  more  flexible  representation. 
Hence,  the  predominance  of  the  more  abstract  form  (the  position)  in  our  proof. 

Section  5.6.3  Heuristics  and  Representation 

As  we  mentioned  in  section  1.2,  the  general  A. I.  problem  naturally  divides  into  epistemological  and 
heuristic  parts.  This  paper  has  been  concerned  with  the  minimal  requirements  for  an 
epistemologically  effective  representation.  However,  a  few  words  on  the  heuristic  devices  employed 
in  generating  this  proof  might  prove  interesting.  It  is  to  be  remembered  that  these  comments  are  of 
an  introspective  nature;  that  is,  we  describe  what  we  found  difficult  and  easy,  and  how  a  heuristic 
system  might  eventually  be  organized  to  acheive  such  a  long  deduction. 

Both  the  generation  of  this  proof,  and  its  surface  structure,  show  a  clear  division  into  three  types  of 
activities.  First,  a  specification  of  the  general  proof  outline  must  be  obtained.  In  this  proof,  that 
corresponds  to  the  “human"  proof  described  in  section  1.6.2.  Then,  into  this  outline,  the  appropriate 
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lemmas  and  theorems  must  be  formed.  Finally,  individual  proofs  must  be  constructed  for  each  of 
the  particular  theorems. 

This  outline  misstates  slightly,  in  that  the  second  and  third  activities,  lemma  selection  and  proof, 
occur  concurrently,  difficulties  in  proof  often  prompting  new  subgoals  (lemmas)  for  the  selection 
process. 

It  is  clear  that  both  for  the  human  proof  solver,  and  any  future  program,  that  these  steps  are  listed 
in  order  of  increasing  difficulty.  It  is  not  clear  how  to  generate  an  outline  of  the  correct  solution, 
given  the  problem.  It  is  also  clear  that  this  more  efficiently  done  the  more  the  solver  knows  about 
the  tricks  and  short  cuts  of  solving  chess  puzzles.  Thus,  a  human  unacquainted  with  chess,  and 
presented  only  the  rules,  would  finding  solving  this  problem  a  very  difficult  task,  while  it  is  trivially 
easy  for  the  chess  master.  Proving  actual  lemmas,  once  one  had  the  "hang"  of  it,  was  relatively  easy. 

Working  within  the  context  of  a  proof  outline,  the  main  difficulty  in  generating  this  proof  arises 
from  specification  of  the  lemmas  and  sub-theorems  to  be  used  along  the  way.  In  a  strong  sense,  the 
proof  of  almost  all  of  the  lemmas  is  relatively  trivial,  given  the  existence  of  all  of  the  axioms  they 
employ.  In  practice,  if  the  proof  of  some  theorem  became  too  difficult,  a  useful  lemma  was  assumed, 
the  lemma's  proof  becoming  another  subgoal.  Within  the  proof  of  any  lemma,  almost  all  of  the  steps 
are  either  axiom  instantiations  or  simplifications. 

Effectively,  we  are  offering  a  personal  confirmation  of  a  judgment  of  Sacerdoti  [Sacerdoti73],  that  it 
is  more  important  (and  more  difficult)  to  determine  the  plan  for  a  course  of  action,  than  to  worry 
about  filing  in  the  detailed  descriptions  of  that  plan.  Of  course,  one’s  proof  can  flounder  on  either 
set  of  hard  places. 

There  has  recently  been  some  work  on  incorporating  goal  direction  into  the  FOL  system.  The 
readet  is  referred  to  [Bulnes  79]  for  a  description  of  that  work. 

Section  5.6.4  Functions  and  Predicates 

In  section  5.2  5  we  mentioned  the  use  of  special  functions,  essentially,  the  use  of  an  algorithm  to 
compute  a  value  (when  the  algorithm  is  known).  This  principle  can  be  expanded  into  a  general 
"moraf  for  axiom.v.; .  .  ..-rions  are  (usually)  more  tractable  objects  than  predicates.  In  this 

section,  we  contrast  the  junctional  and  predicate  styles  of  axiomatizations. 

A  functional  axiomatization  is  one  where  (relatively)  unique  relationships  are  expressed  as  the 
values  of  particular  functions;  a  predicate  system  denotes  these  relationships  as  predicated 
relationships.  That  is,  to  find  the  instance  satisfying  some  predicate,  one  manipulates  the  axioms  of 
that  relationship,  and  proves  a  unique  correspondent. 

What  we  are  contrasting  here  is  an  mtra-representational  choice.  That  is,  in  generating  an  axiom 
system  to  represent  some  domain,  one  often  has  the  choice  of  expressing  some  notion  as  either  the 
value  of  a  function,  or  the  set  of  things  true  of  some  predicate. 

An  example  of  a  "bad"  axiom  from  our  axiomatization  may  clarify  this  issue. 

Consider  the  axiom  MCONSEQL  which  defines  the  pawn  promotion. 

AX  I  on  nCONSEQLi 
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Vp  .  (PAUNPROd  Hove  p« (LASTRANKERITo  Move  p. Color  Prevpos  p)A 
SIDPLELEGALDOVE (Prevpos  p  pi  a 
PAUNS  Dover  Move  pa 

VALUEP  ValueonlTboaro  Prevpos  p.From  Dove  p)a 
( (BVALUES  Promoted  Dove  paBVALUES  Va I (Prevpos  p  Dover  Dove  pi) a 
(UVALUES  Promoted  Dove  p«UVAUJES  Va I (Prevpos  p  Dover  Dove  p)))A 
Va I ( p  Dover  Dove  p)*Promoted  Dove  p) ) : : 

It  states  that  a  pawn  promotion  takes  a  pawn  to  the  last  rank,  by  an  ordinary  move,  that  the  piece 
must  have  had  pawn  value  at  the  start  of  the  move,  that  black  pawns  promote  to  black  pieces,  that 
white  pawns  promote  to  white  pieces,  and  the  promotion  value  is  from  the  set  of  possible  promotion 
values  (as  defined  by  the  definition  of  Promoted). 

Now,  this  axiom  is  not  incorrect.  It  is  merely  clumsy,  and  we  regret  having  written  it  this  way.  We 
leave  it  in,  however,  to  be  the  object  lesson  of  this  section.  The  axiom  would  have  been  more  easily 
used  if  it  had  stated:  79 

AXIOD  DCONSEQL:  ,  , 

Vp  .(PAUNPROD  Dove  pa (SIDPLELEGALDOVE (Prevpos  p,  p)a( 

(UHITETURN  p  a 
Row  To  Dove  p  •  8  a 
Val  (Prevpos  p,  Dover  Dove  p)  ■  PB  a 
(Val  (p,  Dover  Dove  p)»QB  v  Val  (p,  Dover  Dove  p)-RB  v 

Val  (p,  Dover  Dove  p)»BB  v  Val  (p,  Dover  Dove  p)-NBI) 

v  (-UHITETURN  p  a 

Row  To  Dove  p  -  1  a 
Val  (Prevpos  p,  Dover  Dove  p)  •  PU  a 
(Val  (p,  Dover  Dove  p)«QU  v  Val  (p.  Dover  Dove  p)«RU  v 

Val  (p,  Dover  Dove  p)«BU  v  Val  (p.  Dover  Dove  pl-NUI))));? 

that  is,  if  it  had  explicitly  stated,  referring  to  individuals  and  equality,  what  was  intended,  rather 
than  referring,  through  the  indirection  of  predicates,  to  sets  of  objects. 

If  this  lesson  seems  too  obvious,  perhaps  it  is  important  to  mention  there  are  reasons  for  a  predicate 
approach,  to  wit,  that  the  various  tautology  deciders  currently  in  FOL  (TAUT,  TAUTEQ)  are 
much  happier  with  predicates  than  with  either  equality  (which  TAUT  cannot  handle)  or  functions 
(with  which  TAUTEQ,has  trouble). 

Section  5.6.5  Whorf’s  Law 

The  last  section  illustrates  an  important  moral  of  representation  theory,  a  Whorf’s  law  of  artificial 
intelligence  [Wliorf56]. 

Whorf’s  hypothesis  was  a  linguistic  one;  that  a  person’s  language  shapes  the  way  he  thinks.  Our 
experience  with  fitting  a  chess  proof  into  formal  logic  gives  strong  evidence  that  this  notion  extends 
to  include  formal  representational  systems,  and  is  a  useful  notion  to  remember  in  generating  them. 

Obviously,  a  limited  representation  can  only  express  limited  notions.  More  significantly,  the 
structure  of  the  inference  system,  and  the  axioms,  will  subtly  mold  the  resulting  deduction.  For 
example,  FOL  tautology  decider  TAUTEQ,is  capable  of  substituting  equals  for  equals  in  predicates, 
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but  not  in  functions*0  This  promotes  an  axiom  structure  incorporating  more  predicates  and  fewer 
functionals  (an  unhappy  situation). 

The  FOL  system  has  grown  as  this  proof  has  progressed  When  the  proof  was  begun,  the  only 
supplemental  inference  commands  (beyond  the  Prawitsian  natural  deduction  rules)  were  TAUT  and 
TAUTEQ  Semantic  simplification,  so  essential  to  our  chess  eye,  was  developed  concurrently  with 
our  experimental  axiomatization  Copious  use  is  made  of  these  commands.  More  recently,  after  the 
first  few  iterations  of  proof  had  been  completed,  syntactic  simplification  (a  massive  substitution 
command),  and  a  decider  for  monadic  predicate  calculus  were  introduced  It  is  noteworthy,  however, 
that  even  if  we  wrote  another  iteration  of  this  proof,  these  commands  would  probably  not  be 
important  This  is  because  the  axioms  are  not  structured  to  take  advantage  of  their  presence.  Such 
structuring  would  imply  more  equivalences  and  monadic  predicates,  while  our  current  structure  tends 
toward  implicatives  and  dyadic  (and  greater)  predicates. 

Similarly,  it  is  difficult  in  FOL  (largely  because  it  is  a  formal  mathematical  proof  system,  partially 
because  a  lot  of  effort  would  be  required  to  check  any  change)  to  correct  the  course  of  a  proof,  to 
delete  an  offending  command,  to  make  a  slight  adjustment  to  an  axiom,  to  change  an  incorrect 
declaration  This  arrangement  promotes  a  stiffness  of  expression;  once  incorporated,  change  is 
difficult  Because  change  is  so  difficult,  it  is  easier  to  become  set  in  ones  ways,  and  harder  to 
experiment.  Again,  we  see  an  example  of  language  influencing  representation. 

Section  5.6.6  States  and  Representations 

Perhaps  a  section  on  the  value  of  state  vector  representations  in  general  epistemological  situations  is 
warranted  After  all,  the  position,  our  state  vector,  has  proven  very  successful  at  capturing  some  of 
the  important  aspects  of  our  domain.  For  example,  the  notions  of  must  have  happened  in  this  game, 
though  I  don't  know  when  and  it  was  Due  then,  and  can’t  have  changed,  hence  is  true  now  are  very  well 
specified  by  having  the  position  as  a  history  vector,  and  through  the  use  of  chess  induction. 

We  contend  that  a  similar  ideas  can  for  the  basis  for  powerful  representational  mechanisms  for  A. I. 
For  example,  retaining  a  notion  of  the  present  state  of  the  world,  including  the  history  of  reaching  it 
resolves  some  of  the  confusions  inherent  in  the  naming  of  objects.  A  person  who  has  lived  but  is 
now  dead  does  not,  in  some  sense,  exist  m  this  world.  However,  by  retaining  the  history  of  the 
world  in  reaching  this  state,  we  are  able  to  speak  of  him  in  the  appiopnate  context.  Similarly,  a 
Cod  that  was  able  to  know  the  rules  involved  in  all  state  transitions  would  be  a  good  resolution  of 
the  issue  of  omniscience. 

But.  of  course,  reasoning  within  this  state  of  the  world,  and  not  knowing  all  of  its  rules,  we  cannot 
predict  the  future.  We  can,  however,  if  we  know  the  current  state,  reference  that  state  as  the 
expected  descendant  of  some  past  state,  and  reason  about  the  future  (up  to  the  current)  in  the  past. 
We  can  not  reasonably  reason  about  the  future,  even  in  the  past,  beyond  the  current  state,  other 
than  to  say,  "if  the  future  has  the  following  properties,  then  ...".  Note  that  of  all  possible  states  and 
histories,  we  can  distinguish  one  and  call  it,  reality.  This  is  typically  the  state  we  are  in,  just  as  the 
game  that  reached  GIVEN,  the  problem  board,  was  reality  for  that  situation.  We  can  name 
individuals  in  chess,  such  as  the  grasshoppers  and  nightriders,  that  have  properties,  just  as  we  can 
name  mythical  flying  horses,  and  "state  that  this  flying  horse  was  named  Pegasus,  who  sprang  from 
the  body  of  Medusa  at  her  death,  and  so  forth  We  can  speak  of  Pegasus  if  we  are  careful  of 
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mentioning  the  context  within  which  we  are  speaking,  just  as  we  can  speak  of  mghtriders,  if  we 
move  beyond  the  context  of  "real"  chess,  or  "real”  reality.81  A  full  notion  of  such  a  state/reality 
duality  might  require  additional  predicates  and  individuals  into  that  state. 

Reasoning  within  specific  states  can  have  other  benefits.  For  example,  the  reasoning  about 
knowledge  can  sometimes  be  resolved  by  retaining  the  context  within  which  each  wise  man  is 
reasoning.  Note  that  as  an  omniscient  observer,  we  retain  the  right  to  reason  about  all  contexts 

Transitions  between  states  can  be  seen  as  the  flow  of  reality.  This  chess  problem  has  been  very  over 
simplified,  for  things  happen  in  a  discrete,  regular  fashion.  In  a  more  general,  real  world,  processes 
will  not  behave  as  nicely.  We  will  be  able  to  find  some  regular  laws  ( if  x  is  dead  in  stale  s,  then  x 
will  be  dead  in  all  successor  states  to  5  ),  and  able  to  use  our  induction  schema  to  manipulate  such  rules 
(if  x  is  dead  now,  then,  by  induction,  x  will  be  dead  in  all  future  worlds). 

Reasoning  in  this  state  transition  formalism  has  a  distinct  disadvantage,  however;  we  can  rarely  be 
sure  that  what  was  true  in  state  s  will  be  true  in  the  successor  of  x.  We  have  heuristics  for  processing 
such  situations  (if  x  leaves  the  room,  all  of  x's  clothes  go  with  him)  but  even  such  ordinary  rules  as  when 
I  awake,  things  will  basically  be  the  same  can  be  violated,  as  Rip  van  Winkle  discovered,  much  to  his 
discomfort. 

Section  5.7  Historical  Context 

It  is  perhaps  useful  to  place  this  work  within  the  historical  context  of  representation  systems  in 
Artificial  Intelligence. 

The  inference  mechanisms  employed  by  A  I.  systems  can  profitably  be  divided  into  two  varieties: 
syntactic  and  semantic.  Syntactic  inference  is  performed  by  considering  the  form  of  a  particular  goal 
and  set  of  rules  If  that  form  matches  the  standard  required  by  the  set  of  rules,  one  can  conclude  a 
result  whose  form  is  determined  by  both  the  result  form  of  the  rules,  and  the  binding  of  entities  in 
the  match.  Thus,  for  example,  in  a  system  structured  as  ours  is,  one  employed  the  axioms  and 
already  proven  WFF’s,  through  the  natural  deduction  rules  of  inference,  to  obtain  new  WFF's. 

Semantic  inference  mechanisms  are  magic.  The  particular  goal  WFF  is  offered  to  some  set  of 
functions  and  data  structures,  and  that  oracle  decides  if  the  particular  conclusion  is  correct.  While  it 
is  (theoretically)  possible  to  describe  these  data  structures  and  functions  in  a  mathematical  form, 
raising  them  to  the  syntactic  level  of  the  first  kind  of  structure,  such  an  attitude  is  both  unlikely  to 
succeed,  and,  in  some  strong  sense,  wrongthink.  Typically,  the  "black  box  of  semantic  routines" 
embodies  some  model  of  the  world  viewpoint  of  the  system  programmer. 

This  is  not  to  imply  that  by  calling  such  mechanisms  "magic"  we  want  to  denigrate  them.  Rather, 
they  will  be  the  fundamental  mechanisms  of  any  successful  A.I.  system.  The  interactions  allowed  in 
purely  syntactic  constructs  are  too  broad  to  be  able  to  avoid  exponential  search. 

However,  it  is  also  important  to  point  out  that  model  based  reasoning  is  invariably  too  limited  in  its 
expressive  power  to  perform  complicated  and  varied  inference.  We  need  not  only  to  compute  in  our 
models,  but  also  to  talk  about  them.  It  is  the  assertion  and  demonstration  of  this  paper  that  deep 
inference  is  possible  through  a  combination  of  both  forms  of  representation. 
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Neithei  representational  system  is  new  to  artificial  intelligence  Purely  syntactic  approaches,  such  as 
resolution  based  theorem  provers  were  once  in  vogue  But  even  in  the  ultimate  example  of  such  a 
system,  QA3  [Green69]  one  sees  the  stirrings  of  the  use  of  models  But  Green  employed  model  based 
computation  only  out  of  necessity  and  last  resort 

At  that  time,  Winograd’s  SHRDLU  [Winograd7‘7]  was  somewhat  a  competitor  of  QA3  While  the 
Planner  antecedent  and  consequent  theorems  employed  in  SHRDLU  have  a  surface  resemblance  to 
formal  logic,  their  employment  in  a  simulation  system  made  them  essentially  semantic  conventions 
While  perceived  as  a  great  success  at  the  time,  the  limitations  of  such  a  purely  semantic  approach 
have  now  become  apparent  (section  1.3  I  2;  see  also  [Moore75]  Essentially,  a  purely  model  based 
system  can  efficiently  manipulate  the  objects  in  that  model,  but  has  no  mechanism  for  talking  about 
those  objects  or  the  manipulations  in  a  nonmanipulative  sense  Hence,  Winograd’s  program  could 
fail  to  place  a  block  on  a  pyramid,  but  could  not  talk  about  the  possibility  of  placing  a  block  on  a 
pyramid 

Theie  have,  however,  been  several  successful  combinations  of  ,-i'actic  and  semantic  representations 
Perhaps  the  earliest  and  most  impressive  was  the  combination  of  diagrammatic  based  computation 
and  syntactic  deduction  presented  in  the  geometry  machine  [Gelernter(>3A}[Geleriitrrt>3B]  Gelernter 
and  his  associates  employed  confutation  on  a  geometric  model  to  aid  in  the  discovery  of  syntactic 
proofs  of  elementary  plane  geometry  theorems  The  mathematics  of  the  model  system  employed  by 
the  Geometry  machine  is  explored  in  [Reiter]  Other,  more  recent  programs  have  employed  simple, 
explicit  models  to  perform  some  of  their  necessary  inferences  Examples  of  these  programs  are  the 
electrical  circuit  systems  at  BBN  [Browii73][Brown74]  and  MIT  [Sussiiiaii75],  Funt’s  system  for 
preceding  the  paths  of  falling  blocks  [Funt77],  and  Rieger’s  [Rieger76]  [Rieger77]  program  for 
approximating  the  workings  of  devices 

We  can.  perhaps,  attempt  a  minor  taxonomy  of  such  model  based  systems  Besides  the  above 
distinction  about  the  use  and  availability  of  both  syntactic  and  semantic  forms,  we  note  two  other 
distinctions  First  certain  of  the  above  systems  employ  their  models  not  only  as  inference 
mechanisms,  but  also  as  heuristic  aids  The  Geometry  machine  is  a  prime  example  of  this  use.  The 
deduction  presented  in  this  paper  has,  of  course,  ignored  heuristic  Issues,  considering  only 
epistemological  questions 

Secondly,  these  programs  can  be  divided  by  the  kind  of  model  they  employ  Our  model  for  the 
chess  proofs  has  been  an  exact  one  We  are  as  sure  of  its  correctness  as  we  are  of  our  axioms,  we  are 
sure  that  its  functions  completely  and  accurately  model  our  knowledge  of  chess  To  the  limit  of  their 
electrical  consideration  (races,  hazards,  etc.)  the  electrical  programs  were  also  accurate  models.  Funt’s 
block’s  program,  however,  applied  an  approximate  model  of  the  situation,  performing  a  simulation  of 
the  falling  blocks,  under  the  watchful  gaze  of  a  simulated  eye.  Rieger’s  system  is  a  similar 
simulation.  Gelernter  introduced  unnecessary  approximations  into  his  system  to  keep  It  from  being 
too  accurate  and  helpful  a  model.82 

Thirdly,  all  of  the  systems  considered  so  far  have  employed  a  single  model  in  their  inference 
mechanism  Whether  only  single  models  are  appropriate  (to  reflect  the  natural  "human’’  single- 
minded  view  of  the  world)  or  multiple  models  are  merely  a  further  step  is  an  open  research  question. 

One  important,  complex  an-,  net  ess,. iy  step  has  been  avoided  by  all  these  systems:  a  reification  of 
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models,  treating  the  models  themselves  as  objects  of  the  system.  One  can  see  an  important 
suggestion  in  this  direction  in  (Weyhraucl»78],  though  it  remains  a  research  opportunity. 

Section  5.8  FOL 

On  many  occasions  in  this  volume  we  have  complained  about  the  various  limitations  and  privations 
imposed  by  our  proof  checker,  FOL.  This  is  not  to  imply  that  things  are  all  that  bad;  FOL  does 
what  it  does  fairly  well.  However,  while  familiarity  may  not  breed  contempt,  it  at  least  breeds  an 
awareness  of  deficiencies.  We  are  obliged  to  attempt  a  rudimentry  catalogue  of  our  perceptions  of 
where  FOL  could  be  improved. 

The  most  elementary  changes  (at  least  from  a  structural  point  of  view)  involve  the  inclusion  of 
additional  inference  rules  For  example,  a  tautology  resolver  that  could  do  substitutions  inside  of 
functions  as  well  as  on  predicates  would  be  a  "relatively"  simple  fix  that  would  have  a  large 
beneficial  effect  on  total  proof  size.  One  can  imagine,  for  example,  that  most  of  the  uses  of  SUBST 
and  SUBSTR,  and  many  of  the  applications  of  ASSUME  could  be  dispensed  with  were  it  not  for 
the  necessity  of  convincing  TAUTEQ,  (again)  that  a«b  d  F(a)«F(b).  We  have  partially 
circumvented  this  constraint  by  the  uses  of  the  0  functional  parameter  and  the  Substitution  axiom; 
these  temporary  solutions  are  not,  however,  completely  satisfactory. 

Similarly,  the  FOL  user  should  be  allowed  to  define  his  own  inference  rules,  providing  the  code  to 
decide  them.  This  proposal  works  in  parallel  to  the  more  powerful  semantic  simplifier  discussed 
below.  Merely  being  able  to  substitute  for  parameter  predicates  and  functions  is  not  enough. 

There  arc,  of  course,  several  more  radical  changes  that  the  earnest  FOL  user  would  desire.  The 
primary  emotional  complaint  about  writing  FOL  proofs  is  the  necessity  for  stiffly  expressing  each 
(almost  incorrectable)  step.  This  problem  is  exhibited  in  several  ways.  In  its  simplest  form,  it  can  be 
perceived  in  FOL's  refusal  to  forget  any  (unreferenced)  declarations,  or  remove  any  (unused) 
inferences  from  the  proof.  The  relatively  inflexible  syntax  is  also  a  source  of  annoyance.  Similarly, 
the  necessity  of  generating  a  permanent,  particular  proof  step,  particularly  one  that  is  only  a 
propositional  derivative  of  some  other  inference  line  (what  FOL  calls  a  VL)  for  use  in  only  one 
instantiation,  is  a  corresponding  clumsiness. 

In  a  larger  sense,  this  stiffness  is  seen  in  the  necessity  of  repetition  of  identical  (or  nearly  identical) 
arguments  (on  different  objects)  to  produce  similar  results.  One  frequently  wishes  to  say,  this  case  is 
just  like  the  last  one,  but  use  the  axioms  for  white  rather  than  black  in  proving  it.  In  its  simplest  form, 
this  proposal  might  be  incorporated  as  a  proof  schema;  that  is,  follow  arguments  of  the  following 
form,  and  reach  a  similar  result.  A  more  grandiose  schema  might  include  a  provision  for  reasoning 
by  analogy,  that  is,  taking  a  proof  and  finding  the  parallels  to  generate  a  similar  proof.83  The  moral 
he^e,  perhaps,  is  that  communication  is  facilitated  by  informality,  the  ability  to  omit  or  abbreviate 
objects.  FOL  (like  most  programming  languages,  particularly  the  "lower  level"  programming 
languages)  requires  a  fairly  formal  statement  of  action.  This  is  uncomfortable.  Writing  a  FOL 
proof  of  this  size  leaves  one  with  the  same  feeling  as  writing  a  large  assembly  language  program. 

FOL  can  be  a  very  uncooperative  proof  checker;  while  it  is  quit  willing  to  deny  the  legality  of  some 
step,  it  is  usually  unable  to  explain  why.  It  would  be  easier  to  write  interactive  proofs  if  the  proof 
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process  included  some  guidance  We  are  all  familiar  with  how  debugging  facilities  easy  the 
programming  process  However,  the  inclusion  of  such  facilities  is  not  a  trivial  request;  while  a 
quantification  check  in  semantic  simplification  could  easily  trace  a  failed  step,  such  a  facility  within 
the  present  decision  procedures  would  certainly  be  a  difficult  to  implement. 

We  have  here  a  giant  example  of  a  FOL  proof;  many  different  lemmas  and  theorems  have  been 
pieced  together  to  accomplish  the  end  result.  However,  we  have  received  virtually  no  help  from 
FOL  in  producing  this  structuring  While  FOL  permits  one  to  declare  any  arbitrary  WFF  an  axiom, 
it  has  no  other  mechanisms  for  structuring  a  proof.  Two  possible  improvements  might  be  suggested. 
One  would  like  a  theorem  command,  which  would  take  and  save  a  given  result.  Additionally,  either 
a  block  structuring  method  or  an  analogical  inference  command  would  aid  the  engineering  aspect  of 
proof  generation.  The  recent  met  a  level  facilities  [Weyhrauch79]  and  goal  structure  commands 
[Buliies79]  could  be  used  to  alleviate  these  difficulties. 

Of  course,  our  major  impressions  and  recommendations  are  reserved  for  the  semantic  simplification 
mechanism. 

Our  primary  complaints  concerning  simplification  center  on  the  inability  to  apply  all  of  the 
observational  knowledge  available  to  a  given  simplification.  This  Hydra  rears  its  heads  in  many 
ways.  In  its  simplest  form,  it  is  seen  in  the  demand  of  simplification  that  all  arguments  to  functions 
be  "well  defined^  before  they  can  pass  through  the  FOL  -  model  barrier.  For  example,  if  A  is  a 
constant,  and  g,  a  variable,  simplification  (and  the  common  coll  by  value  implementations  of  LISP) 
are  unable  to  compute. 

(CAR  (CONS  A  gl)  -  A 


Having  such  a  symbolic  evaluation  would  have  been  quite  helpful  in  generating  this  proof  For 
example,  on  many  occasions  we  would  have  a  parameter  board,  a  parameter  value,  and  two  constant 
squares,  and  wish  to  show  that  HOVETQ  was  not  true  on  these  arguments  (the  squares  resting  at  an 
angle  beyond  the  movement  of  any  piece,  say,  BKR1  and  UQR2).  A  parameterized  semantic 
simplification  would  accomplish  th;s;  as  it  is,  we  need  to  resort  to  the  hack  of  instantiating  the  axiom 
MayMovo.  and  simplifying  the  result.*4 

There  are  times  when  even  this  dodge  will  not  work.  It  these  axioms  we  employed  to  do  forward 
analysis,  then  the  following  object  would  prove  useful:  a  position  built  up  from  a  parameterized 
position  (presumably,  the  given  position  of  a  problem)  with  successive  generations  of  moves  and 
boards  appended  Now,  there  are  many  simplifications  that  are,  by  nature,  observations,  and  should 
possible  on  such  an  object.  However,  as  it  is  not  an  INDCONST,  it  would  not  even  be  passed  to  the 
simplification  mechanism. 

A  partial  solution  of  this  problem  would  include  tagging  those  objects  that  were  "variables"  to 
simplification,  and  allowing  the  user  program  to  distinguish  those  tags. 

Permitting  the  user  program  to  see  the  variables  of  the  FOL  model  could  have  other  beneficial 
results.  Consider  the  case  of  quantification  checking.  In  the  current  simplification  mechanism,  the 
only  quantification  checking  permitted  is  the  check  of  a  finite  sort  whose  elements  have  been  listed  in 


S4  MtyMove  ie  defined  ••  Vb  *  eq  1  eq2  (MOVETO  <b,v,  eq I,  eq2>  a  (Column  eql  •  Column  oq2  v  XNIGHTMOVE  (eql,  eq2>  V 

Row  eql  •  Row  oq2  v  SAMEOIAC  (oql,  tq2)  v  KINGMOVE  (oql,  oq2>  v  (TWOTOUCHING  (Column  oql,  Column  eq2>  n  (WSUC  (Row  eql, 
Row  eq2)  vBSUC  (Row  eql,  Row  eq2)»». 
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an  EXTENSION  command  This  usually  works  well  enough  in  the  chess  world  for  the  simple 
problems  we  have  considered  (there  are,  however,  some  lemmas  we  have  not  proven  because  the 
desired  simplification  were  too  complex).  But  quantification  checks  can  also  be  accomplished  by 
other  divisions  of  the  variable  set  than  into  individuals.  For  example,  it  is  true  that  all  integers  are 
either  positive  integers,  negative  integers  or  ze. ,  A  division  into  these  sorts  might  permit  the 
simplification  and  verification  of  some  sentence  of  number  theory  or  arithmetic.  However,  we  would 
certainly  not  want  to  check  every  integer  in  establishing  the  validity  of  that  WFF.  Rather,  the  user 
should  be  allowed  to  define  his  own  quantification  checking  mechanisms,  either  in  addition  to,  or 
instead  of  the  current  extension  checks. 

In  the  current  organization  of  FOL  one  must  invariably  know  what  one  wants  (that  is,  what  WFF 
one  wants  in  one's  FOL  proof)  when  commanding  any  inference  step  45  A  more  powerful  scheme 
would  be  to  permit  the  prompting  of  the  simplification  mechanism,  which  would  then  complete  the 
assertion  in  the  appropriate  manner.  In  a  simple  form,  as  prompt  of  V  x.  UFF  might,  instead  of 
returning  -V  x.  UFF  instead  counter  with  the  more  useful  Vx.  (  UFF  v  x-y  v  x»z).  If  -V  x.UFF 
were  what  was  desired,  it  would  have  been  asked  for. 

On  a  grander  scale,  this  mechanism  could  begin  a  approximation  of  the  inference  schemes  of 
humans.  Our  proof  is  a  very  good  case  in  point.  The  competent  human  puzzle  solver  can  observe 
our  problem  chessboard  and  state:  The  only  legal  move  for  white  was  to  have  just  promoted  a  paton  to  a 
rook,  moving  from  BQB2  to  BQ1,  and  capturing  a  black  piece.  This  (for  the  good  puzzle  solver)  is  an 
observation,  not  the  deduction.  It  is  the  only  possible  legal  (last)  move  for  white.  To  generally  mimic 
this  ability  in  FOL.  however,  would  require  a  simplification  mechanism  that  could  take  an  input 
board,  and  return  a  set  of  WFFs,  one  of  which  would  be  true  of  that  board.  This  might  be 
accomplished  with  an  appropriate  set  of  meta  level  reasoning  commands 

A  final  point  on  the  relationship  between  the  FOL  level  WFFs  and  the  semantic  simplification’s 
attachments  These  attachments,  you  may  recall,  were  presented  in  the  axiom  section  (chapter  2)  of 
the  proof  This  is  because  they  share  many  attributes  with  the  axioms,  both  conceptually  and 
functionally.  Conceptually,  they  are  among  the  building  blocks  from  which  the  rest  of  the  proof  was 
created.  Functionally,  these  attachments  can  serve  the  same  crucial  role  as  axioms  That  is,  defects 
in  these  functions  can  permit  the  horror  of  a  contradictory  deduction  (and  hence  the  deduction  of 
any  WFF.)  By  the  semantics  of  the  LISP  programming  language  in  which  they  are  imbeded,  these 
axioms  acquire  meaning.  It  is  an  unhappy  circumstance  that  the  meaning  incorporated  by  these 
semantics  is  not  somehow  transferable  to  the  FOL  axiom  level.  Similarly,  it  is  unfortunate  that  the 
FOL  level  axioms  cannot  be  compiled,  somewhat  automatically,  into  simplification  level  attachments 
While  it  is  true  that  this  inability  places  the  burden  of  a  redundant  inefficiency  on  the  FOL  user, 
this  is  not  our  major  point.  Rather,  our  intention  points  towards  the  time  when  some  similar  scheme 
might  be  incorporated  into  an  intelligent  program.  Optimally,  such  a  program  would  build  up 
frequent  action  patterns,  effectively  learning  new  processes.  With  our  representation  formalism,  this 
could  well  be  modeled  by  the  compilation  of  FOL  WFFs  into  the  corresponding  model  attachments. 
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Section  5.9  Evaluation  and  Summary 

The  reader  is  probably  by  now  feeling  somewhat  overwhelmed  by  the  mass  of  argument  and  detail, 
proof  and  text  that  we  have  presented  Let  us  conclude,  therefore,  by  summarizing  and  evaluating 
our  important  points. 

Many  doctoral  dissertation  seems  to  be  of  the  form;  "I've  solved  the  A  I  problem,  except  for  a  few 
implementation  details  I've  not  bothered  to  work  out"  It  is  a  primary  premise  of  this  work  that 
"solving  the  A. I.  problem"  is  a  very  difficult  task,  and  much  fundamental  work  on  both 
representations  (epistemology)  and  search  (heuristics)  remains  to  be  done  before  its  solution. 

This  particular  paper  has  been  centered  upon  consideration  of  epistemologically  effective 
representations.  There  is  a  common  fallacy  in  most  A. I.  work,  that  because  some  particular 
representation,  invariably  employed  in  some  particular  task,  was  sufficient  to  solve  some  of  the 
problems  of  that  domain,  that  that  representation  can  be  extended  to  the  rest  of  that  domain,  and 
onwards  to  the  rest  of  whatever  we  want  our  computers  to  do.  Our  perspective  has  been  from  the 
opposite  direction.  We  have  started  with  a  very  general  representation  (formal  logic),86  discovered  it 
inadequate  for  modeling  even  a  limited  problem  domain  (chess  puzzles),  and  extended  it  (by  the  use 
of  the  Chess  Eye)  to  where  it  can  more  easily  and  naturally  represent  certain  interesting  problems. 
However,  there  are  many  questions  about  chess  puzzles  that  are  inconvenient  or  impossible  to  ask 
within  our  representation  as  presently  formulated. 

It  is  important  to  remind  the  reader  that  the  fact  that  our  representational  formalism  is  based  on 
first  order  logic  does  not  imply  that  we  are  suggesting  the  use  of  general  purpose  theorem  provers. 
Rather,  our  comments  in  this  work  have  been  reserved  primarily  for  the  epistemological  part  of  the 
A  I  problem;  we  have  spoken  very  little,  if  at  all,  about  appropriate  heuristic  mechanisms.  Our 
approach  has  been,  in  some  sense,  bottom  up  (consideration  of  the  nature  of  reasoning  sequences) 
rather  than  top  down  (discovery  of  the  appropriate  state  search  methods). 

It  should  be  remembered  in  evaluating  all  of  the  particulars  of  the  individual  representational 
choices  that  we  have  made,  that  first  order  logic  is  a  family  of  representations.  The  failure  of  one 
particular  example  of  a  formal  logic  system  is  a  failure  of  that  selection  of  individuals,  predicates 
and  functions,  not  the  failure  of  the  entire  notion  of  formal  systems. 

There  are  several  general  representational  issues  illuminated  by  this  work.  In  earlier  sections,  we 
have  pointed  out  the  distinction  between  concrete  (board)  and  abstract  (positional)  entities,  and  the 
importance  and  value  of  state  vectors  (positions)  in  durational  deductions.  We  have  seen  many 
facets  of  the  multiple  representation  issue,  such  as  differing  representations  for  the  same  object 
(board  and  position,  piece  and  value)  and  preserving  properties  between  similar  objects  (chess 
induction)  illustrated  by  our  axiomatization.  We  have  noted  the  necessity  for  both  syntactic  and 
semantic  representations;  there  are  many  important  syntactic  type  deductions  which  are  not 
expressible  within  a  model. 

Our  major  emphasis,  however,  has  been  on  the  interrelation  between  observation  (the  Chess  Eye)  and 
deduction  (the  overlying  FOL  language).  We  have  closely  examined  a  particular  observational 
framework  and  found  it  adequate  for  computing  certain  properties  (functions  on  closed  objects). 
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However,  we  have  been  left  with  the  sense  of  the  impotence  of  this  scheme:  not  all  of  the 
computation  and  observation  we  wish  to  make  is  on  fully  defined,  well  structured  objects.  The  issue 
of  adapting  and  generalising  the  simplification  mechanism  to  include  these  obxervuioni  remains  a 
major  place  for  future  exploration. 


Page  192. 


Chest  Lemmas 


A. 


Appendix  A  Chess  Lemmas 

Due  to  space  limitations,  Appendix  A,  the  proofs  of  the  general  chess  lemmas  and  theorems,  has  not 
been  included  in  this  volume.  Those  proofs  may  be  found  in  the  author’s  Ph.D.  dissertation,  which 
is  available  from  Unlvonily  Microfilm,  300  North  Zub  Road,  Ann  Arbor,  Michigan  48106. 
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Proof  Lemmas 


Thu  appendix  presents  the  various  lemmas  and  theorems  relevant  only  to  our  given  puzzle,  yet  too 
detailed  to  belong  in  the  main  exposition,  chapter  t  As  such,  its  form  is  essentially  similar  to 
appendix  A  However,  unlike  that  appendix,  these  lemmas  are  listed  chronologically;  that  is.  in  the 
order  of  their  use  in  the  main  proof 

Section  B  I  Undefined  Squares  on  the  Given  Chessboard 

Our  first  problem  lemmas  are,  trivially,  a  single  simplifications.  Just  as  there  are  many  useful  facts 
about  chess  derivable  in  a  single  simplification,  and  useable  in  many  contexts  (as  presented  in  section 
A  I),  similarly,  there  are  observations  about  the  interesting  boards  of  this  problem.  (Observations 

we  prefer  to  have  to  compute  only  once ) 

We  observe  that  the  only  undefined  square  on  the  problem  board  is  UKR4 


•  ie«i  I  ■  y'uCi 

•••••• iapl i ty  V»q.  lV»iu«onlC!VtX  iq) •u3l»q«»lR«>  I 

1  V»q.  (V«lu*on<ClVEX,|q)«o3liq>UlR4) 

We  also  note  which  squares  on  GIVEN  have  white  pieces  on  them. 

•••ttiibii  C  i  vt^uVi 

•  ••••« i i  •  V tq.  UVflcoES  Vi iwton (GIVEN  sq> > vtq«&Glvtq»BQ2vtq»UQR2vt q«UQN3v»q«kQB2v»q«ttQ3v%q»UkB2v*q 

•  •  Wk-Niv  »q«wk  R2 )  )  | 

2  Vtq.  (WVflluCS  Vi  iwion  (C I VEN ,  »q)  5  itq-BkRi v  (tqa&Qlv  (tq«BQ2v  (tq*wQR2v  (»q*UQN3v  (tq*UQB2v  (tq«kQ3v  (§ q«Ut.B2v  (tq« 
U*.N3v»q.U*R2>  >>>>>>>>  > 

Section  B.2  "Blocked  on  the  Total  Board.  Too" 

This  lemma  proves  a  precondition  for  the  CORNER  theorem  That  theorem  assumes  that  a  piece 
checks  the  opposing  king,  and  that  the  check  did  no;  arise  from  a  castle,  en  passant  capture,  or  pawn 
promotion  We  wish  to  show  that  the  checking  piece  does  not  have  any  entry  square  to  move  to 
make  the  check  that  does  not  also  check  the  king  (Starting  a  move  with  the  opposing  king  in  check 
is  clearly  impossible )  The  theorem  will  then  let  us  conclude  that  the  check  was  a  discovered  check. 

Unfortunately,  the  theorem  must  speak  of  the  total  boards  of  the  relevant  positions  We  do  not  have 
a  total  board,  rather,  a  (fairly  complete)  board  fragment  What  can  we  conclude  of  the  relationship 
between  these  two?  We  would  like  the  appropriate  predicates  (HOVETO,  Valueon)  to  correspond 
between  the  two  boards  But  proving  this  is  some  work.  This  illustrates  the  difficultly  of 
transferring  properties  between  similar  objects  within  our  formalism. 

Our  lemma  begins  with  a  lemma  of  its  own  One  of  the  orthogonality  theorems.  OrlhoThmX  (section 
A  9  2)  states  that  the  ORTHO  relation  (on  a  board,  two  squares  lie  on  the  same  horizontal  or  vertical, 
with  no  pieces  between  them)  is  sometimes  equivalent  between  a  board  and  its  sub-board  More 
specifically,  ORTHO  will  remain  true  around  a  square  if  that  square  has  no  undefined  squares  sharing 
its  rows  and  columns  The  lemma  considers  orthogonality  between  GIVEN  and  the  total  board 
(Tboard)  of  some  position  for  which  GIVEN  is  a  BOARO.  A  square  sq  is  proposed,  which  shares 
neither  a  row  nor  a  column  with  the  x-td  square,  UKR4.  As  this  is  the  only  undefined  square  on 
GIVEN,  then  orthogonality  is  equivalent,  on  this  square,  between  the  two  boards.  We  label  this 
lemma  BLOCKLEM  (blocking  lemma). 
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•  ••••Una i  ^1, 

UIMIIIM  ~IRom  miR*»Rom  iq)A.(Coiwbn  UtAtaCtlyan  tq)| 

1  .(Rom  U4R4»Rom  tqlA.ICtiuan  UKR4*C*(wan  tq)  (1) 

•  •HMIIuM  tq3«URRt| 

2  tq3*UKR4  (2) 

•  t  in  tT| 

3  -(Ron  »q3.Ro.  tq)A.(Colu«n  tq3>Coluan  «q)  (1  2) 

*•••*31  r  1 3 1  j 

•  tq3«MlR43(«lRoM  «q3.to.  tqlA.ICtiuan  tq3«Coluan  tql)  U) 

•••••VC  Civ«nU0  »q3j 

5  VtlM*on(ClVCN,tq3)*U0ttq3>U4R4 

•  ••••l«ul  V*luoon(CIVCN.tq3l*u03liq3*tq. l.(Ro.  ta3.Ro.  tq)A-(Colu*n  tq3*Coiwan  tq>))T,TT| 

6  Vt  lu«on  (Cl  VtN,  tq3)aU03(tq3*tqv  (.(Rom  tq3«*o«  tq)  *.(Coiu*n  tq3»Coluan  tq>))  (1) 

•••••VI  T  tq3| 

7  V«q3.  (V*  luton  (Cl  VCH,tq3>  •U03<tq3atq\  (.(Rom  tq3.*o.  tq)*.(Co(uan  tq3«Co(uan  »q>>>)  U) 

•  ••••VC  Or ihoTnnX  q, £ 1  VCR, tq, Iql  | 

A  BOARD  (q,  ClVCN)  3  <Vtq3.  (Vt  lw«on  (C IVC4,  tq3)«i)03(tq3atqv  (.(Rom  tq3*Ro».  tq>A.(Cotwan  tq3«Coluan  sq) ) )  >3 (ORTHO ( 
Tbotrd  q,*q,tql>i0RT«0(ClvCN, tq, tql) >  > 

•  ••••(•u(  B0AR0(q.GIVCH)3(0RTh0<Tbotra  q,  tq.tql  1  tORTnG  (CiVCH,  tq,  tqll  1  Tt ,  V  j 

9  BOARD  (q.GIVCN) 3 (ORTHO (Tbotrd  q,  tq,  tqDtORTMO  (Cl VCR,  tq.tql ) )  (1) 

•••••3l  Ll3t| 

it  (.(Rom  miR*.Rom  tq)  a.  (Co  I  van  URR4.C*luan  tq)  >  xBOARO  (q,C!VtK>  3  (ORTHO  (Tbotrd  q,tq,tql)tORTMO<CIVCH, tq.tql)  I 

) 

•  ••••  i  *o«  i  BlOCHCHi 

•••••VI  T  q  iq  tqll 

ll  Vq  tq  tql .  (  (.(Rom  U4R*.Ro.  tq)A.(Coluan  nAR4.Coii.an  tq) )  3  (BOARD  (q.C  i  VCN)  3  (ORThO  (Tbotrd  q,  tq.  tql  >  tORTHO  ( 
C1VCN, tq.tql)))) 

We  know  that  for  rook*,  the  MQVETO  predicate  is  equivalent  to  the  ORTHO  predicate. 


•••••VC  nOVINGl  Tbo sri  q,RU,BQ2,tql| 

12  ROVC TO (Tbotrd  q,RH,BQ2.tql)t  ( (VAUiCR  Rit  aORThO (Tbotrd  q,BQ2,tql )  )v(  (VRLUCB  RUaO IAG  (Tbotrd  q,BQ2,tql)  )v(  ( 
VAlUCQ  RUaORTmO (Tbotrd  q,B02,  tql)  )v  ( (VRlUCO  RWaOIAC (Tbotrd  q,BQ2,  tql) ) v(  (VALUCR  RWaK  1WH0VC  <BQ2, tql) ) v(  ( 
VAluCN  RUaKHIGHTROVC  (BQ2 .  tql) )  v  (VALoCR  RKaPAUWIDVC  (Tbotrd  q,RU,B02,tql' ))))))) 

•••••VC  nOVINCI  Tbotrd  q.Rv,BQ*C,tql; 

13  HOVC TO (Tbotrd  q,RU,BQN2.  tql>t  ( (VAlUCR  Ra .ORThO  Cootro  q.BQW. tqll  )v( (VOIUCB  RUaOIAC  <Tbo»rd  q. BQN2 ,  tql) )  v  ( ( 
VfllUCO  RUaORThO (Tbotrd  q,B0N2, tql)  )v ( (Vfll  UCC  RU'01«C(Tbo*rd  q, BQN2,  tql)  )v ( (VBLUCR  RUaK I NGHOVC (BQN2 . tql ) ) v ( ( 
VBLUCN  RUaKNICHTHOVC  <B0n2,  tql ) )  v  (VOU/CP  RUaPOWNAOVC  (Tbotrd  q.Rb.BQW,  tql) )))))) ) 

.  t»dl«b«l  1^2; 

•v**«ti>pllty  T t | 

14  flDVC TO  (Tbotrd  q. RU.BQ2,  tql )tORTHO( Tbotrd  q.B02,tql) 

•••••t i np lily  TTj 

IB  HOVCTOlTbotrd  q,RU.B0N2,tql>t0RTH0ITbotrd  q,BQK2,tql> 

And,  by  our  lemma  above,  on  the  interesting  squares  IBQ2  and  BQN2)  orthogonality  is  equivalent 
between  GIVEN  and  the  total  board. 
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**»**VE  BLOCKLED  q,BQ2,*qI; 

16  <-<Ro«  UKR4.Rou  8Q2)  a->(Co  lumn  UKR4.C*lumn  BQ2) >9 (BORRO (q, GIVEN) 9 (ORTHO (Tbotrd  q,BQ2,*ql>»ORTHO(GIVEN,BQ2, 
■ql>>> 

•*»**VE  BLOCKien  q,BQN2,tql| 

17  (.(Ron  UKR4.Rou  B0N2) A,(Column  UKR4.C»lumn  BQN2 ) ) 9 (BOARD (q , G I VEN) 9 (ORTHO (Tbotrd  q,8QN2,tql)lORTHO (GIVEN, 
BQN2, tql) > ) 

*****l*b«l  ^3) 

****** impl i  ly  Tt | 

18  BORRO (q , GIVEN ) > (ORTHO (Tbqtrd  q,BQ2,iql>*0RTH0(GlVEN,BQ2,*ql)) 


•  »**** imp  lily  tt  | 

19  BORRO  (q ,  G I  VEN)  p  (ORTHO  (Tbodrd  q,  BQN2,  iql)  (ORTHO  (Cl  VEN,  BQN2,  tql)  > 

We  would  have  our  result,  except  that  we  must  prove  that  the  rook  could  not  have  moved  from  the 
undefined  square.  But  no  piece  can  make  that  giant  L  jump,  as  consultation  to  a  move  excluding 
theorem  shows. 


***«*VE  tlayHov*  Tbotrd  q,RU,BQ2,UKR4| 

20  I10VET0 (Tboard  q, RU.BQ2, NCR* ):> (Column  BQ2.Column  UKR4v(ICNIGHTH0V£ (BQ2 , UKR4 > v (Rom  BQ2-Rom  UKR4v (SRHE0IRG (BQ2 
, UKR4  >  v (K I NGHOVE (BQ2 , UKR4 ) v (TUOTOUCH INC (Column  B02, Column  UKR4)a(U$UC(Rom  BQ2,Rou  UKR4 ) vBSUC (Rom  BQ2,Rom  UKR4 
>>>)>))> 

***«*l*b*l  L4j 
******  imp  lily  T| 

21  -J10VET0 (Tbo*rd  q,RU,BQ2,UKR4) 

We  can  see  the  desired  result  is  true  on  the  given  board.  The  steps  above  prove  the  equivalence 
between  this  observation,  and  the  result  on  the  total  board. 


»«****impl  ily  V*q2.  (ORTHO (GIVEN, BQ2,*q2> 9 1- (V* I u*on (GIVEN, tq2) .NT) vORTHO (GIVEN, BQN2,*q2> ) > I 

22  V*q2.  (ORTHO (GIVEN, B02, «q2>9(-<V*lu«on(GlVEN,*q2>.nT) -ORTHO (GIVEN, B0N2,»q2>>> 

*****  Mb*  I  LSf 
«**««VE  t  cql| 

23  ORTHO  (GIVEN, BQ2,*ql>9U(V*lu*on  (GIVEN, *ql>.nT>v0RTH0(GIVEN,80N2.*ql>> 

•***»VE  SubBo*rd*4X  q  GIVEN  tql| 

24  BOARD  (q,  GIVEN)  p(V*lu*on  (GIVEN,  tql).V*lu*on<Tbo«rd  q, «ql)vV»lu*on (GIVEN, tqll.UO) 

•****VE  GivcnUD  tql; 

25  V*lu*on (GIVEN, tqll.UOiiql.UKRS 

****#a**um*  B0RR0(q, GIVEN) j 

26  60RR0(q, GIVEN)  (26) 

**»*»t«ulqq  f)0VE)C  (Tboard  q  RU  B02  tql ) 9 ('V* lu**n (Tboard  q  tqD.KT  vflOVETO(Tbo»rd  q  RM  BQN2  tql))  L2, 12*1,13, 
*L3*l,L4it| 

27  H0VET0(Tboard  q,RU,BQ2,*ql)9(~(V«lu*on(Tbo«rd  q,»ql).l1T)vH0VET0(Tbo»rd  q,RU,B0N2,«ql) )  (26) 

Generalization  and  removal  of  dependencies. 


•****VI  t  tql | 

28  Vtql.  (HOVETO (Tboard  q,RU,BQ2,iql)9(-(V«lu*on(Tbo*rd  q,tql).HT)vHOVETO(Tbo«rd  q,RU,BQN2,tql> > >  (26) 

**♦**9 I  tttptj 

29  BOARD (q, Cl VEN) pVcql.  (HOVETO (Tboard  q,RU,B02,tql>9(-(V*lu*on(Tbq«rd  q,  tql). nTJvflO VETO (Tboard  q,RU,BQN2,*ql> 
>) 
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aaaaalabal  SiQCYadGivanThm 
aaaaavi  t  m 

39  Vq.  IBOARO <q,C l VERI oVoql  -  IdOVCTO (Tboard  q, Ru.BaJ,  aql I » l-IV*  luaon (Tboard  q, aql l.dT I  vdOVE  TO (Tboard  q,RU,»QN2, 
aqlllll 

Section  B.9  Where  A  White  Pawn  on  BQB2  Coe* 

A  lemma  for  the  mam  proof,  to  derive  the  possible  move*  of  the  promoting  pawn  on  BQBZ 
Naturally,  we  turn  first  to  the  move  defining  axioms,  HCONSEG. 

**««*i*b*i  tii 

mmuuM  SUCCESSOR  lr.pl  aI-CRSTI  INC  (r.pl  AMX_PflSSRIliT  lr.pl  AlPRubPROn  dova  pAluUHITETURN  pAlFroa  davq  p.BUB.' 

•Aaoaaoip.himoi 

I  SUCCESSORS, plA«flSTllNO(r,plAlu£NJ>ASSaNTlr,p)AlPAwM>ROd  devq  paIuUHITCTURN  pAlfroq  n»vp  paBUB2 'BOARD  ip, b 
»)))))  111 

aaaaaVE  dconbtqlX  r,pj 

:  SUCCESSORS,  pi  slPAUNPROd  novo  pa  HflSTRANlER  iTo  dovo  p, Color  r>  MSIdPUl.CGAl.dOVf  S.pl'IPAWNS  dovor  dova  pM 
VAlUEP  V« luaon I Tboard  r.Froa  dova  pi  a  I  ((RVALUES  Proaotad  dov#  paBVALUCS  ValS, dovar  dova  plI'lUVALUCS 
Proaotad  dova  paUVAluES  ValS, dovar  dova  p)  1 1  aVp  i  (p, dovar  dova  pl»Proao(ad  dovp  pllllll 

aaaaaVE  dCONSEQX  r,p| 

J  SIdPlElfGAldOVC  S.plal-MFroa  dova  p.To  dova  p) a IdOVEIOlTooard  r.ValuaonlTboard  r.Froa  dovp  pi, Fro*  dova  p, 
To  dova  plAllSinPLt  dova  p'ValuaonlTboara  r,To  dova  pl.dTlvtCAPTuRE  dova  paIPIECCVALUCS  VatuaoniTboard  r,To 
dova  pln-MValuacolor  V* luaon  ITboard  r,To  dova  plaCoior  r  1 1 1 1 1 1 

aaaaaVE  dCONSEQA  r,P1 

*  SUCCESSOR  (r ,  pi  >  I I-4JH  tTETURN  riUHITETURN  plAtPravpoa  p.r  a  I-POSIT  lONINCNCCMp.Co  lor  rl  aIIUNI  TEPIECE  dovar 
dova  paUMlTETURN  rlAlPoalr.Froa  dova  plvdovar  dova  pvlPoalp.To  dova  plvdovar  dova  pvlPoalp.Froa  dova  pl»ldPTY 
v  ( (CAPTURE  dova  poPoa  (r,  To  dova  pl.Tatan  dova  pi  '(CASH  INC (r ,pl v  IEN.PASSANT Ir ,pl vSIRPLCl.ECm.dOVE  (r ,pl  1 1 1 1 1 1 1 1 

II 

We  not  that  the  Val.  Valueon,  and  Pos  functions  all  expiess  different  representations  of  similar 
objects,  and  that  these  representations  are  intimately  connected 

»***+VE  V*  lu«Tr«ntpOt  •  I  tonfl  r,Rov«r  flox  •  pJro»  Ho  v  t  p ; 

S  Po»(r,Fro»  Hov*  p)«Hov«r  Mov«  p:>Va I u«or> (TboArd  rtFr om  p)»VpMr,rt#v#r  HovP  p) 

One  awkward  point  is  the  necessity  of  reminding  the  proof  checker  of  the  differences  between  black 
and  white. 


BorU-Pi«c«-  Hov«r  hovp  p| 

S  - (Be ACkP J£C£  Oo vtr  Hovp  paUHlTCPICCE  Hovor  n»*«  p> 

And  we  can  see  that  any  pawn  valued  white  value  piece  must  be  PU. 

aaaaaaixpl  l  Vv.UVAlUEP  va-BVALUES  vlavPUli 
7  Vv.UVAlUEP  vA-aVRIUCS  vliv.PUl 

aaaaaVE  T  ValuaonITboard  r.Frob  dovp  p)| 

a  (VRLUCP  Va  luaon  (Tboard  r.Froa  dovo  pIv^VRCUES  V«  luaon  ITboard  r.Fraa  dova  pIliVdludonlTbodrd  r.Fraa  dovq  pi 
aPU 

aaaaalabal  i»i 

aaaaaVE  ColorCnoiCdl  r.dovor  dovt  pi 

9  (BVRLUES  V»l  (r.dovor  dovo  plillACXPICCC  dovar  dova  plAlUVALUlS  Val  (r, dovar  dova  plaUHIHPIECC  dovar  nova  p) 

More  specifically,  we  consult  the  definitions  of  the  Pu’s  moves,  and  simplify  the  result. 
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aooaoVE  no VINCI  Tb oprd  r.PU.Fro*  flov#  p, To  Novo  p> 

18  HO  VETO  (Tboprd  r.PU.Fro*  Hov*  b,T»  Hov*  pioUVALUER  PUaORTHO (Tboprd  r.Fro*  Hovb  p,To  Hov*  p)>v((VALUEB  PUa 
OIAG (TboPrd  r,Fr o*  Hov*  p,To  Hov«  pllvUVALUEO  PUaORTHO (Tboprd  r,Froa  Nov*  p,To  ltov*  p)>v(<VAlUEQ  PUaDIAG( 
Tboprd  r,Froa  Hov*  p,T«  Hov*  p) )v( (VALUE*  PU/OClNCnOVE  (Fro*  rtova  p,To  nov*  p>  >v<  (VfiLUEN  PUaKNIGHTHOVE (Fro* 
novo  p , To  novo  pMvlVALUEP  PUaPAUNHOVE (Tboprd  r.PU.Froa  Hovo  p,To  Hovo  p>>>>>>)) 

oooooi imp  1 1 fy  T| 

11  no  VETO  (Tboord  r.PU.Froa  Hovo  p,To  novo  pliPAUNHOVE (Tbo*rd  r.PU.Froa  novo  p,To  novo  p> 
oooooVE  PAUNH0VINC1  Tboprd  r,PU,Froa  Hovo  p,T*  Hovo  p;  , 

12  PAUNHOVE (Tboprd  r.PU.Froa  Hov»  p,To  Novo  plpUUPAUNnOVE (Tboprd  r.Froa  Novo  p.To  novo  pinUVALUES  PU)v< 
BPAUNHOVE  (Tboord  r.Froa  Hovo  p,To  Hovo  p> *8 VALUES  P U>> 

•oooosimpl i *y  T| 

13  PAUNHOVE  (Tboprd  r.PU.Froa  nov*  p,To  novo  ploUPAUUMVE (Tboprd  r.Froa  Hovo  p,To  novo  p> 
oooooVE  PAUNnOVlNC2  Tboprd  r.Froa  Novo  p.To  novo  pi 

14  UPAUNHOVE  (Tboord  r.Froa  Hovo  p,To  Hovo  pill  (Coluan  f.-oa  novo  paColuan  To  novo  pa(USUC(Rom  Froa  Hovo  p.Rou 
To  Hovo  p>aVp I uoon (Tboprd  r, To  Hovo  p)aHT))v((C*luan  Froa  Hovo  paColuan  To  Hovo  pa(Rom  Froa  Novo  pa7A(Voluoon 
(Tboprd  r,To  Hovo  p)anTA(Vpluoon (Tboprd  r,npi<*»qM*r«($,C*lM*n  Froa  nov*  p))*nTARow  To  nov*  paS))))v( 
TUOTOUCHINC  (Co  I  van  Froa  Hovo  p.Coluan  To  nov*  p>a(USUC(Rou  Froa  Hovo  p.Rou  To  Hovo  p)  a*  VALUES  V*  I  uoon  (Tboprd 
r,To  Hovo  p>)>>) 

It  therefore  tautologically  follows  that  a  white  pawn  can  move  in  only  one  of  three  (ordinary) 
motions. 


ooooolputoq  TiP?  lilt) 

15  (Coluan  Froa  Hovo  paColuan  To  Hovo  pa(USUC(Ron  Froa  Hovo  p.Row  To  Hovo  plnVp  I  uoon  (Tboprd  r.To  Hovo  P>*HT>> 
v<  (Column  Froa  Hovo  paColuan  To  Hovo  pa(Roh  Froa  Hovo  pa7A(Vplu*on(Tboprd  r,T*  Hovo  p>#nTA(Vplu*on(Tboprd  r, 
npkopqupro  (B.Co  loan  Froa  Hovo  p))*HTaRou  To  Hovo  p*5l )) )  v  (TuO  TOUCHING  (Coluan  Froa  n*v«  p.Coluan  To  Hovo  pint 
USUC(Rou  Froa  Hovo  p.Rou  To  Hovo  p)  aBVALUES  Vp  I  uoon  (Tboprd  r.T*  Hovo  pill)  (II 

Substitution  the  square  we  know  it  moved  from,  and  simplifying,  we  get: 


*0*0* tpu t  From  Hovo  p«8082  Llj 

16  From  Nov*  p«BQB2  (1) 

ooooofubstr  T  in  TTj 

17  (Column  BQB2aColuan  To  Hovo  pa(U$UC(Row  BQB2,Roh  To  Hovo  p»aVp  I  uoon  (Tboprd  r.To  Hovo  p>*HT)>v((Colu*n  BQB2 

aColumn  To  Hovo  pa(Roh  BQB2a7A(V*lu*on(Tboard  r.To  Hovo  p)anTA(Vplu*on(Tboprd  r,N*k**qu*r* (6, Coluan  BQB2))anT 
aRou  To  Hovo  paS) ) ) ) v (TUOTOUCHINC (Co I uan  BQB2, Coluan  To  Novo  p»a(USUC(Rom  B0B2,Rom  To  Hovo  p) aBVALUES  Vpluoon 
(Tboprd  r.To  Hovo  p>>>)  (1) 

*0**0 lab* I  L3| 
oooooc imp  I i (y  t( 

18  (3. Column  To  Hovo  prCUSUC <2,Rou  To  Hovo  p  >  aVp  I  uoon  ( Tboprd  r.To  Hovo  p)*nT>»v(TU0T0UCHINC(3,  Coluan  To  Hovo 

p)A(USUC(2,Rou  To  Hovo  p>aBVALU£S  Vpluoon  (Tboord  r,To  novo  p)>)  (1) 

Now.  we  check  all  of  the  squares,  and  discover  only  three  possible  destinations  for  our  promoting 
white  pawn. 


oooootlapl  I  <y  Vmq.  ( ( (3-Coluan  oqAUSUC (2,Rou  «q))3*q.6QBl> a ( (TUOTOUCHINC (3,Colu*»<  «q) aUSUC (2,Rou  tq>  > odq.BQNl 
ovaqaBQl) >) | 

19  Vpq.  ( ( (3*Co loan  »qAUSUC(2,Rou  tq) ) btqaBQBl) a ( (TUOTOUCHINC (3,Co luan  *q> aUSUC (2, Rom  tq) )>(*q.BQNlv*q.BQl) ) ) 
oooooVE  t  To  Hovo  pi 

28  ((3aColuan  To  nov*  paUSUC(2,Rou  To  nov*  plibTo  n*v*  p.BQBl>A((TU0T0UCHIN6(3, Coluan  To  nov*  p) aUSUC(2,Rom 
To  Nov*  p))b(To  Hovo  paBQNlvTo  nov*  p*BQl>) 
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A  little  rearrangement  of  the  result,  molding  it  into  a  more  convenient  form  for  the  main  proof. 
Effectively,  we  clutter  this  lemma  with  substitutions,  rather  than  the  main  proof. 


oooooVE  VALUETRANSPOSITION  p.Bovor  Rev*  p,To  Bovo  p,b; 

21  (Po*(p,T*  Bov*  pl.Bovor  Bov*  pAgOARO (p , b > ) »(V* luoon (b, To  Bov*  plaVol  (p.Bovor  Bov*  p)vV*lu**n(b,T*  Bov*  p)s 
UOI 

oooootoutoq  UVALUES  Vpluoon  (b  To  Bov*  plvVoluoonlb  To  Bov*  plaUD  T, L 1 1 L 1«3, L2 • 

22  UVALUES  V*lu*on(b,To  Bov*  plvVoluoonlb, To  Bov*  pl.UO  111 

oooooootui**  To  Bovo  p-»««| 

23  To  Bov*  paoqx  (231 

oooooaubilr  T  In  Tt| 

24  UVALUES  V*  lu*on  lb,  *qx>  vV*  luoon  (b,  iqxl.UO  (1  23) 
ooooosl  TT  3  T| 

25  To  Bov*  patqolUVALUES  Voluoov  <b,*qx)vV*lu*on(b,«qx).UO)  <  1  > 
oaoooVl  T  oq*| 

26  Voqx.  (To  Bov*  patqolUVALUES  V* luoon <b, »q«) vVo luoon (b,»q«> aUO) I  (II 
oooooVE  T  BQN1 ; 

27  To  Bov*  p.BQNlP (UVALUES  Voluoon  (b,  BQN1I  vVo  luoon  (b,  BQN1  ).U0)  (II 
oooooVE  TT  BQB1) 

28  To  Bov*  p.BQBlsIUVALUES  Voluoonlb.BQBlIvVoiuoonlb.BQBDallO)  (1) 
oooooVE  TTT  BQ1| 

29  To  Bov*  p.BQli (UVALUES  Volu*on(b,BQllvV*lu*on(b,B01)aU0)  <D 

oooootoutoq  (To  Bov*  p.BQNlAl (UVALUES  V*  luoon  (b.BQNI  I  vV*  luoon  (b,  BOND  .UOI  aBVALUES  V*  luoon  (Tboord  r,To  Bov*  p) 
•  I  I v ( (To  Bov*  p.BQlAl  (UVALUES  V* luoon (b.BQl) vV* luoon (b, BQllaUO) aBVALUES  V*lu*on(Tbo*rd  r,To  Bov*  p))lv(To 
oBov*  p-BQBIa (UVALUES  V* luoon (b.BQBl I vV* luoon (b.BQBlI.UOl  1 1  TTTiT,18,2B( 

30  (To  Bov*  p>BQN1a(  (UVALUES  Vo  I  uoon  (b,  B0N1 1  vVo  luoon  (b,  BQN1 1  aUO)  aBVALUES  V*  luoon  (Tboord  r,To  Bov*  p)l)v((To 

Bov*  p.BQlAl (UVALUES  Vo luoon (b.BQl  I  vVo  luoon (b . BQ1 1 .UOI aBVALUES  Vo luoon I Tboord  r,To  Bov*  pl))v(To  Bov*  p.BQBln 
(UVALUES  Vo  I u*on (b, B0B1 1 vVo luoon (b, BOB  1 1 aUO)  1 1  (1) 

Removing  dependencies,  and  generalizing,  we  get  our  lemma. 


ooooopi  LlbT| 

31  (SUCCESSOR  (r ,  pi  a  (-CASTLING  (r  ,pl  a(-£N_PASSANT  (r,p) aIPAUNPROB  Bov*  pAl4IMITETURN  pnlFro*  Bov*  p.BQBZnBOARO Ip 
, b>  1 1 1 1 1 1 3( (To  Bov*  p.BQNlAl (UVALUES  Vo luoon (b, BQN1) vVo luoon (b, BQN1 1 -UOI aBVALUES  V* luoon (Tboord  r,To  Bov*  pi) 
I  v  ( (To  Bov*  p.BQlAl  (UVALUES  Vo  luoon  (b.BQl)  vVo  luoon  (b,BQl  >  aUO)  aBVALUES  Voluoon  (Tboord  r,To  Bov*  p)))v(To  Bov* 
paBQBlA(UVALUES  V* luoon (», BOBl) vVo  luoon (o.BQBD -UOI 1 1 1 

ooooolobol  PXPounToi 
oooooVl  I  r  p  b| 

32  Vr  p  b.  ( (SUCCESSOR  (r,p)  a  (-CASTLING  (r,p)  a  l^EN-PASSANT  (r,p)  aIPAUNPROB  Bov*  pa(-44MITETURN  pAlFron  Bov*  p.BQB2 
aBOARO  (p,b)  1 1 1 1 1 1  J(  (To  Bov*  p.BQNlAl  (UVALUES  V*lu*an(b,BQNl)vVolu*on(b,BQNl).U0)A8VALUES  VoluoonITboord  r,To 
Bov*  p)  I  )v(  (To  Bov*  p.BQlAl  (UVALUES  V*lu*on(b,BQl)vVolu*on(b,tQll.UO)ABVALUES  Voluoon  (Tboord  r,T*  Bov*  p)))v( 
To  Bov*  p«BQB1a(UVALUES  Vo  luoon  (b,  BQBl)  W*  luoon  (b,  BQB1I  .UOI  1 1 1 1 

Section  B.4  A  Rook  or  Queen  on  BQl  is  Cornered 

The  purpose  of  this  lemma  is  to  set  up  one  of  the  more  complicated  conditions  of  the  corner  theorem 
for  the  mam  proof.  Effectively,  somewhat  similar  in  direction  to  the  proof  of  section  B.2,  though  a 
bit  more  complicated. 


Proof  Lemmas 


Page  199 


B  *1 


We  seek  to  prove  that,  for  any  position  q,  which  has  a  a  board  QBUO,  that  a  black  rook  or  queen 
valued  piece  on  BQ1  can  move  only  to  squares  that  still  check  the  white  king  on  BKR1.  We  will  use 
this  conclusion  In  the  main  proof  to  show  that  if  the  piece  the  pawn  captured  was  a  black  rook  or 
queen,  then  that  checking  rook  or  queen  must  have  arrived  at  that  state  by  a  discovered  check. 

We  begin,  of  course,  by  assuming  the  existence  of  a  position  q,  which  has  QBUD  as  a  board. 

aaaaalabal  til 

*****  iiium  BOARD (q, QBUOI  i 

1  BOARO  (q, QBUO I  U> 

We  consider  first  the  case  of  diagonal  moves.  As  QBUO  is  a  board  of  this  position,  and,  as  we  can 
observe,  QBUO  is  well  defined  and  not  empty  on  the  two  diagonal  blocking  squares  (BQB2  and  BK2), 
we  know  that  the  total  board  (Tooard)  of  q  must  also  have  those  squares  occupied. 


aaaaaVE  SubBoardalX  q,QBU0,BQB2i 

2  BOARO  (q ,  QBUD>  3 ( Va  I  u*on  (QBUO ,  BQ82I a Va  I  uaon (Tboard  q ,  SQI2 >  vV*  I uaon  (QBUO , B062  >  «U0) 

•****VE  SubBoardsSX  q,QBU0,BK2i 

3  BOARO <q , QBUO >  5 ( Va l uaon  IQBUO , 8*2  >  a Va l uaon ( Tboard  q,BK2lvValuoon(QBU0,BK2>aU0> 

••••**  imp  1 1  «w  -<Va  luaon  (QBUO, BMI.nT)  A<-(Valuoon(QBUO, 8K2>aU0>A<-(Valuoon(QBU0, B0B2>.U0>A-(Valudon  (QBUD,  BQB2I 
*  -  (Va  luaon  (QBUO.  B*2).nT>  a  (-(Va  luaon  (QBUO,  BX2>.U0)A(.(Va  luaon  (QBUO,  BQB2>aU0>A-(Va  luaon  (QBUD,  BQB2>aHT>>> 

aaaaalabal  tii 

*****  Idutaq  -  (Va  I  uaon  (Tboard  q.  BQB2)  •HT)  A-(Va  luaon  (Tboard  q,BX2>aflT>  lliT| 

S  - (Va luaon (Tboard  q,BQB2>anT>A-(Valuaon(Tboard  q,BX2)«nT>  (II 

Of  course,  TAUTEQwill  not  be  pleased  unless  we  do  its  function  substitutions  for  It. 


aaaaaaaauiaa  iql*BQB2| 

6  aql«BQB2  (61 

aaaaaaaauiaa  aql>BK2t 

7  aql>BK2  (7) 

aaaaaiubti  TT  in  TTT, 

B  -  (Va  luaon  (Tboard  q,aql>»nT> a-(V*  I  uaon  (Tboard  a  ,8X2  NUT)  (1  61 
aaaaatubqt  TT  In  ttTT( 

9  -(Va  I  uaon  (Tboard  q,BQB2)*l1T)A-(Valuaon(Tboard  q,qql)al1T)  (1  7) 
aaaaaot  TTTTsTTi 

16  aql«BQB23(-(Valuaon(Tboard  q,aqlNBT>A-(Valuaon(Tboard  q,BK2NBT>)  (1) 
aaaaaol  TTttstti 

11  aql«BK29(-(Va luaon (Tboard  q,BQB2NnT>A»(Valuaon(Tboard  q,«ql)>nT))  (1) 

We  employ  a  lemma.  D  lag  BO  1  Lemma,  which  states  that  for  any  position  with  chesspiece  on  BQB2 
and  BK2,  there  are  no  diagonal  moves  from  BQ1.  DiagBQI  Lemma  is  proven  in  the  next  subsection. 


aaaaaVE  DiagBQlLamiaa  Tboard  q,qql| 

12  -(OIAC  (Tboard  q,BQl,aql> a (-<aql.BQ62> A(-(aql.BK2>A(-(Va luaon (Tboard  q,6QB2NI1T>A-<Va  luaon  (Tboard  q,BX2NIU 

>>>>> 
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We  can  therefore  tautologically  conclude  that,  on  the  total  board  of  q,  the  only  squares  diagonally 
reachable  from  BQ1  are  occupied. 

ooooolabal  ^4 | 

ooooo  toutaq  -OlACITbaard  q.BQl , sql> v-(Va  luaon (Tboard  q,sql>«nT>  H,ttTiT| 

13  -OIRCITbaarb  q,BQl,sql>v-(Valuoon(Taoora  q,iqD«nT)  ID 

We  proceed  to  the  orthogonal  cases.  The  board  QBUD  is  undefined  on  exactly  two  squares,  BQ1  and 
IJKR4  (the  fallen  piece  square).  Essentially,  we  seek  those  conditions  which  must  be  true  of  a  sub¬ 
board.  before  we  can  deduce  that  movement  relations  on  it  are  equivalent  to  those  on  a  more  defined 
board.  We  have  a  theorem,  OrthoThmX t7  that  related  orthogonality  between  sub-boards  and  total 
boards.  It  states  that  undefined  squares  that  neither  share  a  row  nor  a  column  with  the  given 
square  (or  are  equal  to  it)  do  not  effect  the  ORTHO  relation.  We  seek  to  establish  that  the  undefined 
squares  of  QBUO  (BQ1  and  UKR4)  are  not  relevant  to  the  current  orthogonality  question.  As  usual,  we 
require  copious  substitutions. 


ooooob  tap I  i  ly  -.(Rom  UKR4«Rou  0Ol)A-(Coluan  UkfUaColuan  BGD| 

14  - (Row  IKR4.Rom  BQD  a-(CoIub»  UKRO.Coluan  BOll 

oooooosoumo  sq3«UKR4| 

15  sq3.U4R4  IIS) 

oooootubat  t  in  tf( 

16  -(Rom  sq3.Ro«  BQl>A-(Caluan  iq3oCaluan  BQD  US) 

0000031  ttjt, 

17  tq3>U(,R43(-(Ro«  «q3«Ro»  BQDA-ICoigan  *ql«Caluon  BQD) 

oooooo 1  op  lily  Voq . (Valuaon(QBU0,iq>«U03(tq«BQlviqoUI(R4) >| 

IB  Voq.  (Va!uaan(QBUD,aq)«U0>(sqoBQlvsq«UKR4>) 

00000VE  T  oq3| 

1 9  Va  I  uaon  <  QBUO ,  sq3  >  oU0»  (sq3«BQ  1  vaq3>  U*R4 ) 

oooootoutoq  Voluosn(QBU0,tq3)«UD><«q3.BQlv(-(RSM  »q3.Rau  BQl>A-(Colubn  aqS.Caluan  BQD)) 

20  Voluaen(QBU0,iq3)«U03(tq3«BQlv(-(RaM  *q3.Ro»  BQl)A-(Caluan  sq3*Caluan  BQ1))) 

ooooolobal  ISt 
00000  VI  t  sq3j 

21  Vaq3.  (Voluaan(QBUO,aq3)oUO>(iq3«BQlv(-(RaM  sq3«Ro«  BQl>A-(Caluan  sq3>Coluan  BQD))) 

We  invoke  our  chess  eye,  the  simplification  mechanism,  to  show  that  BQ1  is  orthogonally  cornered, 
and  adequately  defined. 

00000s  1  up  lily  Vsq.  (ORTHO  (QBUO,  BQl,sq)3(ORTHO(QBUO,|ltRl,aq)v(-(Voluao>i(OBUD,iq).UO)A-(Voluaon(Q0UO,aq).l1T)))) , 

22  Vsq.  (ORTHOlOBUO, SOI, aq>» (ORTHO (QBUO, B4Rl,sq)v(- (Vo luoon (QBUO, aq)«UO) a- (Valuaan (QBUO, aqloHT)))) 

aoooo 1  aba i  tli 
00000  VE  t  aql| 

23  ORTHO  (QBUO, »Ql,aql)»(ORTHO(OBUO,»l(Rl,»qDv(-(Valuaon(QBUO,aqD.UO)A-(V4luaa*i(OBUO,aqDol1T))) 

And.  of  course,  invocations  of  various  theorems  to  show  the  equivalence  of  our  different 
representations. 

aooooVE  OrlhoTnaX  q,QBUO,BQl,sql| 
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24  BOARD  (q  QBUO) }(Vtq3.  (V.  lu.on  IQBUO,  tq3)»U0»(tqJ»B01v  (-(Rot.  tq3.Ro«  6Gl>.-(Col««»  iqS.Colutn  SOI >>>>» (ORTHO ( 
Tbo.rd  q , BQ1 . tql ) .ORTHO (CBUO, B01 , tql  > > > 

Oo.otVE  Tr»n» 1 1 I  v.Subbo.rdOr thoqon.l i ty  QBUO.Tbo.rd  q.BKRl.tqli 

25  SUBORRO (QBUO.Tbo.rd  q>  > (ORTHO (QBUO, BKRl, tql) 30RTH0 (Tbo.rd  q,BKRl,tql>> 

•oo.tVE  SUB-B0AR0S3  q.QBUOi 

26  BOARD (q, QBUO) .SUBOARO (QBUO, Tbo.rd  q> 

**»«•!. bol  ; 

•00*0  V E  SubBo.rdtLX  q  QBUO  tql) 

27  BOARO  (q,  QBUO)  }(V.lu.on  (QBUO,  tql  >«V«  I  w.on  (Tboord  q.tql) vV»lu»on(QBUO,tql).UO> 

We  have  enough  here  to  show  the  desired  relationships  for  orthogonality  and  diagonality.  However, 
the  theorem  stipulates  the  relation  be  on  MOVETO,  not  some  lesser  predicate.  So  we  must  show  the 
adequacy  of  our  deduction  for  each  of  the  rook  and  the  queen.  Ladies  first. 


MOVE  TO  is  defined  by  the  axiom  MOVING).  Simplification  narrows  the  choices. 


o.tt.VE  HOVlNCl  Tbo.rd  q.QB.BQl.tql) 

26  HOVE  TO  (Tbo.rd  q.QB.BOl ,«ql). ( (VALUER  QB*ORTHO (Tbo.rd  q,BQl,«ql>>v( (VALUES  QBaO IRC (Tboord  q.BQl.tql)  > v(  ( 
VALUE Q  QBaORTHO (Tbo.rd  q.BOl ,.ql> > v ( (VALUEQ  OBaOIAC (Tbo.rd  q, BQ1 , tql > ) v ( (VALUES  QBaKINCHOVE (BQl.tql)  )v(  ( 
VALUEN  QBaKNIGHTHOVE (B01 . tql) ) v (VALUER  QBaRAUNHOVE ITbo.rd  q,OB,BQi,(ql> >>>>>> > 

.•**.VE  nOVtNCl  Tbo.rd  q.QB.BKRl.tqli 

29  HOVETO (Tbo.rd  q,  QB, BKRl ,tql>t < (VALUER  QBaORTHO (Tbo.rd  q.BKRl.tql) >v( (VALUES  QBaOIAG (Tbo.rd  q.BKRl ,.ql> ) v ( ( 
VALUEQ  QBaORTHO (Tbo.rd  q.BKRl , tql) )v  <  ( VALUE 0  OB *0 IRC  (Tbo.rd  q.BKRl ,tql> >v( (VALUER  QBaKINCHOVE  (BRRl.tql) )  v(  ( 
VALUEN  QBaKNIGHTHOVE (BKRl, tql) >v(VAlUER  QBaRAUNHOVE (Tbo.rd  q.QB.BKRi, iql> >»>»>)  > 

•  ***.. impl i ly  T T j 

36  HOVETO (Tbo.rd  q.QB , BQ1 , (ql) • (ORThO (Tbo.rd  q,*Qi,tqIlvOIACabo«rd  q.BQl.tql)) 

*«**». imp  I i ly  t  T | 

31  nOVETO  (Tbo.rd  q.  QB ,  BLR l.tql I ■ (ORTHO (Tbo.rd  q,BKRl,iql>vDIRC<Tbo*rd  q.BKRl.tql)) 

We  can  then  tautologically  conclude  the  desired  WFF  for  the  black  queen  (valued)  piece. 


.....i.b.i  queenhqvei 

•***»  t.utoq  nOVETO (Tbo.rd  q.QB.BQl.tqlls  UIV.  I  noon  (Tbo.rd  q,tql)«HT>vflOVETO<Tbo.rd  q,QB, BRRl.tql) I  L1.L4.L5 
0,L6iL7,TTiT| 

32  HOVETO (Tboord  q,QB,BQl,iql>3<-(V»lu.on(Tbo*rd  q,tql>.HT>vflOVETO(Tbo.rd  q, QB, BKRl, tql) )  (1) 

Similarly  for  the  rook. 


**«**VE  nOVINCl  Tbo.rd  q,RB,BQl,.ql| 

33  HOVETO (Tbo.rd  q.RB.BOl.tql)* ( (VALUER  RBaORTHO (Tbo.rd  q.BQl.iql) )v( (VALUES  RBaDIAQ (Tbo.rd  q,BQl,»ql) )v( ( 
VALUEQ  RBaORTHO (Tbo.rd  q.BQl ,iql> )v( (VALUEQ  RBaOIAC (Tbo.rd  q.BQl.tql) >v( (VALUER  RBaK INCNOVE (BQ1 , tql ) ) v ( ( 
VALUEN  RBaRNICHTHOVE  (BQ1 , tql) ) vtVALUEP  RBaRAUNHOVE (Tbo.rd  q.RB.BQl , tql)  )))>>> > 

•*.*«VE  NOVINCl  Tbo.rd  q,RB,BRRl,tql| 

34  NOVETO (Tbo.rd  q.RB.BRRl ,tql>i ( (VALUER  RBaORTHO (Tbo.rd  q,BRRl,tql))v((VALUEB  RBaOIAC (Tbo.rd  q.BKRl, tql) ) v<( 
VALUEQ  RBaORTHO  (Tbo.rd  q.BKRl,  tql)  >v(  (VALUEQ  RBaOIAC  (Tboord  q.BKRl, tql))v(  (VALUER  RBaKINGIWVE  (BRRl.tql) )  v(  ( 
VALUEN  RBaRNICHTHOVE (BKRl, tql) >v (VALUER  RBaRAUNHOVE (Tboord  q,RB, BRRl.tql)))))))) 

.....tlltpl  i  (y  tt| 

35  HOVE  TO  (Tbo.rd  q,RB,B01,tql).0RTN0(Tbo.rd  q.BQl.tql) 

i«q>  I i ly  ft | 

36  nOVE TO (Tbo.rd  q, RB , BKRl .tql). ORTHO <Tbo«rd  q, BRRl.tql) 
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•••••l«b«l  ROOKHOVEi 

•••••Uutqq  HOVETO (Tbo«rd  q,RB,BQl,(ql)3  (-(V* lu«on  <Tbo*rd  q,tql>anT)vflOVETO(Tbo«rd  q,RB,BKRl,bql> )  ll.LS.LSi 
«L7,Ttit( 

37  HOVETO (Tbobrd  q,Rg,8Ql,.ql)3<-<V»;u.OA<Tbe*,'d  q,»ql).nT)vN>VETOUboqrd  q.RB.BKRl.tql))  U> 

It  will  be  more  convenient  for  use  to  have  the  theorem  in  terms  of  some  rook  or  queen  valued  v.  So 
a  little  more  fiddling. 

****»«tquaq  v«RBvvaQB| 

38  vRBvvQB  (38) 

•••••Uutqq  OUEENHOVEi (0B*v)  OUEENriOVE . R00KH0VE . t ( 

39  nOVETO(Tbo*rd  q,v,Bai,»ql>3('(Vilu»on(Tbo«rd  q,»ql).nT)vnOVETO(Tbo«rd  q,v,BKRl,qql) )  (1  38) 

•••••VI  t  tql; 

SB  Vqql.  (HOVETO (Tbobrd  q,v,801,tql>3(~<V«lu«on<Tbo»rd  q,*ql)*flT)vnOVETO(Tboqrd  q, v,BKRl,qql> ) )  (1  38) 

Removing  dependencies,  and  generalizing,  we  obtain  our  theorem. 


•••••si  ttr  s  t| 

41  (v.RBvv.QB)>V»ql.  (HOVETO (Tboqrd  q,v,B01,iql>3l'(Vqlu»on<Tbo»rd  q,»ql)»nT)vflOV£TO<Tbobrd  q,v,BKRl,iql> ) >  ( 

1) 

•****3l  Ll  3  t| 

42  BOARD  <q,Q8U0>3(  (vaRBvvaQBIsVtql.  (HOVETO <Tbo«rd  q, v,8Ql,»ql> 3<-<V»lu«on(Tbo*rd  q,*ql)»HT) vflOVETO (Tboqrd  q, v 
,BKRl,iql>>>> 

•«***l4bbl  Trqopqd-flXJ)Bl-Th»i 
•«••*  VI  t  q  v| 

43  Vq  v.  (BORRD(q,QBUO)3((v.RBvv.QB)3V*ql.  (HOVETO (Tboqrd  q,v,BQl,4ql>3(-(Vqluqon(Tboqrd  q,tql>aHT)vflOVETO( 
Tboqrd  q,v,BKRl,iql>>>>> 

Section  B.4.1  Blocked  Diagonal  Movement 

We  promised  a  proof  of  the  blocked  diagonal  movement  lemma  used  in  the  previous  section.  We 
seek  to  prove  that  pieces  on  BK2  and  BQB2  are  sufficient  to  block  bishop  like  movement  (DIAG)  from 
BQ1. 

We  observe  that  any  square  sharing  a  diagonal  with  BQ1  must  either  have  BK2  or  BQB2  on  that 
diagonal,  or  be  one  of  those  squares. 

*•**• Iqbal  Uj 

»***»•  imp  I  Hy  Vsq3.  (SAnE0IRC(BQl,tq3)3  ( (BETWEEN  <1,2, Row  «q3>  a  (SAHEOIAC  (sq3,BK2>  vSAHE0IAG<bq3,BQB2> ) )  v(bq3. 
*BQB2v»q3.BK2)>)| 

1  Vtq3.  (SAHEOIAC  (BQ1 ,  tq3) » ( (BETUEEN  (1 , 2,  Roh  iq3)  a  (SAHEOIAC  («q3,  BK2)  vSAnEO  IAC  (iq3,BQB2) ) )  v  (•q3>B0B2vtq3>BK2) ) ) 
Diagonal  movement  is  defined  in  terms  of  the  SAMEDIAG  predicate. 

•****VE  H0VING3  b.BQl.tqi 

2  DIAC<b,B01,tq)i(SAf1EDIAC(BQl,*q>AV.q3.  ( (SRHEO IRC (BQ1 , sq3> a (SPHEO IRC <tq , «q3 > aBETUEEN (Row  BQl.Row  »q3,Row  qq) 

> )  sVq  I  uqon  (b ,  tq3)  »flT)  > 

We  assume  these  squares  are  occupied,  and  that  it  is  possible  to  diagonally  move  to  some  other 
square.  We  will  show  this  supposition  to  be  false. 

••••••stun#  DIAG (b,BQl,iq>A(-<<iq«B0B2> A(-(*q.BK2> a(-(V« lu«on(b,BQB2)*RT)A-.(Vqlu«on(b,8K2>*HT>) >) | 

3  OIAG  (b,BQl,»q>A<->(*qaB082)A(-,<*qa8K2)A<-<Vqlw«on<b,8C82>aHT)A-.(Vqluton(b,BX2)aflT))>)  (3) 
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We  abstract  part  of  the  definition  of  diagonal  movement. 

HMillul  V»q3.  ( <SAnE0iBClB01,»q3>A(SAnE01AC<»q,bq3>A  BETUEEM (Raw  BQ1,Boh  tq3,Aoi  tq>  1  IsVoluoonCb.bqSl.nTI  2i 

•3i 

4  Vtq3.  ((SAnE0IAC<BQl,tq3>A(SAn£0lRC(tq,tq3>A|CTUCCN(RoM  |Q1,Rom  m3, to-  tq>  )>>Vt»uooM*,tq3UnT)  (3> 

This  condition  on  diagonal  movement  is  true  for  both  BK2  and  BQB2. 

ooo.oVE  t  BK2| 

5  (SAIIEOIAG <BQl,BK2>A(SAn£0IAG(iq,|F2> aBETuEENIBoh  BQI.Bon  |K2,Bou  tq>M>Vo'woon(b,IK2l.nT  (3) 

•••••ve  rr  bob:, 

6  I  SAnEO I AG  (BQ1 ,  BOB  a  (SAnEO I AG  (iq ,  BQB2 )  aBE  TUEEN  (Bom  BQI.Boh  BQB2.Boh  »q>>>jVoluoon(b,BQB2>.nT  <}> 

We  apply  our  original  observation  to  the  parameter  square  #q 

...*«VE  Ll  «m 

7  $AnE01AG(BQl,iq>3<(BCTUEEN(l,2,BoM  bq)A(SAn£BIAC<tq,B»;2>vSAflE0IA0<bq.BQa2>)>v(iq.»0B2vM»»M>> 

We  compute  the  rows  and  columns  of  the  relevant  squares. 

•••••«  I  up  1 1 IV  Boh  BCI.IaiRoh  BQB2«2a(Boh  Bl2.2»(SA«E0IAC  <BQ1,B«»  aSAIKOIAC  (BQ1.IU2) ) )  >  i 
a  Bo«  BQUIaIBon  BQB2*2a(Boh  B^2-2a (SanEOlAC  (BQ 1 . BK2 >  aSAHCO t OC  (BQS.BQSZl  >  >  > 

Which  is  enough  to  produce  a  contradiction.  We  negate  our  assumption,  and  generalise  to  our 
theorem 


.....tbutoq  FALSE  Lilt, 

9  FALSE  131 

•  *•**-1  t,  D!AG  tb.BCl  ,*q>  a(-(«o.BCB2> 'l*l»q»BL»l  Al-lVoluoonlb.BOBJlABT)  A-.(V«luoon(o,BF2)«HT)  > ) )  | 

IB  -  (01AG  <b,IQl , tq) a  (-(tq.BQBJ) * ('<»q«BK2> A<«(Vi luoo«(b,BQB2I.AT) A«(Voluoo«<k,|K2l*ATI > 1 1 1 

oooooiobol  0  i«qBQ1L«»»«i 
.....VI  t  b  tqi 

11  Vb  oq.  -I01AG  (b.BQlttq)  AU(iqaBQB2)A<->(>q«B12)A(olVolHOOfl(b>BOB2)«BTlA-<Voluoon(b,BS2>«nT>  I )  1 1 

Section  B.4.2  Consequences  of  a  Distant  Pawn  Promotion 

Our  final  specific  lemma.  We  apply  the  fact  that  every  promotion  square  to  the  left  of  UKN1  requires 
the  capture  of  two  white  pieces,  and  to  express  this  fact  in  the  form  most  convenient  for  the  main 
proof. 

To  begin  with,  we  need  to  convince  the  proof  checker  that  each  of  the  eighth  row  squares  that  aren’t 
WKN1  or  UKR1  require  two  captures  from  BKR2.  The  simplest  way  to  convince  the  program,  is  to  let  it 
see  for  itself. 

•  mms  imp  I  •  fy  Vtq.  (Rom  tqaS3(P«Mr>c*pturoi  (tq,Bt>R*)£?vtq«UkRlvtqeUkNl) )  i 
1  Vtq.  (Rom  Bq«63(P4Mnc*pturo«(tqf|kft2)fc2v(tq>UkRlv«4«UkNi))) 

We  assume  we  have  the  appropriate  pawn  promotion  move.  Hence,  by  the  axioms  of  chess,  this 
move  must  have  been  to  the  eighth  row,  and  the  piece  must  have  had  pawn  value  at  the  start  of  the 
move. 
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aaaaaettumo  PflUNPROn  nova  q^flovar  Hove  q«BkRpA-.To  Hove  qaUKRlA-To  Hove  qaUKNli 

2  PflUNPROn  nova  qAinover  Hove  qa8KRPA(-(To  Rove  qaUKRl>A.(To  Hove  qaUKNlll)  (2) 

eaooeVE  Tt  To  Hovo  q; 

3  Roh  To  Hovo  q>t3(P«Mnc*pturoo(To  novo  q,BKR2)22v(To  Hovo  qaUKRlvTo  novo  qaUKND) 
oaaaoVE  8 loc«ProiateiOn08  q,BKRP| 

4  (PflUNPROn  novo  qnHover  novo  qaBKRPIoRoo  To  Hovo  q«8 
oooooVE  nCONSEOL  qt 

5  PflUNPROn  novo  qo (LASTRANKER (To  Hovo  q, Color  Provpoo  q>A(SlHPLEl£GfllHOVE (Provpoo  q,q)A(PflUNS  Hover  Hovo  qA( 
VflLUEP  V* luoon (Tboerd  Provpoo  q,Fro*  novo  q) a( ( (8VALUES  Promoted  Hove  qoBVALUES  Vol (Provpoo  q, Hover  Hovo  q))A 
(UVflLUES  Propotod  novo  qoUVRLUES  Vol (Provpoo  q.novor  Hovo  qlllAVel <q, Hover  Hovo  q)*Proaotod  novo  q))>)) 

o»««*VE  Vo luoTronopoo 1 1 lonfl  Provpoo  q.BKRP.Fro*  novo  q; 

6  Poo  (Provpoo  q.Froo  novo  qlaBKRPqVelueonfTooerd  Provpoo  q.Froe  novo  qlaVo I (Provpoo  q.BKRP) 

**a»»VE  nCONSEQA  Provpoo  q,q; 

7  SUCCESSOR  (Provpoo  q,q>»<  (-4IHITETURN  Provpoo  qiUHITE TURN  qlAlProvpoo  qaPrevpoo  qA ( -POSITION I NCHECIC (q, Color 
Provpoo  q) a ( (UH1 TEP1ECE  Hovor  Hovo  qiUHITE TURN  Provpoo  q) a (Poo (Provpoo  q,Fro»  novo  qlaHovor  Hovo  qA(Poc(q,To 
novo  qlaHover  Hovo  qA(Pos (q.Froo  Hove  qlaEHPTVA ( (CAPTURE  Hovo  qoPoo (Provpoo  q,To  novo  qlaTeken  novo  q)A( 
CASTLING  (Provpoo  q,q)v(EN_PflSSflNT (Provpoo  q.qlvSinPLELEGALnOVE (Provpoo  q,q) ))>>)>>)) ) 

oaaaaVE  POSITION-RULES  q; 

6  SUCCESSOR  (Provpoo  q,q>APRE0ECAHE  (P0,q) 

The  BKRP  started  the  game  on  BKR2.  If  he  has  made  at  least  two  captures,  then,  of  course,  in  two 
positions  of  this  game,  BKRP  captured  white  pieces. 

e***«o imp  I t ly  Poo (P0,8KR2)  | 

9  Pot (P0,BKR2)aBKRP 

**««*VE  -PennSlrueture-3  P0, q.BKRP, To  novo  q,BKR2; 

10  (VflLUEP  Vol  (Provpoo  q.BKRP) a (Pot  (q,  To  Hovo  q>.BKRPA(PREOEGAnE(P0,q>A(Poo<P0,BKR2>aBKRPAPewncepturoo<To 
novo  q ,  BKR2)  £2)  I  > )  o3ql  q2  al  *2.  <  (PREOEGflnE  (ql  ,q)  vql.q)  a(PRE0EGANE  (q2,ql)  AlPREOEGflnE  (P0,q2)  a  (TAKINGS  Hovo  qlA 
(TAKINGS  novo  q2A (Hovor  Hovo  qlaBKRPA (Hovor  Hovo  q2*BKRPA (Tokon  Hovo  qlaxlATeken  Hovo  q2-x2> )))>)>» 

*a»«*10utoq  T : #2  L 1 1 T ; 

11  3ql  q2  xl  x2.  ( (PREOEGAHE (ql,q)vql.q) A(PRE0EGAnE  (q2,ql) aIPREOECARE  (P0,q2) aITAKINGS  Hovo  qlA (TAK INGS  Hovo  q2 

AlHovor  Hovo  qlaBKRPA (Hovor  Hovo  q2aBKRPn (Token  Hovo  qlaxlnToken  Hovo  q2ax2 >>))>)))  (2) 

ot**»3E  T  ql,q2,xl,x2; 

12  (PREOEGAHE  (ql ,q)  vqlaq)  a (PREDEGAHE  (q2,ql>  a (PREOEGAHE  (P0,q2)  aITAKINCS  Hovo  qlnlTAKlNGS  Hovo  q2A<Hovor  Hovo 

qlaBKRPA  (Hovor  Hovo  q2aBKRPn  (Token  novo  qlaxlATeken  Hovo  q2ax2>  )>)>))  (12) 

These  pieces  were  not  the  same  piece. 


ov*«*VE  0 1 1 f iron (Tokon  q2 , ql, q, x2, xl \ 

13  ( ( (qlaqvPREOEGAnE  (ql , q) )  a (q2.qvPREDEGAnE  <q2, q) » >  a ( <—  (To  Hovo  q2aTo  Hovo  ql)v(-<nover  Hovo  q2anovor  Hovo  ql 
Iv  (PREOEGAHE  (q2,ql)w(q2aql>)))A(Tok on  Hovo  q2ax2nTokon  Hovo  qlaxl) ) >o-(x2axl> 

And  both  these  captures  occurred  during  the  game  that  reach  the  presumed  position. 

o««««VE  Trent i t i veGenee loqy  q2,ql,qi 

14  (PREOEGAHE  <q2,ql>  aPREOECAHE  <ql,q>  liPREDEGAHE  (q2,q) 

Hence,  all  the  good  things  we  desire  of  them  are  true. 

o«o*oteutoq  TTTiA-xlax2  TTtiT| 

15  ( (PREOEGAHE  <ql,q>  vqlaqlnlPREOEGAnE  (q2,ql)  a  (PREOEGAHE  <P0,q2)  a(TAKINGS  Hovo  qlA<TAKINGS  Hovo  q2A(Hovor  Hovo 
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ql.gKRPA (Rqvqr  Rqvq  q2.gKRPA(Tttqn  «ov»  41.»1aTmmi  Rqvq  q2.«2))))>>)>A-Ul.«2>  (12) 

Removing  dependence*  and  quantify,  we  get  our  lemma. 

****•31  T  >2  *1  *2  ql  i 

16  3ql  q2  >1  x2.  ( ( (PREOEGARE (ql.q) vql.q) a (PREOEGARE (q2,ql) a(PRE0ECARE(PI,42)a(TAKINCS  Rqvq  qlAlTMINCS  Rqvq 
q2* (Ro vtr  Rqvq  ql.gKRPA (Rqvqr  Rqvq  |2.gltpA(Ttt(n  Rqvq  ql.xlATttqn  Rqvq  q2AK2nnnUA.Ul.x2U  (21 

•  ***Ol  Ll>t| 

17  (PflWNPROn  Rqvq  qa (novqr  Rqvq  q.gr*pA(-(Tq  Rqvq  q.UKRDA.ITq  Rqvq  q.UKNl) > ) )>3x2  xl  q2  ql.  (< (PREOEGARE <ql ,q 
) vql.q) a (PREOEGARE (q2,ql) aIPRCOCCARE (PI, q2> a (TAKINGS  Rqvq  qlA (TAKINGS  Rqvq  q2A(Rqvqr  Rqvq  ql.gKRpA (Rqvqr  Rqvq 

q2>gKRPA(T*kqn  Rqvq  ql.xlATqtqq  Rqvq  q2*x2n>>nnA.(xl.x2n 

•  •••ql.bql  rqrTqkqm 

•****VI  t  q; 

16  Vq.  ((PAUNPROR  Rovq  qAlRqvqr  Rqvq  q.gKRPAl.lTq  Rqvq  q.UKRl>A.(Tq  Rqvq  q.UKNinn>3x2  xl  q2  ql.  <  <  (PREDECARE  ( 
ql.q)  vql.q)  a  (PREOECAHE  (q2,ql) a (PREOEGARE  (PI, q2> a (TAKINGS  Rqvq  qlAlTAKINC*  Rqvq  q2A(Hqvqr  Rqvq  ql.gKRpA (Rqvqr 
Rqvq  q2.gKRpA(Tqtqn  Rqvq  ql.xlATqkqn  Rqvq  q2.x2) ) ) ) ) ) Ua.(x1.x2)) > 
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Appendix  C  FOL  Command  Frequency 

Command  frequency  for  FOL  rule*  of  inference  u*ed  in  this  proof,  grouped  by  command  type  and 
ute  location. 


Inf.  rule 

Main  proof 

M.P.aApp  B 

Chap  36App  A 

Total 

Per  cent 

Quantifier  Manipulation! 

1201 

S3X 

YE 

191 

242 

724 

966 

43X 

VI 

4 

IS 

158 

173 

8% 

31 

4 

5 

20 

25 

IX 

3E 

15 

16 

21 

37 

2X 

Cheat  eue: 

SIMPLIFY 

98 

115 

100 

22S 

225 

10X 

10X 

Decision  procedures: 

381 

17X 

TAUTEQ 

66 

79 

168 

247 

11X 

TAUT 

11 

15 

110 

125 

6X 

UNIFY 

2 

2 

7 

9 

0X 

Substitution  commands: 

99 

4X 

SUBSTR 

6 

6 

61 

69 

3X 

SUBST 

2 

6 

24 

30 

IX 

Dependency  introduction  and 
ASSUME  6 

removal  i 

18 

139 

322 

157 

14X 

7X 

ol 

3 

14 

139 

153 

7X 

-I 

1 

2 

9 

11 

0X 

vE 

1 

1 

0 

1 

0X 

Mi  seel laneouet 

25 

IX 

aI 

3 

3 

13 

16 

IX 

aE 

8 

0 

8 

8 

0X 

■  I 

0 

0 

1 

1 

0X 

Total  i 

405 

541 

1702 

2253 

LABEL 

77 

103 

302 

405 
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Appendix  D  A  Constructive  Solution  to  the  Puizle 

To  assauge  the  fears  of  those  udl  not  convinced  that  the  fallen  piece  must  have  been  a  bishop,  we 
present  a  constructive  proof  More  particularly,  a  game  that  reaches  the  given  position 


I 

PK4 

P-KR4 

18 

P*Q, 

N-Q4 

2 

B  QR6 

P«B 

19. 

P-KN3 

N-QN3 

3 

N-KB3 

P-KR5 

20. 

R-N2 

PoR 

4 

N-KN5 

B-QN2 

21. 

R-KI 

P-N8-*N 

5. 

N-K6 

P/KB2*N 

22. 

R-K4 

N-KB6 

6 

K  K2 

B-Q4 

23 

RQN4 

K-Nl 

7. 

PmB 

P-QB4 

24. 

Q.-KB5 

K-RI 

8 

K-KB3 

N-QB3 

25. 

Q.-C15 

N-QBI 

9 

KKNf 

QQB2 

26. 

R-N7 

N-Q7 

10. 

K-KN5 

0-0-0 

27. 

R*R 

P*Q_ 

1 1 

K-KN6 

PQ3 

28 

N-Q_B4 

P«N 

12 

pqy 

R-Q2 

29 

K*R 

N-N8 

l? 

B-KN5 

R-KR2 

30. 

P-QN3 

K-NI 

14 

QKB3 

N-Q.I 

31. 

P-B7,ch 

K-N2 

15 

Q.B 

Q.-QBS 

32. 

K-R8 

K-N3 

16 

N-QR3 

P-KR6 

33. 

B-KR4 

K.-N2 

17 

R/KRI-KN1 

N-KB3 

31 

P*N-»R 
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Appendix  E  Listing  of  the  Chess  Theorems 


For  the  convenience  of  the  reader,  a  list  of  the  general  chess  lemmas  and  theorems  used  in  this 
paper 

define  AllStart_:  V  t.  3  sq.  Pos  (PO  sq)  «t;; 
define  AllStartX:  V  x.  3  sq.  Pospcf  (PO,  x)  =  sq ; ; 

define  Alternated  lack :  V  r  b.  ((BOARD  (r,  b)  n  BLACK.  INCHECK  b)  p  (POSITIONINCHECK 
(r.  BLACK)  a  -WHITETURN  r ) ) ; ; 

define  AlternateWhite:  V  r  b.  ((BOARD  (r,  b)  a  WHITEINCHECK  b)  p  ( POSITIONINCHECK 
(r,  WHITE)  a  WHITETURN  r ) ) ; ; 

dofine  BishopMovementValues:  V  r  p  ybi  sq  sql.  ((SUCCESSOR  (r,  p)  a  (ybi=Mover 
Move  p  a  (sqsTo  Move  p  a  sql*From  hove  p)))  p  (MOVETO  (Tboard  r,  Valueon  (Tboard 
r,  From  Move  p)  ,  From  Move  p,  To  Move  p)  ■  DIAG  (Tboard  r,  sql,  sq)));; 

define  BishopMoves:  V  r  p  ybi  sq  sql.  ((SUCCESSOR  (r,  p)  a  (ybi^Mover  Move  p  a 
(sqslo  Move  p  a  sqlsFrom  Move  p)))  p  (MOVETO  (Tboard  r,  Valueon  (Tboard  r,  From 
Move  p)  ,  From  Move  p,  To  Move  p)  p  (WHITESQUARES  (sql)  s  WHITESQUARES  (sq))));; 

define  B  i  shopStaysOnSameColor :  V  r  p  ybi  sql  sq.  ((SUCCESSOR  (r,  p)  a  (Pos  (p, 
sq)  =ybi  a  Pos  (r,  sql)  =ybi))  p  (WHITESQUARES  (sq)  ■  WHITESQUARES  (sql)));; 

define  BishopsIsOnSameColor :  V  r  sql  sq2  ybi.  ((Pos  (PO,  sql)  =ybi  a  Pos  (r,  sq2 ) 
=ybi)  p  (WHITESQUARES  (sql)  ■  WHITESQUARES  (sq2)));; 

define  B lackCapturedOnThm:  V  r  q  y  x  sq.  (Prevpos  q=r  p  (To  Move  q=sq  p  (Mover 
Move  q=y  p  ((Taken  Move  q=x  a  WHITEPIECE  y)  p  (-WHITEPIECE  x  a  (-Row  (sq)  =3  p 
Pos  (r  sq)  *x )))))); ; 

define  BlackCapturedThm:  V  p  sq.  (To  Move  p=sq  p  ((ORDINARY  Move  p  a  BVALUES 
Valueon  (Tboard  Prevpos  p,  sq))  p  CAPTURE  Move  p ) ) ; ; 

define  BlackCastleThm:  V  r  p  sq.  ((SUCCESSOR  (r,  p)  a  (CASTLING  (r,  p)  a 
WHITETURN  p))  p  (Pos  (p.  sq)  =  BK  p  (sq=BKNl  v  sq=BQBl ) ) )  ;; 

define  BlackCheckingThm:  V  r.  -  (POSITIONINCHECK  (r,  BLACK)  a  -BLACKINCHECK 
Tboard  r  ) ; ; 

define  BlackCornered:  V  r  q  b  vb  sq  sqx.  ((SUCCESSOR  (r,  q)  a  (-EN_PASSANT  (r ,  q) 
a  (-CASTLING  (r,  q)  a  (-BLASTRANK  (sq)  a  ((BOARD  (q.  b)  a  (Valueon  (b,  sq)  =vb  a 
(Valueon  (b,  sqx)  =KW  a  MOVETO  (b,  vb,  sq.  sqx))))  a  -VALUEP  vb)))))  p  (V  sql. 
(MOVETO  (Tboard  q,  vb,  sq,  sql)  p  (-  (Valueon  (Tboard  q,  sql)  =MT)  v  MOVETO 
(Tboard  q,  vb,  sqx,  sql)))  p  ((ORDINARY  Move  q  a  SQUARE_BE TWEEN  (sq.  From  Move  q. 
sqx))  a  -•  (Mover  Move  q=Pos  (q,  sq)))));; 

define  BlackDidPromote:  V  p  ybp  sq.  (To  Move  p*sq  p  (Mover  Move  p=ybp  p  (PAWNPROM 
Move  p  p  (Val  (Prevpos  p,  ybp)  =PB  a  Pos  (p,  sq)  =ybp))));; 


define  BlackDoesNotStartInCheck_:  -BLACKINCHECK  START;; 
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define  BlackEnPassantThm2:  V  r  q  b.  ((SUCCESSOR  (r,  q)  a  (EN_PASSANT  (r,  q)  a 
WHITETURN  q))  d  (Y  dcx.  -  (Valueon  (b,  Makesquare  (6,  dcx))  =PB  v  Valueon  (b, 
Makesquare  (6,  dcx))  =U0)  3  -BOARD  (q,  b)));; 

define  BlackKingThm:  V  r  sq.  (Val  (r,  Pos  (r,  sq))  =KB  e  Pos  (r,  sq)  =BK);; 

define  B 1  ackMPCLemma :  V  p  b  sq  sqx.  (((Valueon  (b,  sq)  =PB  a  BOARD  (p,  b))  a  Pos 
(PO,  sqx)  =  Pos  (p,  sq))  d  MAY_PAWN_CAPTURES  (sqx,  sq,  BLACK));; 

define  BlackPawnCaptureThm:  V  p  ybp  sql  sq2  sq3  b.  ((Pos  (PO,  sql)  =ybp  a  (Pos 
(p,  sq2)  =ybp  a  (MUST_PAWN_CAPTURES  (sql,  sqZ,  Piececolor  ybp)  a  (BOARD  (p,  b)  a 
Valueon  (b,  sq2)  =PB ) ) ) )  d  ((sq3=sq2  v  (SAMEDIAG  (sq2,  sq3)  a  (SAMEDIAG  (sq3, 
sql)  a  BETWEEN  (Row  ( sq2 )  ,  Row  (sq3)  ,  Row  (sql)))))  D  3  q3  x3.  ((PREOEGAME  (q3, 
p)  v  q3=p)  a  ((TAKINGS  Move  q3  a  (Mover  Move  q3=ybp  a  (To  Move  q3=sq3  a  Taken 
Move  q3=x3)))  a  (PREDEGAME  (Prevpos  q3,  p)  a  (To  Move  q3=sq3  o  (Mover  Move  q3=ybp 
3  ((Taken  Move  q3=x3  a  -WHITEPIECE  ybp)  d  (WHITEPIECE  x3  a  (-  (Row  (sq3)  =6)  d 
Pos  (Prevpos  q3,  sq3)  =x3) ))))))))); ; 

define  BlackPawnMoveThtn:  V  p  ql  ybp  sq.  ((Pos  (ql,  sq)  =ybp  a  (-  (Pos  (PO,  sq) 
=yhp )  a  ((PREOEGAME  (ql,  p)  v  ql=p)  a  Val  (Prevpos  ql,  ybp)  =PB)))  z>  3  q. 
((PREOEGAME  (q,  p)  v  q=p)  a  (Mover  Move  q=ybp  a  (To  Move  q=sq  a  (VALUEP  Val 
(Prevpos  q,  ybp)  a  ((-  (Row  sq=6)  a  -  (Row  sq=4))  o  ((From  Move  q=Makesquare 
(Wsucf  Row  sq,  Column  sq)  a  Pos  (Prevpos  q,  sq)  =EMPTY)  v  ((Taken  Move  q=Pos 
(Prevpos  q,  sq)  a  WHITEPIECE  Pos  (Prevpos  q,  sq))  a  (From  Move  q=Makesquare 
(Wsucf  Row  sq,  L2touchf  Column  sq)  v  From  Move  q=Makesquare  (Wsucf  Row  sq, 
R2touchf  Column  sq) ))))))))); ; 

define  BlackPawnPathThm:  V  p  x  sql  sq2.  (Mover  Move  p=x  o  (To  Move  p=sq2  d  (From 
Move  p=sql  d  (Val  (Prevpos  p,  x)  =PB  p  (-  (Row  (sqZ)  =6)  o  (ORDINARY  Move  p  a 
((Column  (sql)  =Column  (sq2)  a  (8SUC  (Row  (sql)  ,  Row  (sq2))  a  Valueon  (Tboard 
Prevpos  p,  sq2)  =MT))  v  ((Column  (sql)  ^Column  (sq2)  a  (Row  (sql)  =2  a  (Valueon 
(Tboard  Prevpos  p,  sq2)  =MT  a  (Valueon  (Tboard  Prevpos  p,  Makesquare  (3,  Column 
(sql)))  =MT  a  Row  (sq2)  =4))))  v  (TWOTOUCHING  (Column  (sql)  ,  Column  (sq2))  a 
( BSUC  (Row  (sql)  ,  Row  (sq2))  a  WVALUES  Valueon  (Tboard  Prevpos  p, 
sq2 )))))))))));; 

define  BlackPawnValueLemma:  V  p  b  sq.  ((BOARD  (p,  b)  a  Valueon  (b,  sq)  =PB)  d 
BPAWNS  Pos  (p,  sq));; 

define  BlackPawnValueSquares:  V  p  b  t  sq.  -  (PROMOTEDPAWN  (p,  t)  a  (BOARD  (p,  b) 
a  (Valueon  (b,  sq)  =PB  a  Pos  (p,  sq)  «t)));; 

define  BlackPawnsAre_:  V  t.  ((t*BKP  v  t=BQP  v  teBKNP  v  t*BKBP  v  t=BKRP  v  t=BQBP  v 
t=B0NP  v  t=BQRP)  e  BPAWNS  ( t) ) ; ; 

define  BlackPawns0n2Start_:  V  sq.  (BPAWNS  Pos  (PO  sq)  m  Row  (sq)  =2);; 

define  BlackPromtesOnBA:  V  q  ybp.  (PROMOTEDPAWN  (q,  ybp)  o  3  p.  ((PAWNPROM  Move  p 
a  ((PREDEGAME  (p,  q)  v  p*q)  a  Mover  Move  p«ybp))  a  Row  To  Move  p=8));;  ^ 

define  BlackPromtesOnBB:  V  p  ybp.  ((PAWNPROM  Move  p  a  Mover  Move  p=ybp)  d  Row  To 
Move  p=8);; 

define  BlackVa1uesAre_:  V  vb.  (vb*KB  v  (vb»0B  v  (vb*RB  v  (vb=NB  v  (vb=BB  v 
vb»PB )))));; 
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define  BlackpleceArePawnsOr.:  V  t.  (BLACkPLtCE  t  ■  (BPAWNS  t  v  t*BK  v  t«BQ  v 
t«BKN  v  t»BKB  v  t«BKR  v  t»BQB  v  t*BQN  v  t*BQR ) ) ; ; 

define  BlackpiecePawnsAre.:  V  t.  ((BLACKPIECE  (t)  a  PAWNS  (t))  ■  BPAWNS  (t));; 

define  B locked.BKB :  V  r  b  sq.  ((BOARD  (r,  b)  a  (Valueon  (b,  BK2)  »PB  a  (Valueon 
(b,  BKN2)  »PB  a  Pos  (r,  sq)  «BKB)))  3  sq*BKBl);; 

dof ino  B lockedGivenThm:  V  q.  (BOARD  (q.  CIVEN)  3  V  sql.  (MOVETO  (Tboard  q,  RW, 
BQ2,  sql)  3  (-«  (Valueon  (Tboard  q,  sql)  «MT)  v  MOVETO  (Tboard  q,  RW,  BQN2, 
sql))))  ;; 

define  Board! board:  V  r.  BOARD  (r.  Tboard  r ) ; ; 

define  BorW_Piec*_:  V  x.  -  (BLACKPIECE  x  >  WHITEPIECE  x) ; ; 

define  BorW_Value_:  V  vpc.  -  (BVALUES  vpc  ■  WVALUES  vpc);; 

define  CAPPP.Sor tThm:  V  m.  ((PAWNPROM  m  a  CAPTURE  m)  3  CAPPP  m);; 

doflne  ChesspiecePieceValueThm:  V  r  x.  PIECEVALUES  Val  (r,  x ) ; ; 

define  Chslnd:  (r  P0  a  V  r  p.  ((r  r  a  SUCCESSOR  (r,  p))  3  r  p))  3  V  r.  r  r ; ; 

doflne  ColorCholces:  V  r  t.  ((BVALUES  Val  (r,  t)  •  BLACKPIECE  t)  a  (WVALUES  Val 

(r.  t)  ■  WHITEPIECE  t ) ) ; ; 

define  ColorTaken:  V  p.  ( TAKINGS  Move  p  d  ((WHUETURN  p  3  WHITEPIECE  Taken  Move 
p)  a  (-WHITETURN  p  3  BLACKPIECE  Taken  Move  p ) ) ) ; ; 

doflne  ColorsAre_:  V  c.  (c*BLACK  v  c*WHITE);; 

dofine  Colours.:  WHT  (WHITE)  a  BLK  (BLACK)  a  -WHl  (BLACK)  a  -BLK  (WHITE)  a 
-WHITE»BLACK; ; 

dofino  DiagConvnute :  V  b  sql  sq2.  (D1AG  (b,  sql,  sq2)  ■  D1AG  to,  sq2,  sql)) 

define  DiagonalThm:  V  a  b  sql  sq2.  (SUBOARD  (a,  b)  3  (V  sq3.  ((SAMEDIAG  (sql, 

sq3)  a  (SAMEDIAG  (sq2,  sq3)  a  BETWEEN  (Row  (sql)  .  Row  (sq3)  .  Row  (sq2))))  3  - 

(Valueon  (a,  sq3)  =UD))  3  (DIAG  (a,  sql,  sq2)  »  D1AG  (b,  sql,  sq2))));; 

define  DieOnce:  V  q  p  x.  (Taken  Move  p=x  3  (PREDEGAME  (q,  p)  3  -  (Taken  Move 
q=x) )) ; ; 

dofine  DifferentTaken:  V  pi  p2  q  x  y.  ((((p2*q  v  PREDEGAME  (p2,  q))  a  (pl=q  v 
PREOEGAME  (pi,  q)))  a  ((-«  (To  Move  pl*To  Move  p2)  v  (”  (Mover  Move  pl«Mover  Move 
p2 )  v  (PREDEGAME  (pi,  p2)  v  -  (pl*p2))))  a  (Taken  Move  pl«x  a  Taken  Move  p2«y))) 
3  -  (x«y ) ) ; ; 

define  Dlf ferentTakenFour :  V  q  p  pi  p2  p3  p4  y  xl  x2  x3  x4.  (((p=q  v  PREOEGAME 
(p.  q))  a  ((pl«q  v  PREDEGAME  (pi,  q))  a  ((p2*q  v  PREDEGAME  (p 2,  q))  a  ((p3«q  v 
PREDEGAME  (p3,  q))  a  ((p4«q  v  PREDEGAME  (p4,  q))  a  (-  (Mover  Move  pl*Mover  Move 
p)  a  (-  (Mover  Move  p2*Movor  Move  p)  a  (-’  (Mover  Move  p3*Mover  Move  p)  a  (- 
(Mover  Move  p4»Mover  Move  p)  a  (Taken  Move  p*y  a  (Taken  Move  pl«xl  a  (Taken  Move 
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p2«x2  a  (Taken  Move  p3*x3  a  Taken  Move  p4*x4)))))))))))))  3  (-  (xl»y)  a  (-  ( x2»y ) 
a  (-  (x3»y)  a  -  (x4»y) ))));; 

define  EmptyFrom:  V  q  x  sq.  (Pos  (q,  sq)  «x  3  ->  (sq»From  Move  q));; 
define  EmptylsMT:  V  r  t.  (t*ENPTY  ■  Val  (r,  t)  «MT);; 

dofino  EquiOrtholhm:  V  a  b  sql  sq?.  ((SUBOARD  (a,  b)  a  (-  (sql»sq?)  a  ((Column 
(sql)  «Column  (sq2)  a  V  sq3.  ((BETWEEN  (Row  (sql)  ,  Row  (sq3)  ,  Row  (sq 2))  a 
Column  (sq3)  ‘Column  (sql))  3  -  (Valueon  (a,  sq3)  *1)0)))  v  (Row  (sql)  »Row  (sq2) 
a  V  sq3 .  ((BETWEEN  (Column  (sql)  .  Column  (sq3)  ,  Column  (sq2))  a  Row  (sq3)  »Row 
(sql))  d  ->  (Valuoon  (a,  sq3)  * UD ))))))  3  (ORTHO  (a,  sql,  sq? )  ■  ORTHO  (b,  sql, 
sq?))); ; 

dofino  FarTakon:  V  q.  ((PAWNPROM  Move  q  a  (Mover  Move  q=BKRP  a  (-  (To  Move 
qsVkRl)  a  -  (To  Move  q*WKNl))))  3  3  ql  q2  xl  x2.  (((PREDEGAME  (ql,  q)  v  ql«q)  a 

(PREDEGAME  (q2,  ql)  a  (PREDEGAME  (PO,  q2)  a  (TAKINGS  Move  ql  a  (TAKINGS  Move  q2  a 

(Movor  Move  ql*BKRP  a  (Mover  Move  q2*BKRP  a  (Taken  Move  ql»xl  a  Taken  Move 
q?«x2 ))))))))  a  -  (xl»x2 ) ) )  ;; 

define  GameRelatlonsS:  V  r.  -PREDEGAME  (r,  PO);; 

define  GivenUD:  V  sq.  (Valueon  (GIVEN  sq)  »UD  ■  sq»WKR4);; 

dofino  GlvonWV;  V  sq.  (WVALUES  Valueon  (GIVEN  sq)  3  ( sq»BKRl  v  sq»B01  v  sq»BQ2  v 

sq*WQR2  v  sq*WQN3  v  sq»WQB2  v  sq«WQ3  v  sq«WKB2  v  sq«WKN3  v  sq«WKR2 ) ) ; ; 

dofino  Grandchi  ldGenealogy:  V  r  q  p.  ((SUCCESSOR  (r,  q)  a  PREDEGAME  (q,  p))  3 
PREOEGAME  (r,  p ) ) ; ; 

define  GrandparentGenealogy:  V  q  p.  (PREDEGAME  (q,  p)  3  PREDEGAME  (Prevpos  q, 
p));; 

define  GrandparentGenealogyX:  V  q  p  pi.  (((PREDEGAME  (p,  pi)  v  p»pl)  a  (PREDEGAME 
(q,  p)  v  q*p))  3  PREDEGAME  (Prevpos  q,  pi));; 

define  GrandparentGenealogyY:  V  rl  r  p.  ((SUCCESSOR  (r,  p)  a  (PREDEGAME  ( r  1 ,  r)  v 
rl*r))  3  PREDEGAME  (rl,  p) ) ; ; 

define  KingCommute:  V  sql  sq2.  (KINGMOVE  (sql,  sq2)  ■  KINGMOVE  (sq2,  sql)) 

define  Kinglemma:  V  r  p  t.  ((SUCCESSOR  (r,  p)  a  VALUEK  Val  (p,  t))  3  Val  (r,  t) 
■Val  (p,  t ) ) ; ; 

defino  KingValuoThm:  V  r  b  sq.  ((BOARD  (r,  b)  a  -  (Valueon  (b,  sq)  »UD)>  3  ((Pos 
(r,  sq)  >WK  ■  Valueon  (b,  sq)  «KW)  a  (Pos  (r,  sq)  «BK  ■  Valueon  (b,  sq)  »KB ) ) ) ; ; 

dofino  KingValuesAre_:  V  v.  (VALUEK  v  ■  (v»KB  v  v«KW));; 

define  KingsAre_:  V  t.  (KINGS  t  •  ( t«BK  v  t«WK ));; 

define  KnightCommute:  V  sql  sq2.  (KNIGHTMOVE  (sql.  sq2)  >  KNIGHTMOVE  (sq2.  sql)) 
define  MayMovet  V  b  v  sql  sq2.  (M0VET0  (b,  v,  sql,  sq2)  3  (Column  (aql)  «Column 


Page  212 


Luting  of  the  Chess  Theorems 


E 


(sq2)  v  (KNIGHTMOVE  (sql.  sq2)  v  (Row  (sql)  *Row  ($q2)  v  ( SANE  D I  AG  (sql,  sq2)  v 
(KINGMOVE  (sql.  sq2)  v  (TWOTOUCHING  (Column  (sql)  ,  Column  (sq2))  a  (WSUC  (Row 
(sql)  .  Row  ( sq2 ) )  v  BSUC  (Row  (sql)  .  Row  ( sq2 ))))))))))  ;; 

define  MconseqfX:  V  r  rl  sq  x.  (((rl»r  v  PREDEGANE  (r  1 ,  r))  a  Taken  Hove  rl»x)  3 
-  (Pos  (r.  sq)  »x));; 

doflne  MconseqhX:  V  r  q  b  sq  sql.  ((Pos  (q,  sq)  *Pos  (r,  sql)  a  ((SUCCESSOR  (r, 
q)  a  (-PAWNPROM  Hove  q  v  -  (Pos  (q,  sq)  «Mover  Move  q)))  a  (BOARD  (q,  b)  a  - 
(Valueon  (b.  sq)  »U0))))  3  Valueon  (Tboard  r,  sql)  *Va lueon  (b,  sq));; 

define  MconseqkX:  V  r  p.  ((SUCCESSOR  (r,  p)  a  ORDINARY  Move  p)  o  (-  (From  Move 
psTo  Move  p)  a  (MOVETO  (Tboard  r,  Valueon  (Tboard  r,  From  Move  p)  .  From  Move  p. 
To  Move  p)  a  ((SIMPLE  Move  p  a  Pos  (r.  To  Movo  p)  «EMPTY)  a  ((CAPTURE  Move  p  3 
(WHITEPIECE  Taken  Move  p  •  WHITETURN  p))  a  -  (CAPTURE  Move  p  ■  SIMPLE  Move 
p)  ))))); ; 

define  MconseqlX:  V  r  q.  (SUCCESSOR  (r.  q)  3  (PAWNPROM  Move  q  ■  (LASTRANKER  (To 
Move  q.  Color  r)  a  (SIMPLELEGALMOVE  (r,  q)  a  (PAWNS  Mover  Move  q  a  (VALUEP 
Valuoon  (Tboard  r,  From  Movo  q)  a  (((BVALUES  Promoted  Move  q  ■  BVALUES  Val  (r, 
Mover  Move  q))  a  (WVALUES  Promoted  Move  q  ■  WVALUES  Val  (r,  Mover  Move  q)))  a  Val 
(q,  Mover  Move  q)  ^Promoted  Move  q)))))));; 

doflne  MconseqmX:  V  r  p.  (SUCCESSOR  (r,  p)  3  ((CASTLE  Move  p  ■  CASTLING  (r,  p))  a 
((ENPASSANT  Move  p  ■  EN.PASSANT  (r.  p))  a  (ORDINARY  Move  p  >  SIMPLELEGALMOVE  (r, 
p)))));; 

define  MlghtBeBB:  V  r  t.  (Val  (r,  t)  *BB  a  ( ( t*BKB  v  t«BQB)  v  (SPAWNS  t  a 
PROMOTEOPAWN  (r.  t))));; 

doflno  MlghtBeNB:  V  r  t.  (Val  (r,  t)  »N8  3  ( ( t=BKN  v  t«BQN)  v  (BPAWNS  t  a 
PROMOTEDPAWN  (r.  t))));; 

doflne  MlghtBoRW:  V  r  t.  (Val  (r,  t)  «RW  3  ((t«WKR  v  t«WQR)  v  (WPAWNS  t  a 
PROMOTEDPAWN  (r,  t ) ) ) ) ; ; 

doflno  Mobility:  V  r  sq  x.  ((Pos  (r,  sq)  =x  a  -  (Pos  (PO,  sq)  *x))  3  3  q. 

((PREDEGAME  (q.  r)  v  q«r)  a  ((Mover  Move  q*x  a  To  Move  q*sq)  v  (CASTLE  Move  q  a 

(Alsomover  Move  q*x  a  Alsoto  Movo  q=sq)))));; 

doflno  MoveCholces:  V  p.  (((CASTLE  Move  p  ■  CASTLING  (Prevpos  p,  p))  a 
((ENPASSANT  Move  p  ■  EN_PASSANT  (Prevpos  p.  p))  a  (ORDINARY  Move  p  ■ 
SIMPLELEGALMOVE  (Prevpos  p,  p ) ) ) )  a  ((MOVES  p  3  (ENPASSANT  p  v  (CASTLE  p  v 
ORDINARY  p)))  a  ((MOVES  p  3  -  (ENPASSANT  p  a  CASTLE  p))  a  ((MOVES  p  3  - 
(ENPASSANT  p  a  ORDINARY  p))  a  (MOVES  p  3  -  (CASTLE  p  a  ORDINARY  p))))));; 

define  MovedValues:  V  r  p  b  sq  sqx.  (((SUCCESSOR  (r,  p)  a  (-EN_PASSANT  (r,  p)  a 
(-CASTLING  (r,  p)  a  (-PAWNPROM  Move  p  a  BOARD  (p.  b ) ) ) ) )  a  (From  Move  p«sq  a  To 
Move  p=sqx ) )  d  (MOVETO  (Tboard  r,  Val  (p.  Mover  Move  p)  ,  sq,  sqx)  a  (-  (Valueon 
(b,  sqx)  «UD)  o  (MOVETO  (Tboard  r,  Valueon  (b,  sqx)  ,  sq,  sqx)  a  ((WHITETURN  p  3 
BVALUES  Valueon  (b,  sqx))  a  (-WHITETURN  p  3  WVALUES  Valueon  (b,  sqx)))))));; 

define  MovedValuesX:  V  r  p  x  sq  sqx.  (x*Mover  Move  p  o  ((-PAWNS  x  a  -KINGS  x)  3 

((SUCCESSOR  (r,  p)  a  (From  Move  p«sq  a  To  Move  p*sqx))  d  MOVETO  (Tboard  r,  Val 

(PO.  x)  ,  sq,  sqx))));; 
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define  MovementValues :  V  r  p  x  sq  sql.  ((SUCCESSOR  (r,  p)  /\  (xaMover  Move  p  a 
(-PAWNS  x  a  (sq«To  Move  p  a  $ql»Froro  Move  p))))  3  (MOVETO  (Tboard  r,  Velueon 
(Tboard  r,  From  Move  p)  ,  From  Move  p,  To  Move  p)  ■  MOVETO  (Tboard  r,  Vel  (PO,  x) 
,  sql,  sq ) ) ) ; ; 

define  MoverOnTO:  V  q  y  sq.  ((Pos  (q,  sq)  »y  a  To  Move  q«sq)  3  y«Mover  Move  q);; 

define  MovetoCommute :  V  v  b  sql  sq2.  (-VALUEP  v  3  (MOVETO  (b,  v,  sql,  sq2)  ■ 
MOVETO  (b,  v,  sqZ,  sql)));; 

define  NoBlackPawnsOnlRow:  V  r  x  sq.  ( ( Va  1  (r,  x)  «PB  a  Pos  (r,  sq)  *x)  3  -  (Row 
(sq)  « 1 ) ) ; ; 

define  NoEndlnCheck :  V  r  c.  (-  (c»Color  r)  3  -POSITIONINCHECK  (r,  c));; 
define  NoPromtedlnPO :  V  x.  -PROMOTEOPAWN  (PO,  x);; 

define  NonmoverStays:  V  r  q  sq  x.  ((SUCCESSOR  (r,  q)  a  (Pos  (q,  sq)  «x  a  (-ROOKS 
x  a  -  (x=Movor  Move  q ) ) ) )  3  Pos  (r,  sq)  «x);; 

define  NotBPFromlThm:  V  p  b.  ((-CASTLING  (Prevpos  p,  p)  a  (BOARO  (p,  b)  a 
(-EN_PASSANT  (Prevpos  p,  p)  a  (WHITETURN  p  a  Row  From  Move  p«l))))  3  ((-  (Valueon 
(b,  To  Move  p)  *UD)  3  MOVETO  (Tboard  Prevpos  p,  Valueon  (b,  To  Move  p)  ,  From 
Move  p,  To  Move  p))  a  (-PAWNPROM  Move  p  a  (MOVETO  (Tboard  Prevpos  p,  Vel  (Prevpos 
p,  Mover  Move  p)  ,  From  Move  p,  To  Move  p)  a  (-  (Valueon  (b,  To  Move  p)  «UD)  3 
(-VALUEP  Valueon  (b.  To  Move  p)  a  BVALUES  Valueon  (b.  To  Move  p) )))))); ; 

define  NotChessp1eceEmpty_:  V  t.  (-CHESSPIECES  t  ■  t«EMPTY);; 

define  NotFromBKBBlocked:  V  r  p  sq.  ((SUCCESSOR  (r,  p)  a  (Mover  Move  p=BKB  a  (Pos 
(p,  BK2)  =BKP  a  (Pos  (p,  BKN2)  «BKNP  a  Pos  (p.  sq)  «BKB) ) ) )  3  -  (From  Move 
p*BKBl ) ) ; ; 

define  NotMPC_B1ack2tol_:  V  dcxl  dcx2.  -MAY_PAWN_CAPTURES  (Makesquare  (2  dcxl) 
Makesquare  (1  dcx2)  BLACK);; 

doflne  NotPawnValuePromotedPawns:  V  r  yp.  (-VALUEP  Val  (r,  yp)  3  PROMOTEOPAWN  (r, 
yp));; 

define  Of f IcerValueThm:  V  r  t.  (-PAWNS  t  3  Val  (PO.  t)  -Val  (r,  t));; 

define  Off IcerValueThmX:  V  r  t  tl.  ((-PAWNS  t  a  t«tl)  3  Vel  (PO,  t)  »Vel  (r, 
tl));; 

define  OnlyPawnsPromote:  V  r  rl  t.  ((-VALUEP  Val  (rl,  t)  a  PREDEGAME  (rl,  r))  3 
Val  (r,  t)  «Val  (rl,  t));; 

define  OrthoCommute:  V  b  sql  sq2.  (ORTHO  (b,  sql,  sq2)  ■  ORTHO  (b,  sq2,  sql)) 

doflne  OrthoThmX:  V  q  b  sqx  sql.  (BOARD  (q,  b)  3  (V  sq3.  (Valueon  (b,  sq3)  «UD  3 
(sq3»sqx  v  (-  (Row  (sq3)  «Row  (sqx))  a  -  (Column  (sq3)  ‘Column  (sqx)))))  3  (ORTHO 
(Tboard  q,  sqx,  sql)  ■  ORTHO  (b,  sqx,  sql))));; 


define  OtherSIdeSteys:  V  r  p  sq  x.  ((SUCCESSOR  (r,  p)  a  ( ( WHITEPIECE  x 
WHITETURN  p)  a  Pos  (p,  sq)  ax))  3  Pos  (r,  sq)  ax);; 
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define  PXPawnTo:  V  r  p  b.  ((SUCCESSOR  (r,  p)  a  (-CASTLING  (r,  p)  a  (-EN.PASSANT 
(r,  p)  a  (PAWNPROM  Move  p  a  (-WHITETURN  p  a  (From  Move  p«BQB2  a  BOARO  (p, 
b) ))))))  b  ((To  Move  p.BQNl  a  ((WVALUES  Valueon  (b,  BQN1 )  v  Valueon  (b,  BQN1) 

=  UD )  a  BVALUES  Valueon  (Tboard  r,  To  Move  p)))  v  ((To  Move  p*BQl  a  ((WVALUES 
Valueon  (b,  BQ1)  v  Valueon  (b,  B01)  *UD)  a  BVALUES  Valueon  (Tboard  r,  To  Move 
p)))  v  (To  Move  p.BQBl  a  (WVALUES  Valueon  (b,  BQB1)  v  Valueon  (b,  BQB1)  «U0))))) 


define  ParentGenealogy:  V  r2  rl  q.  ((SUCCESSOR  (rl,  q)  a  PREDEGAME  (r2,  q))  b 
(PREDEGAME  (r2,  rD  v  r2.rl));J 

define  PawnValuedBlackPieces:  V  r  yb.  (VALUEP  Val  (r,  yb)  b  Val  (r,  yb)  «PB)  ;; 

define  PawnValuedPawnsThm:  V  r  t.  (VALUEP  Val  (r,  t)  b  PAWNS  t);; 

define  PawnValuesAre_:  V  v.  (VALUEP  v  ■  (v«PB  v  v«PV));; 

define  PawnWasOnThm:  V  q  p  x  sq.  (((PREDEGAME  (p,  q)  v  p.q)  a  (VALUEP  Val 
(Prevpos  p,  x)  a  (Mover  Move  p*x  a  (From  Move  p«sq  a  -  (Pos  (PO,  sq)  «x)))))  b  3 
p.  ((Pos  (p,  sq)  «x  a  (PREDEGAME  (p.  q)  a  VALUEP  Val  (p,  x)))  a  VALUEP  Val 
(Prevpos  p,  x ) ) ) ; ; 

define  PieceCho1ces_:  V  x.  ( ( WHITEPIECE  (x)  ■  (Piececolor  (x)  .WHITE))  a 
(BLACKPIECE  (x)  ■  (Piececolor  (x)  .BLACK)));; 

define  PlecevaluesAreChesspieces:  V  r  b  sq.  ((BOARD  (r,  b)  a  PIECEVALUES  Valueon 
(b.  sq))  b  CHES5PIECES  Pos  (r,  sq));; 

define  PlecevaluesAraChessplecasX:  V  r  sq.  (PIECEVALUES  Valueon  (Tboard  r,  sq)  b 
CHESSPIECES  Pos  (r.  sq));; 

define  PrevGameposItlon:  V  p  sq  x.  ((((WHITEPIECE  x  ■  WHITETURN  p)  a  Pos  (p,  sq) 
*x )  A  -  (Pos  (PO,  sq)  «x))  b  3  q.  Prevpos  p«q)  ;; 

define  PrevlousPawnValue:  V  r  p  t.  (Prevpos  p«r  b  (VALUEP  Val  (p,  t)  b  VALUEP  Val 
(r,  t)));; 

define  RetalnValueColor ;  V  rl  r2  t.  ((BVALUES  Val  (r2,  t)  ■  BVALUES  Val  (rl,  t)) 
a  (WVALUES  Val  (r2,  t)  ■  WVALUES  Val  (rl,  t)));; 

define  RooksAre_:  V  t.  (ROOKS  t  >  (t«BKR  v  t«WKR  v  t«WQR  v  t«BQR));; 

define  RowColumnSquareThm:  V  sql  sq2.  (Row  (sql)  *Row  (sq2)  b  (Column  (sql) 
.Column  ( sq2 )  b  sql>sq2));; 

define  SameColorsOnDiagonals.:  V  sql  $q2.  (SAMEDIAG  (sql  sq2)  b  (WHITESQUARES 
(sql)  ■  WHITESQUARES  (sq2)));; 

define  ShortPawnPathThm:  V  r  p  sql  sq2  x  b.  (V  sq.  ( (MAY_PAWN_CAPTURES  (sq2,  sq, 
Piececolor  x)  a  MAY_PAWN_CAPTURES  (sq,  sql,  Piececolor  x))  b  (sq«sq2  v  sq.sql))  b 
((Pos  (p,  sql)  "X  a  (Pos  (PO,  sq2)  «x  a  ((PREDEGAME  (r,  p)  v  r«p)  a  (VALUEP  Val 
(p,  x)  v  (BOARD  (p,  b)  a  (Valueon  (b,  sql)  >PW  v  Valueon  (b,  sql)  ■PB))))))  b 
(Pos  (r,  sql)  »x  v  Pos  (r,  sq2)  «x)));; 
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dofine  StandingBlackPawnThm:  V  r  p  b  sq.  ((Valueon  (b,  sq)  »PB  a  (Row  (aq)  «2  a 
(BOARO  (p.  b)  a  SUCCESSOR  (r,  p))))  3  (Valueon  (Tboard  r,  sq)  »PB  a  Pos  (r.  sq) 

■  Pos  (p.  sq) ) ) ; ; 

define  SubBoards4X:  V  r  b  sq.  (BOARO  (r,  b)  3  (Valueon  (b,  sq)  -Valueon  (Tboard 
r,  sq)  v  Valueon  (b,  sq)  «UD));; 

dofine  SubboardTransitivity :  V  bl  b2  b3.  ((SUBOARD  (bl,  b2)  a  SUBOARO  (b2,  b3))  3 
SUBOARO  (bl.  b3) ) ; ; 

define  SubboardTransitivltyX:  V  a  b  r.  ((SUBOARO  (a,  b)  a  BOARO  (r,  b))  3  BOARD 
<r.  a));; 

define  Substitution?:  V  J1  J2  kl  k2.  < jl«J2  a  (kl*k2  3  <02  (J1  kl)  «02  (j2 
k2) ) ) ) ; ; 

define  Substitution:  V  J  k.  (j«k  d  0  j«0  k);; 

define  ThreeNB:  V  r  b  x  sql  sq2  sq3  sqx.  (V  t.  ((BPAWNS  t  a  PROMOTEOPAWN  (r.  t)) 

3  t=x)  d  (((-  (sql«sq2)  a  (-  (sql*sq3)  a  -  (sq2«sq3)))  a  ((Val  (r,  Pos  (r,  sql)) 

=  NB  v  (BOARO  (r,  b)  a  Valueon  (b.  sql)  «N8))  a  ((Val  (r,  Pos  (r,  sq2))  *NB  v 
(BOARO  (r.  b)  a  Valueon  (b.  sq2)  *NB) )  a  (Val  (r.  Pos  (r,  sq3))  *NB  v  (BOARO  (r. 
b)  a  Valueon  (b,  sq3)  *NB) ) ) ) )  3  (PROMOTEOPAWN  (r,  x)  a  ((-  (sql«sqx)  a  (- 
(sq2*sqx)  a  -<  (sq3*sqx)))  3  (-  (Pos  (r,  sqx)  «x)  a  (-«  (Pos  (r,  sqx)  *BICN)  a  - 
(Pos  (r.  sqx)  >BQN) )))))); ; 

dofine  TransitiveGenealogy:  V  r  p  q.  ((PREDEGAME  (r,  p)  a  PREOEGAME  (p,  q))  3 
PREOEGAME  (r,  q));; 

define  TransitiveSubboardMovement:  V  a  b  v  sql  sq2.  ((SUBOARO  (a,  b)  a  MOVETO  (a, 
v,  sql,  sq2 ) )  3  MOVETO  (b,  v.  sql.  sq2));; 

define  TransitiveSubboardOrthogonal ity :  V  a  b  sql  sq2.  (SUBOARD  (a,  b)  3  (ORTHO 
(a.  sql.  sq2 )  3  ORTHO  (b,  sql,  sq2)));; 

define  TransItlveSuccession:  V  r  p  x.  ((PROMOTEOPAWN  (r,  x)  a  SUCCESSOR  (r ,  p))  3 
PROMOTEOPAWN  (p,  x ) ) ; ; 

define  TransItlveUNMKCAPPP:  V  p  a  b  sql  sq2  v  vl.  ((BOARD  (p,  Unmkcapppmove  (a, 
sql,  sq2,  v))  a  (SUBOARO  (b,  Unmkcapppraova  (a,  sql,  sq2,  vl))  a  v«vl))  3  BOARD 
(P.  b));; 

define  Trapped_OX_OBl_Thm:  V  q  v.  (BOARD  (q,  QBUD)  3  ((v»RB  v  v«QB)  3  V  sql. 
(MOVETO  (Tboard  q,  v,  BQ1 .  sql)  3  (-  (Valueon  (Tboard  q,  sql)  «MT)  v  MOVETO 
(Tboard  q,  v,  BKR1,  sql)))))  ; ; 

define  UOIsNotVW.:  V  vw.  -vw«U0;; 

define  Unique:  V  r  sql  sq2  x.  (Pos  (r,  sql)  »x  3  (Pos  (r,  sq2)  «x  ■  sql«sq2));; 

define  UnmovedBlackPawnThm:  V  r  b  ybp  sq.  ((Pos  (PO,  sq)  »ybp  a  (Valueon  (b,  sq) 
»PB  a  BOARD  (r,  b)))  3  (Pos  (PO,  sq)  «Pos  (r,  sq)  a  Pospcf  (r,  ybp)  «sq));; 

define  UnmovedWhltePawnThm:  V  r  b  ywp  sq.  ((Pos  (PO,  sq)  »ywp  a  (Valueon  (b,  sq) 
«PW  a  BOARD  (r,  b)))  3  (Pos  (PO,  sq)  »Pos  (r,  sq)  a  Pospcf  (r,  ywp)  -sq));; 
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define  UnpromotedFrom:  V  r  q  b  x  sq.  ((SUCCESSOR  (r,  q)  a  (-WLASTRANK  sq  a  (BOARD 
(q,  b)  a  (Valueon  (b,  sq)  «vw  a  (Pos  (q.  sq)  «x  a  Mover  Move  q*x)))))  p  Valueon 
(Tboard  r,  From  Move  q)  «vw)  ;; 

dofine  ValueChoices_:  V  vpc.  ((WVALUES  (vpc)  ■  Valuecolor  (vpc)  «WHITE)  a 
(B VALUES  (vpc)  ■  Valuecolor  (vpc)  •BLACK));; 

define  ValueColorRetentionThm:  V  r  rl  t.  (PREOEGAME  (ri,  r)  p  ((8VALUES  Val  (rl, 
t)  >  BVALUES  Val  (r,  t))  a  (WVALUES  Val  (rl,  t)  a  WVALUES  Val  (r,  t))));; 

dofine  ValueFunctlonChoices.:  V  v.  ((WVALUES  (v)  p  Valuecolor  (v)  «WHITE)  a 
(BVALUES  (v)  p  Valuecolor  (v)  *BLACK));; 

dofine  ValueTransposItlonA:  V  r  t  sq.  (Pos  (r,  sq)  «t  p  Valueon  (Tboard  r,  sq) 
*Val  (r,  t))  ;; 

define  ValueTranspositlonB:  V  r  sq  b.  (BOARD  (r,  b)  p  (Valueon  (b,  sq)  *Val  (r, 
Pos  (r,  sq))  v  Valueon  (b,  sq)  «UD));; 

dofine  ValueTransposItionC:  V  r  sq.  Valueon  (Tboard  r,  sq)  «Val  (r,  Pos  (r, 
sq) ) ; ; 

define  WasAlwaysSomewhere:  V  r  rl  sq  x.  ((PREOEGAME  (rl,  r)  a  Pos  (r,  sq)  «x)  p  3 
sql .  Pos  (rl,  sql)  *x);; 

define  WasHere:  V  r  p  sq  x.  ((SUCCESSOR  (r,  p)  a  Pos  (p,  sq)  «x)  p  3  sq.  Pos  (r, 
sq)  *x) ; ; 

define  WasOn:  V  p  x.  (Taken  Move  p»x  p  3  sq.  Pos  (Prevpos  p,  sq)  *x);; 

define  WasPawnValue:  V  rl  r  t.  (((PREDEGAME  (rl,  r)  a  VALUEP  Val  (r,  t))  v  r«rl) 
p  Val  (r,  t)  «Val  (rl,  t));; 

dofino  WasPawnValueX:  V  q  p  t.  (((PREDEGAME  (q,  p)  a  VALUEP  Val  (Prevpos  p,  t))  v 
qsp)  p  Val  (Prevpos  p,  t)  «Val  (Prevpos  q,  t));; 

define  WhereBIshopTaken:  V  q  ybi  sq  sqx.  ((To  Move  q*sq  a  (Pos  (PO,  sqx)  =yb1  a  - 
(WHITESQUARES  sqx  ■  WHITESQUARES  sq)))  P  -  (Taken  Move  q«ybi));; 

dofine  WhereOff IcIerTaken:  V  q  x  sq.  ((To  Move  q«sq  a  (Taken  Move  q»x  a  -'PAWNS 
x))  p  Pos  (Prevpos  q,  sq)  *x ) ; ; 

define  WhereWhitePawns:  V  p  q  x  sq  sql  sq2  sq3  sq4  sq5  sq6  sq7  sqB.  ((Pos  (q, 
sql)  =WQRP  a  (Pos  (q.  sq2)  =WQNP  a  (Pos  (q,  sq3)  *WQBP  a  (Pos  (q,  sq4)  »WQP  a 
(Pos  (q,  sqS)  «WKP  a  (Pos  (q,  sq6)  «WKBP  a  (Pos  (q,  sq7)  «WKNP  a  Pos  (q,  sqB) 
eWKRP) ))))))  p  (((-  (sqssql )  a  (-  (sq*sq2)  a  (-  (sq*sq3)  a  (-  (sq*sq4)  a  (- 
(sq=sq5)  a  (-  (sq»sq6)  a  (-  (sq=sq7)  a  -  (sq*sq8))))))))  p  -WPAWNS  Pos  (q,  sq))  a 
((xsTaken  Move  p  a  (PREDEGAME  (p,  q)  v  p*q))  P  -WPAWNS  x)));; 

define  WhichBlackPawn :  V  q  b  sq.  ((BOARD  (q,  b)  a  Valueon  (b,  sq)  *PB)  p  ((Pos 
(q.  sq)  «BQRP  a  (Pospcf  (q,  BQRP)  «sq  a  MAY_PAWN_CAPTURES  (B0R2,  sq,  BLACK)))  v 
((Pos  (q,  sq)  «BQNP  a  (Pospcf  (q,  BQNP)  «sq  a  MAY_PAWN_CAPTURES  (BQN2 ,  sq, 

BLACK)))  v  ((Pos  (q,  sq)  »8QBP  a  (Pospcf  (q,  BQBP)  «sq  a  MAY_PAWN_CAPTURES  ( BQB2 , 
sq,  BLACK)))  v  ((Pos  (q,  sq)  »BQP  a  (Pospcf  (q,  BQP)  «sq  a  MAY_PAWN_CAPTURES 
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(BQ2,  sq,  BLACK)))  v  ((Pos  (q.  sq)  *BKP  a  (Pospcf  (q,  BKP)  »sq  a 
MAY_PAWN_CAPTURES  (BK2,  sq.  BLACK)))  v  ( ( Po*  (q.  sq)  «BKBP  a  (Pospcf  (q.  BKBP) 

=  sq  a  MAY_PAWN_CAPTURES  (BKB2,  sq.  BLACK)))  v  ((Pos  (q.  sq)  «BKNP  a  (Pospcf  (q. 
BKNP)  «sq  a  MAY_PAWN_CAPTURES  (BKN2,  sq.  BLACK)))  v  (Pos  (q.  sq)  »BKRP  a  (Pospcf 
(q.  BKRP)  *sq  a  MAY.PAWN.CAPTURES  (BKR2,  sq.  BLACK)))))))))));; 

define  WhichWhitePawn:  V  q  b  sq.  ((BOARD  (q,  b)  a  Valueon  (b,  sq)  «PW)  3  ((Pos 
(q.  sq)  «WQRP  a  (Pospcf  (q.  WQRP)  «sq  a  MAY_PAWN_CAPTURES  (WQR2,  sq,  WHITE)))  v 
((Pos  (q.  sq)  «WQNP  a  (Pospcf  (q.  WQNP)  «sq  a  MAY_PAWN_CAPTURES  (WQN2,  sq. 
WHITE)))  v  ((Pos  (q.  sq)  *UQBP  a  (Pospcf  (q,  WQBP)  »sq  a  MAY_PAWN_CAPTURES  (WQB:, 
sq.  WHITE)))  v  ((Pos  (q.  sq)  *WQP  a  (Pospcf  (q.  WQP)  «sq  a  MAY_PAWN_CAPTURES 
(WQ2,  sq.  WHITE)))  v  ((Pos  (q.  sq)  »WKP  a  (Pospcf  (q,  WK Pi  «sq  a 
MAY_PAUN_CAPTURES  (WK2 ,  sq,  WHITE)))  v  ((Pos  (q.  sq)  «W\BP  a  (Pospcf  (q,  WKBP) 

=sq  a  MAY_PAWN_CAPTURES  (WkB2 ,  sq,  WHITE)))  v  ((Pos  (q,  sq)  «WKNP  a  (Pospcf  (q. 
WKNP )  s sq  a  MAY_PAWN_CAPTURES  (WKN2.  sq,  WHITE)))  v  (Pos  (q,  sq)  «WKRP  a  (Pospcf 
(q,  WKRP )  «sq  a  MAY_PAWN_CAPTURES  (WKR2.  sq,  WHITE)))))))))));; 

define  WhiteCapturedOnThm:  V  r  q  y  x  sq.  (Prevpos  q=r  3  (To  Move  q«sq  3  (Mover 
Move  q=y  3  ((Taken  Move  q*x  a  -WHITEPIECE  y)  d  (WHITEPIECE  x  a  (-«  (Row  (sq)  «6)  o 
Pos  (r,  sq)  *x )))))); ; 

define  WhiteCapturedThm:  V  p  sq.  (To  Move  p*sq  3  ((ORDINARY  Move  p  a  WVALUES 
Valueon  (Tboard  Prevpos  p,  sq))  3  CAPTURE  Move  p));; 

define  WhiteCastleThm:  V  r  p  sq.  ((SUCCESSOR  (r,  p)  a  (CASTLING  (r,  p)  a 
-WHITETURN  p))  3  (Pos  (p.  sq)  *WK  3  (sq«WKNl  v  sqsWQBl)))  ;; 

define  WhiteCornered:  V  r  q  b  vw  sq  sqx.  ((SUCCESSOR  (r,  q)  a  (-EN_PASSANT  (r, 
a  (-CASTLING  (r.  q)  a  (-WLASTRANK  (sq)  a  ((BOARD  (q.  b)  a  (Valueon  (b.  sq)  =vw 
(Valueon  (b,  sqx)  *KB  a  MOVETO  (b,  vw,  sq,  sqx))))  a  -VALUER  vw)))))  3  (V  sql. 
(MOVETO  (Tboard  q,  vw,  sq,  sql)  3  (-  (Valueon  (Tboard  q,  sql)  »MT)  v  MOVETO 
(Tboard  q,  vw,  sqx,  sql)))  3  ((ORDINARY  Move  q  a  SQUARE.BE TWEEN  (sq,  From  Move  q, 
sqx))  a  -  (Mover  Move  q&Pos  (q,  sq)))));; 

define  WhiteEnPassantThml :  V  r  q.  ((SUCCESSOR  (r,  q)  a  (EN_PASSANT  (r,  q)  a 
-WHITETURN  q))  3  (Valueon  (Tboard  q,  To  Move  q)  *PW  a  Row  (To  Move  q)  *3));; 

define  Wh1teEnPassantThm2:  V  r  q  b.  ((SUCCESSOR  (r,  q)  a  (EN_PASSANT  (r,  q)  a 
-WHITETURN  q))  3  (V  dcx.  -  (Valueon  (b,  Makesquare  (3,  dcx))  «PW  v  Valueon  (b, 
Makesquare  (3,  dcx))  «UD)  3  -BOARD  (q,  b ) ) ) ; ; 

define  WhiteKIngThm:  V  r  sq.  (Val  (r,  Pos  (r,  sq))  «KW  ■  Pos  (r,  sq)  »WK);; 

define  WhlteMPCLemma:  V  p  b  sq  sqx.  (((Valueon  (b,  sq)  «PW  a  BOARD  (p,  b))  a  Pos 
(PO,  sqx)  *Pos  (p.  sq))  3  MAY_PAWN_CAPTURES  (sqx,  sq,  WHITE));; 

define  WhitePawnMovement;  V  b  bl  sqx  sql  sq2.  (sqx*sq2  3  (Valueon  (bl,  sq2)  =PW  3 
(MOVETO  (b,  Valueon  (bl,  sqx)  ,  sql,  sq2)  ■  ((Column  sql«Column  sq2  a  (WSUC  (Row 
sql,  Row  sq2)  a  Valueon  (b,  sq2)  *MT))  v  ((Column  sql*Column  sq2  a  (Row  sql»7  a 
(Valueon  (b,  Makesquare  (6,  Column  sql))  «MT  a  Row  sq2>5)))  v  (Valueon  (b,  sq2) 

=MT  a  (TWOTOUCHING  (Column  sql,  Column  sq2)  a  (WSUC  (Row  sql,  Row  sq2)  a  BVALUES 
Valueon  (b,  sq2 ))))))))):; 

define  WhltePawnValueLemma:  V  p  b  sq.  ((BOARD  (p,  b)  a  Valueon  (b.  sq)  «PW)  3 
WPAWNS  Pos  (p,  sq));; 
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define  WhitePawnsAre.:  V  t.  ((t*WKP  v  t»WQP  v  t«WKNP  v  t«WKBP  v  t*WKRP  v  t>WQBP  v 
taWQNP  v  t«WQRP)  ■  WPAWNS  ( t ) ) ; ; 

define  WhitepieceAre.:  V  t.  (WHITEPIECE  t  ■  (  t«WKP  v  t«WQP  v  t«WKNP  v  t>WKBP  v 
taWKRP  V  t»WQBP  v  t»WQNP  v  taWQRP  v  t»WK  v  t»VQ  v  t«WKN  v  t'WKB  v  taWKR  v  t«VQB  v 
t«WQN  v  t«WQR) ) ; ; 

define  Wh1tepieceArePawn*0r_:  V  t.  (WHITEPIECE  t  >  (WPAWNS  t  v  t»WK  v  t»WQ  v 
taWKN  v  taWKB  v  taWKR  v  taWQB  v  t»WQN  v  taWQR)):; 
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ENPASSANT  56 
EVALUES  48 
EX  SQUARES  40 
From  56 

CAMEPOSITION  53 
IS. EVEN  47 
ISCOLUMN  47 
ISDIMENSION  47 
ISROW  47 
KINGMOVE  62 


KINGS  42 
KNIGHTMOVE  62 
KNIGHTS  42 
L2touchf  62 
LASTRANKER  46 
Makeboard  51 
Makesimplemove  56 
Makesquare  47 

MAY.PA  WN.CAPTURES  72 

Move  54 

Mover  56 

MOVES  41 

MOVETO  50 

MUST_P  AWN  .CAPTURES  72 

Nextpos  54 

NUMBERS  72 

NVALUES  48 

ORDINARY  56 

ORTHO  62 

Pawncaptures  72 

PAWNMOVE  62 

PAWNPROM  56 

PAWNS  42 

Piececolor  42 

PIECES  39 

PIECEVALUES  48 

Pos  54 

POSITIONINCHECK  54 
POSITIONS  39 
Pospcf  54 
PREDEGAME  54 
Prevpos  53 
Promoted  56 

PROMOTEDPAWN  54 
PROMVALUES  48 
QUEENS  42 
R2touchf  62 
ROOKS  42 
Row  47 

SAMEDIAG  46 
SIDEINCHECK  50 
SIM  56 
SIMPLE  56 

SIMPLELECALMOVE  54 
SIMPP  56 

SQUARE.BETWEEN  46 
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SQUARES  10 
SUBOARD  SI 
SUCCESSOR  SS 
Taken  So 
Takenon  So 
TAKINGS  S6 
Tboard  SO 
To  S6 

TOT  A  l.  BO  ARDS  40 
TWOTOUCHINC  62 
LJnmkcapmove  70 
Unmkcapppmove  70 
Unmkmove  70 
Unmksppmove  70 
Val  Si 

VALUEB  4S 
Valuecolor  id 
VALUER  4$ 
VALUEN  46 
VaUteon  SO 
VALUEP  48 
VALUERS 
VALUER  48 
VALUES  40 
V VALUES  46 
VV BISHOPS  42 
WHITE1NCHECK  SO 
WHITEP1ECE  42 
WHITESQU  ARES  4S 
WHITETURN  SS 
WHT  S2 
WRINGS  42 
WKN1GHTS  42 
WLASTRANK  4S 
WLASTROW  47 
WPAWNMOVE  62 
WPAWNS  42 
W QUEENS  42 
W ROOKS  42 
WSUC  47 
Wiucf  47 
W  V  A  LUES  46 
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B5  BP  136 

MCONSEQ^  182.  183 

BINCHECK  108 

Mobility  88 

BishopsIiOnSameColor  90 

NL  assume  155 

BLACK  COES  108 

NLORJU  154 

BlockedGivenThm  196 

NB  OR.BB  130 

BLOCKLEM  194 

NoBlackPawnsOnIRow  104 

Bq  OR  BR  140 

NOT_B  141 

CALL  PN  149 

NOT.BK  140 

CALL  PX  107 

NOTBKB  140 

CALL  PY  158 

NOT.  BP  139 

CALL  PZ  159 

NOT.BQB  140 

C.ALL.QN  152 

NOT.NB  140 

CALL  qX  109 

NOT_qB.OR.RB  128 

CALL  QY  151 

NOT.XN.Eq  151 

CALL  qZ  157 

NOT  ZB_KB  129 

CALL  X  % 

NOT.ZB.PB  129 

CALL  YWR  146 

NOTPXCASTLE  1 10 

CALL  YYW  142 

NOTPXEP  111 

CALL  ZB  119 

NOTQBUDEP  120 

CAPPPPX  121 

NOTPXCASTLE  120 

CAPTURE  PX  121 

ON.BLACK.SQS  138 

ChesspiecePieceValueThm  80 

ON.WKBP  157 

DiagBqi  Lemma  203 

ON.WKRP  157 

DIFFMOVERS  154 

ON  ZB  129 

D1SQX  123 

OnlyPawnsPromote  84 

EmptyljMT  79 

ORDPX  113 

Equ;OrthoThm  95 

ParentGenealogy  78 

FarTakrn  205 

PRED  QN  153 

FROM  QZ  158 

PROM  BKRP  137 

FROMPX  114 

PROM  KNIGHT  132 

GameRrlations5  78 

PROMPX  118 

GivenUD  193 

PTSIMP  148 

GivenWV  193 

PX  BK  119 

IF  BISH  131 

PXIS  109 

LI  77.  79.  81.  84.  89.  91.  96,  102.  194,  196,  199, 

PXPawnTo  198 

202.  203 

PXSUC  109 

L2  81.  85.  89.  92.  97,  102,  194,  196 

QB_BP  135 

L3  81.  85.  89.  92.  97.  102.  195,  197,  199 

qBUDLBL  122 

L4  82.  86,  92.  98.  102,  195.  200 

qUEENMOVE  201 

L5  82.  85.  92.  99.  103,  195,  200 

qx.qBUD  iso 

L6  82.  86.  93.  100,  104,  200 

qX.WK  146 

L7  83.  93.  201 

qX_WPAWNS  144 

L8  91 

qxis  109 

L9  93 

R 1. assume  155 

MCONAPX  114 

ROOKMOVE  202 

MCONAQ*  127 

ROW2.BP  134 
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ROW2  WP  142 
ROWS  WP  143 
ROW3R  BP  134 
ROYAL  WP  144 
SAME  ON  WKR4  138 
S1MPWS  149 
sume  98 

TAKE  2  ASSUMPTION  152 
THE  ONLY  ONE  137 
THE  THEOREM  161 
TOPX  119 

TransitiveGenealogy  77 
Trapped  qx  QBI  Thm  202 
umption  98 
WHEREPROM  136 
WHICH  qx  TAKEN  147 
WHICH  YYW  147 
WhiteCornered  101 
WhitepieceAre.  76 
WHO.XI  153 
WHOJtA  150 


